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Optimization

Objectives
Boundary layer, in the black—box fashion, receives boundary con-
ditions and initial conditions as inputs: what is the most dange-
rous initial condition which maximizes the perturbation energy?
Optimal perturbation
For the most dangerous initial condition, what is the best suction
to be applied at the wall in order to minimize the perturbation
energy”? Optimal control and robust control
What happens if the initial energy is gradually increased and the
nonlinear regime reached?

Methodology
Use of an optimization technique based on the solution of the
linear adjoint equations corresponding to the nonlinear direct
ones.
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Problem Formulation

e 3D incompressible and steady boundary layer equations in conservative form

e u normalized with respect to Uy, v and w with respect to Re~1/2U,, (Re = Uy L/v)

e Flow field V = (u,v,w) subdivided in two contributions Vg (independent of z) and
v (dependent on z)

/\Amf Y, Nv — /\OAHu @v + dI\A&v Y, Nv

e Kinetic energy of v(z,vy,z2) taken as a measure of the level of perturbation:
YA 00
B@ = [ [ 1R+ Re (R + )y s
~zJo

e Objective function (to be minimized or maximized):

J = a1Gout + @2Gmean

under the hypotheses Re — co and u|y=0 = O:

\\:\:_m_&@&\m \\ \:ﬁ_ngn@&w
mwo_h ] mw_Bmmz -7 J0

Qo_&n = y QBmm: e ==

m_: m_z
: \ [|9]? + |w)? z@i : \ [|7)% + |w|? z@i
z=0 z=0

Zuccher, Luchini & Bottaro: Optimal perturbations and control of nonlinear boundary layer. 2



Constrained Optimization

Constraints on the initial energy Ei, and control energy FEw
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—Z J0 =0 Lin y=0
Lagrange multipliers technique. Functional L(u,v,w, p,vo,vw,a,b,c,d, Ao, Aw):
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Adjoint problem

From integration by parts (a* = a + 2bu):

cy+d, = O
ay — 2uzb +byv +bw+cv+dyv+dyw—+byy +b.;, = oaou
a, — 2buy — byu + cou + 2¢yv + dyw +c;w +cyy +c::. = O
a, —2bu, —bu+c,v +dyv +dyu +2d,w+dyy +d.. = O
with boundary conditions
b=0 at y=0 c=0 for y— o
—2bu+c, =0 at y=0 a*—ub+cy, =0 for y— oo
d=0 at y=0 d=0 for y— oo
and “initial conditions” at x = X
c=20 at z =X
at =X

=0
Z
oC oG
\ \ a*dydz + a1 M _—0 at z2=X
-z Jo du

From the integration by parts also “coupling conditions” between the adjoint and direct
problem are obtained:

SE; X SF
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Iterative optimization procedure
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Gmean

Optimal perturbation

Gain Gmean = FEmean/Eo for different values of initial energy Eg and wavenumber
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Optimal perturbation — 50 = 0.45
Optimal perturbation for varying Eg and at §¢ fixed
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Initial perturbation |Vi|/v/Eo

Energy behavior E,(z)/Eg
= Saturation for high initial energy?
.
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Optimal perturbation — 50 = 0.45

Mean flow contribution (independent of z). Profiles at the final station x =1
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= Mean flow distortion with respect to Blasius
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Optimal perturbation — fixed Ej

Energy behavior E,(z)/Ey for varying 8§ at fixed Eg
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= Saturation or effect of high 347
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Vil/VE

Optimal perturbation — fixed Ej

Optimal perturbation |Vi|/+/Eo for varying B4 at fixed Eg
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= Effect of the wavenumber 34§, weak dependence on Ej
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E,(z)/E,

Optimal perturbation — optimal 59

Comparisons at optimal g6 for different values of Ey (initial energy)
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= Much more regular behavior with varying Ej
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Gmean

Optimal control

Gain Gmean = FEmean/Eo for varying control energy Ey and wavenumber B4
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= Weak dependence on the initial energy Ep
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Eu(z)/Eo

Optimal control — Eg = 1000 5o = 0.437
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Optimal control — fixed 3¢

Optimal control at the wall Vp/+/Ew for varying Ey at fixed Bé

Vo/VEw
Vo/VEw

0.2 0.4 0.6 0.8 1
z x

Eo =1 and g6 = 0.548 Eo = 1000 and Bd = 0.437

= Vo < 0 (suction). Maximum control close to the LE. More regular profile at high Ey
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Optimal control — fixed 3¢

Mean flow contribution (independent of z). Profiles of Uy at the final station z =1
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= More regular profiles resembling accelerating Falkner—Skan ones
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Optimal control — optimal 36

Optimal control at the wall Vo /+/Ew for varying Ew at optimal 86
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= Effect of the initial energy Eg on the regularity of the profile
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Optimal control — finite window

Controlling of finite windows. Eyw = 1, Eg = 1000 and 84 = 0.437
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Energy behavior E,(x)/Eg
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= Controlling on multiple strips is less efficient
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Robust control

Gmean

Gain Gmean = FEmean/Eo for varying control energy Ey and wavenumber B4
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= Robust control curves are always above optimal control curves.
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Vil/VE

Robust control — fixed (¢
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= Shift of the maximum for increasing control energy E,
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Robust control — fixed (¢

Optimal control at the wall Vp/+/Ew for varying Ey at fixed Bé
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= Stronger dependence of the optimal suction profile on E\ for low initial energy
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Robust control — optimal 59
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Conclusions

v/ Three—dimensional, incompressible, nonlinear boundary layer

equations solved

Optimization technique based on the (linear) adjoint equations
of the direct (nonlinear) problem

Optimal perturbation. In the linear case, previous results repro-
duced. In the nonlinear case, extended study for varying Eg and
Bd. With increasing Eg, optimal 86 moves. Distortion effects on
the unperturbed flow (mode zero — independent of z)

Optimal control. Comparisons for varying initial energy, control
energy and wavenumber. Maximum control always located close
to the leading edge. Unperturbed flow profiles resemble accele-
rating Falkner—Skan ones. Controlling on multiple strips is not
convenient

Robust control. Robust control curves are always above optimal
control ones. Greater difference with increasing control energy
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Gmean

Optimal control

Gain Gmean = FEmean/Eo for Eg = 1 and varying wavenumber 3
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