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Abstract. In this paper we show that twist, defined in terms of rotation of the
phase associated with quantum yortices and other physical defects effectively deprived
of internal structure is a property that has ebservable effects in terms of induced axial
flow. For this we consider quantum, vortices governed by the Gross-Pitaevskii equation
(GPE) and perform a number of test cases to investigate and compare the effects of
twist in two different contextsin(i).when this is artificially superimposed on an initially
untwisted vortex ring; (ii) when.it is naturally produced on the ring by the simultaneous
presence of a central straight vortex. In the first case large amplitude perturbations
quickly develop, generated by the unnatural setting of the initial condition that is
not an analytical selttion ef the GPE. In the second case much milder perturbations
emerge, signature of a genuine physical process. This scenario is confirmed by other
test cases performed\at higher twist values. Since the second setting corresponds to
essential linking, these results provide new evidence of the influence of topology on
physics.

Keywords:  twist, vortex rings, quantum vortices, phase defects, Bose-Einstein
condensates, helicity:

1. Introduction

Quantum, vortices are physical realizations of phase singularities that emerge in
a Adisparate wvariety of physical systems, including superfluid Helium, Type-II
superconduetors, photon fields (optical vortices) and atomic gases such as Bose—Einstein
condensates (BECs) [1]. In this paper we investigate twist effects by focusing on
quantum vortices that evolve under the 3D Gross-Pitaevskii equation (GPE) [2, 3]

oy i i
o §V2¢+§ (1 - |¢|2)¢ ; (1)
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for the complex wave function v with background unit density (i[> — 1 as |x|~— 00).
It is well-known that these defects are actually one-dimensional phase singularities in
the order parameter of the ambient space, carrying angular momentum. They can.be
thought of as infinitesimally thin, empty tubes centered on a space carve (the tube
centerline). These tubes are regions effectively deprived of internal structure, having
zero density and vorticity given by a delta-function on the axis. Henee;’a mathematical
definition of twist seems lacking of physical interpretation. However, our{recent work
on helicity change due to interaction and reconnection of quantim wvertex loops [4, 5]
has shown that twist, appropriately defined, has physically obgervable effects. Scope of
the present paper is to clarify and investigate further the origin of twist and its physical
manifestation in the context of GPE quantum vortex interactions,and to extend these
new findings to other physical phase defects.

Twist is a fundamental ingredient in the kinetic helicitynof elassical vortex filaments.
Helicity #H is a conserved quantity of ideal fluid 4mechanics 6] given by the volume
integral of the scalar product of velocity u and yorticity w = V x u. When vorticity is
confined to n vortex tubes of equal circulation I' (as in the case of quantum vortices)
H can be simplified and reduced to a gum of linking numbers [7, 8, 9]. By taking
H = H/T?, we have

n n
H = Lk 4> SL; | (2)
ij i
where Lk;; denotes the Gauss linking number between vortices ¢ and j, and SL; denotes
the Calugareanu-White self-linking number of the single ¢-vortex. For closed filaments
Lk and SL are both topological invariants given by pure integers; moreover, SL can be
written as sum of writhe W and twist T'w, two global geometric quantities given by
real numbers (see section §2.1}0r definitions). Detailed study of these geometric and
topological quantities provides insight into the dynamics and energetics of complex
systems and are therefore useful to understand and interpret physical aspects as
well [10, 11].

As we shall see, writhe is a geometric property of the vortex axis, so it is well-
defined as long as one can identify the geometry of the tube centerline. Twist, though,
is not a geometri¢c property of a single space curve, but rather of a ribbon defined by
a pair of neighboring curves winding one around the other. In the case of a classical
vortex one can think of twist as the result of the winding of any pair of vortex lines in a
coherent bundle of vorticity. Not so for quantum vortices, where there are no field lines
to refer to. Ou'the basis of the mathematical definitions given below (§2.1) we propose
toldefine twist in terms of the winding of the phase of the wave function around the
defeetrline’and explore the physical implications that this twist has in the dynamics of
the system. This investigation is carried out by a series of numerical simulations based
on different initial conditions (§3) and analysis of the corresponding evolution. The
results are presented in section §4 and concluding remarks are drawn in section §5.
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2. Governing equations, basic definitions and twist interpretation

The Gross—Pitaevskii equation (1) is commonly employed to model andéstudy quantum
vortex reconnection [13, 14, 15] under conservation of the Hamiltonian Fi= K + 1,
given by the sum of kinetic energy K = % [V - VY d®x and interaction energy
= 3 L[(1 — |¢]?)?d®x (where ¢* denotes the ¢ complex conjugate)s By, using the
Madelung transformamon Y = /pexp(if), where @ is the phase of the wavefunction,
equation (1) admits fluid mechanical interpretation in terms of the standard continuity
equation and momentum equation. By taking real and imaginary parts we have

dp | 9(puy)
gp ~0 3
8t + 8:ck ’ ( )
ouy, Ouy, Op Oty
“k il [ ST 4
(875 +“laul> Jur | Om 4)
where p = [¢? is fluid density, u = V@ velocity, p'&,p®/4 pressure and 7y = § is gj;ggﬁ’ l

(k,l =1,2,3) the so-called quantum stress. Thig latter term is negligible with respect
to the quantum pressure term at length scales muc¢h 1arggr than the healing length &,
that is of the order of the vortex core radius [14]. ‘According to the normalization used
in equations (3)-(4) we take £ = 1 and quantum of circulation I" = 2.

2.1. Standard definitions of geométric_andtopological properties

As physical singularities of vorticity, quantum vortices can be regarded as zero density
lines where phase is ill-defined. » We identify the phase singularity with the vortex
centerline C'. Let’s briefly recall the standard definition of the topological and geometric
quantities present in equation (2). The linking number between vortex i and j is given
by the double integral ovér the centerlines C; and Cj, given by

zJ = 47T/ /C ||X X ||3 (dXz X dX]) ) (5)

where X; and X denoteithe position vectors of two points, respectively on C; and C;
(i # j). Lk;; is‘aytopological invariant of the link. It takes only integer values and
provides a méasure of the degree of linking of two (or more) components, contributing
to the “extermal” helicity of a link of two or more vortices.

Theswrithing.number Wr; contributes to the “internal” helicity through the self-
linking ' number SL; = Wr; + Tw; of each individual vortex. The writhe is defined

by
47r/ /o X —Y[° Y||3 (dXox dY) ©)

where X; and Y; denote two distinct points on the same curve C;. Wr; is a global
geometric property of C;, taking real values. A plane curve has writhe always zero,
but sometimes even fully twisted space curves may have writhe equal to zero (when
positive and negative writhe contributions compensate). Since writhe takes into account
distortion, in general it is a good indicator of three-dimensional folding.
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Total twist T'w; is the other global geometric ingredient of SL;. Its definition s
based on the concept of ribbon. A mathematical ribbon R = R(C,C*) of swidth e is
defined by prescribing a baseline curve C' (one edge of the ribbon) of ‘vector equation
X(s) and a second curve C* (the other edge of R) of vector equation X*(s)igiven by
X*(s) = X(s) + €U(s), where s is arc-length and U denotes a normal nit vectorto X.
Hence, for the ¢ vortex of centerline C; and ribbon R;, the total twistrmumber.is defined
by the rate of rotation of U around the base curve C, i.e.

Ty = —— (I‘Jx£>-dxi. = (7)
27 Je, d
Total twist can be further decomposed Tw; = T; + N; in terms. ‘'of normalized total
torsion T; and intrinsic twist IV; [8, 9], given respectively by

1

Ti=—— [ 7(s)ds| (8)
27T C;
and o(s) o 5
1 dO(s C;
T oom o, Ods o § 21 )

where 7 = 7(s) is torsion of C;, and © = @(s)sthe angle between U and the principal
unit normal N to C;. T} takes real values and is evidently zero for straight lines and
planar curves; N; is an integer (if Cyis a €losed curve) measuring the total number of
full turns of U all along C; relative to the Frenet triad on Cj; it can be visualized by a
twisted straight ribbon whose axis has zero torsion.

Since GPE vortices (and other physical phase defects) have no internal structure
and are fibered by smooth iso-phase surfaces (Seifert surfaces), we can unambiguously
evaluate twist by using direetly equn(7) (rather than 8-9). This is done by identifying the
rotation of U with the rotatioh ofone of these iso-phase surfaces around the defect line.
By introducing the‘eencept of ribbon we implement a technique introduced in earlier
work [4] and applied again recently [5]. A reference ribbon R; is defined by taking the
vortex axis C; as the baseline curve of R; and a second curve C} on the given iso-phase
surface # = § of‘6ux choice. The ribbon is then identified by the points of constant phase
that lie on thé e-portion of this iso-phase surface § = § bounded by C; and Cf. Twist
is then measured by the full rotation of this ribbon around Cj, that by construction
amountsaorthe fullrotation of U around the defect line. A phase contour associated
with a planar vortex ring with Wr = 0 and 7' = N = Tw = 0 is visualized in the
(y, z)=plane.at & = 0 in Figure 1. The phase discontinuity between § = —m and 6 = T,
where thealue jumps (from blue to red, online) due to the multiple-connectivity of
the ambient space, is visible in the region exterior to the ring. Any choice of framing,
provided for example by U in the § = 8 = 0 direction is independent of both the
geometry of the curve and the intrinsic Frenet triad on C;. The use of these iso-phase
Seifert surfaces allows computation of helicity via direct computation of its geometric
and topological ingredients and provides an alternative route to the computation of
helicity based on regularization techniques and high-order derivatives [12].

Page 4 of 13
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Figure 1. Planar vortex ring with Wr = 0, 7" = N'=0 (hence Tw = 0) and phase
contour in the (y, z)-plane at = 0. The arrow indicates the vorticity direction. Values
of phase change according to color, with an evidentyphase discontinuity from 6 = —7
to # = m (from blue to red, online). In the interior region the vortex is spanned by the
iso-phase surface 8 = 0 (not visualized), that is a Seifert surface given by the circular
disk D bounded by the ring axis Chy= 0D. " Any given iso-phase surface provides a
well-defined framing on C.

2.2. Physical interpretation of twist

Since defects have topological 'eharge (circulation) quantized, phase can only take
discrete, integer values, so that twistjidefined in terms of phase rotation through @, can
only take integer values as well,, This 18 a first, fundamental difference between classical
and quantum systems. Mofeover wheh N quantum vortices are simultaneously present,
they would normally have unit cireulation (normalized in terms of Planck constant and
particle mass), a neeéssary eondition for stability. This poses an additional, global
constraint on the whole'system. Hence, phase values are not only individually locked to
discrete values, but these valties cannot vary arbitrarily, and this is a second fundamental
difference betwéen classical and quantum systems.

Twist has physical implications through its phase definition and the relation of
phase with velo¢ity u = V0. First, note that any choice of § = 0 is uninfluential in
twist computationgSince only gradients of phase matter. The effect of twist is made clear
if we interpret it in terms of the corresponding velocity decomposed locally in cylindrical
polarteoordinates (7, ¢, z) centered on a straight vortex axis C. If the iso-phase surface
0 < 0 is not twisted, it simply coincides with the coordinate plane ¢ = 0. The gradient,
normal to/this surface, gives rise to the velocity u = (0,u4,0) with u, = T'/27r (r
distance from the tube axis), in analogy with the classical rectilinear vortex filament
solution. In the stationary case the family of iso-phase surfaces fiber the ambient space
by a fan of straight planes hinged on C, with streamlines given by concentric plane

circles. Hence, by construction local twist is non-zero only when the gradient of the
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phase has a component directed along C', and since u = V6 twist is directly/related
to the axial component of the velocity along C. This makes twist effects ebservable
and measurable. Physical effects associated with phase are therefore all'importantrand
cannot be neglected by simply reducing the evolution of a quantum vortex, or indeed
of any phase defect, to the motion of a line singularity. Particularly &o, for instance,
in relation to helicity computation. Moreover, as in the classical caseythe simultaneous
presence of a number of vortices determine a superimposition of the induced effects that
in the quantum case is evidenced by phase rotations. This has been,investigated by
considering the simultaneous presence of two linked, planar vortex ring\s (constituting a
Hopf link) that determine a mutually induced phase twist omeach individual vortex as
signature of the complex topology of the system [5].

3. Numerical method

GPE (1) is integrated numerically by employing®the well-known second-order Strang
splitting Fourier spectral method [13], that has been comisistently used for numerical
simulations of vortex reconnection [4, 145 15, 16]. Its main advantages are that mass
conservation is enforced exactly and efficieneynis guaranteed by Fast Fourier Transform
(FFT) algorithms. Exact mass conservation will be particularly important in the
diagnostics and interpretation of #hetresults presented below. The main drawback
is that non-periodic initial conditions‘must be made triply periodic by doubling the
computational domain in each, direction by introducing mirror vortices, a technique
that has been extensively employediin literature [13].

3.1. Initial conditions N

We want to study the effectfof twist under different initial conditions in the simplest
possible scenario in'order topunderstand and explore the dynamical response of the
system to natural or.artificial,settings. For this purpose a planar vortex ring of radius
R = 8, circulation ' =2& and zero twist is placed parallel to the (x,y)-plane. As was

done in [5], the density distribution in the plane orthogonal to the vortex central axis is

2 4 6 8
a1r7“+asr*+azr’+aqar
1+b172+bort+b3rb+ayr® (See [17]

for details), and the /initial phase is eventually let to change by 27 in that plane (see

prescribed by the high-order Padé approximation pg(r) =

Figure 1)-"At#:=10 the resulting wave function is thus given by ¢ = /poexp (iby).
Since the ring fravels in the positive z-direction (upward), the ring is initially placed
below the plane z = 0.

The computational domain is given by [—15;15] x [—15;15] x [—15;15] and it is
chosen.to eptimize the observed vortex evolution. The spatial discretization is the same
in each direction (as in former simulations [4, 5]), with resolution Az = Ay = Az = £/3,
90% grid points in the physical domain (before mirroring) and time step At = 1/80 =
0.0125.

To superimpose twist on the ring of Figure 1, we make rotate uniformly the phase

Page 6 of 13
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Figure 2. Phase contours in the (y,z)-plane for a planar (T = 0) vortex ring with
Tw (= N) = 1. (a) Twist is artificially superimposed by rotating the phase by 27
uniformly all along the vortex centerline. (b)yThepsame twist Tw = 1 is naturally
induced by the presence of a rectilinear vertex wial vorticity along the negative z-
direction (downwards). The vortex tubes of core radius a are visualized by iso-density
surfaces, with p = 0.1 and a ~ §/2.

through 6 by 27 along C. The result is showa in Figure 2(a), where the jump in phase
between —m and 7 rotates uniformly around C', all along C. This twist prescription,
however, results rather unphysieal, because it is inconsistent with the uniform, initial
density distribution, left unchamgeds, Careful data analysis and close inspection of the
phase relaxation show that the constraints imposed by p = [¢/|> = 1 and the exact
mass conservation enforced’by the.numerical code determine a forced adaptation of the
background density with subséquent generation of a secondary, central phase defect and
an induced change of.8/by 27 along the z-axis. This is accompanied by the production of
spurious waves that propagate away from the vortex towards the boundaries, bouncing
back to the numerical demain.

All this suggests to test a different initial condition given by a vortex ring with
Tw = 0 (asqin Figure«1) and a rectilinear vortex placed along the central axis of
the ring with verticity peinting in the negative direction of the z-axis (downwards).
The phasepeontours shown in Figure 2(b) together with the vortex tubes. In this
case we have i, = /po1poz exp [i (01 + 0o2)] (subscripts refer to the vortex ring and
the straight vortex, respectively). The density distribution of the straight vortex is
caleulated by using the high-order Padé approximation mentioned above, with the phase
change obtained by rotating ¢, around the z-axis. This rotation is measured by the
winding mumber w, so that ¥ = ,/pg exp (iwby). The density distribution of a straight
vortexswith w > 1 must be computed numerically by solving the nonlinear boundary
value problem

P 100+ 1= £ = | 1) =0, (10)

r2
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(a) (0)

Figure 3. (a) Initial condition ¢ = 0: twist Tw = 1 is superimposed on the vortex ring
by artificially rotating around the vortex axis the iso-phase surface 6 = @ by 27. (b)
t = 20: a central, straight vortex is instantly produeced from the very first time-step.
The iso-density surfaces (p = 0.1 and a & £/2) appear highly corrugated.

[ S

P

Y

(@) (b)

Figure 4. (a) Initial condition ¢ = 0: a vortex ring and a straight central vortex are
initially. present; both vortices have zero initial twist. The central vortex induces a
unit twist on the ring (see the contour plot of Figure 2b). (b) £ = 20: in this case the
ise-density surfaces (p = 0.1 and a ~ £/2) are rather regular.

with boundary conditions f(0) =0, f(oco) =1 and f(r) = \/p(v/2? + y?). An efficient
method for selving (10) is described in [17]. Note that the iso-density surface of the

coreyradius of the straight vortex increases with the winding number w.

4. Results

Figure 3 shows initial condition and solution at ¢ = 20 for the case of a twisted vortex

ring obtained by superimposing a full turn of the phase (Tw = N = 1) on the initial

Page 8 of 13
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ring. A straight, central vortex is immediately produced from the first time stép, asia
result of a competition between barotropic and quantum pressure (see eq. 4). At the
beginning the diameter of this vortex (in terms of density distribution) is, quite smadll,
but then it adjusts to the value given by the Padé approximation. Perturbations develop
quickly by corrugating the iso-density surfaces of the ring and the central vortex with
growing amplitude (see Figure 3b). Further tests confirm that the observed irregularities
are due to artificial conditions and the perturbations persist till a complete progressive
relaxation of any density inhomogeneity. Test cases (not showni here) have been run
by placing an initially straight phase defect in a uniform background Eensity p=1,s0
as to reproduce the same phase distribution given by a straight vortex. As discussed
earlier, a real vortex emerges showing an irregular iso-density surface from the very
first time step. We believe that this irregularity is due torthe artificial forcing of the
numerical solution to the GPE equation. Evidently this forcing generate perturbations
that, similarly to sound emission, propagate away{from the phase singularity and by
nonlinear interaction with other perturbations produee widespread density fluctuations.

Figure 4 shows initial condition and solution &t # =’20, when a vortex ring and
a straight, central vortex are prescribeddas initial eonditions. In this case we observe
much milder and regular perturbations that that most likely are ascribed to real physical
effects due to the presence of axial flow. The induced perturbations due to the action of
an axial flow is a well-known mechanismsthat has been subject of intense study in the
context of classical vortex filament dynamics [18, 19, 20]. We believe that the oscillations
of Figure 4(b) are indeed due'to,the action of axial flows.

It is interesting to comparestherintensity of the induced axial velocity u, evaluated
at points on the vortex ring core withythe propagation speed U of the vortex ring,
and provide a crude estimateson. possible instabilities based on direct inspection of
Figure 4(b). In our case wehave ' = 27, vortex ring radius R = 8 and core radius
a =~ &/2 =1/2. Theyaxial velocity u, is that due to the straight central vortex at points
on the vortex ring core placed at distance r = R — a from the z-axis; thus

uazu¢:—. (11)

The speed U is giveri by [21]

Hence, we have

SRS

Thus, the axial flow velocity is approximately half of the translation velocity of the
vortex ring, not a small contribution. From Figure 4(b) we identify n = 4 crests, so we
can estimate a wavelength A = 2rR/n = 47 and a wavenumber k = 27/A = 1/2. From
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Figure 5. (a) Initial condition ¢ = 0: twist/Pw =2 is'superimposed on the vortex
ring by rotating the iso-phase surface 6 = by 47 around the vortex axis. (b) t = 20:
a straight, central vortex is instantaneously-generated from the very first time-step. In
this case the iso-density surfaces with p'= 0.1,/and @= O(&) are quite irregular.

~—
~
S
~

n
1
\
1
)\
“\

(a) (b)

Figure 6. (a) Initial condition ¢ = 0: a vortex ring and a central straight vortex are
initially present; the ring has no twist, whereas the straight vortex has winding number
wr=2."The gentral vortex induces a twist Tw = 2 on the ring (see the contour plot of
Figure 2b).(b) ¢ = 20: the iso-density surfaces with p = 0.1 and ¢ = O(&) appear to
be more regular.

eq. (2.17) of Windnall & Bliss [18], we have instability if

Ug,

K = (ka)=2 >2? -1, (14)

Ug
where ug = T'/2ma is the swirl velocity of the vortex ring. Since ka = 1/4 and
Ug/ug= (R/a — 1)t = 1/15, we have K = 1/60 < 1, hence we have no instability.
Higher twist values effects have been investigated too: results for Tw = 2 for
different initial conditions are shown in Figures 5 and 6. These results are in good

agreement with similar behavior observed previously: for large computational times
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(@) (b)

Figure 7. Evolution of a vortex ring and a gentralystraight vortex with w = 1 and
w = 2 and vorticity upwards. Iso-density surfaces (p = 0.1) for the two cases at £ = 80:
() Tw=N=-1,a=0(£/2); (b) Tw=N==2, a = O(&).

the initially twisted ring develops pertutbations of larger amplitude, that appear to
be proportional to the superimposed twist, values. Test cases of straight vortices with
Tw (= N) = —1 and Tw (= N) = —2 (with winding number w = 1 and w = 2,
respectively) and opposite vorticity diréetions (see Figure 7) have also been studied,
confirming the present analysis. Note that when w > 1 the vortex core tends to get
thicker, but it remains of the‘erder of the healing length &.

5. Concluding remarks

N
In this paper we have shown that twist, defined purely in terms of the rotation of

the iso-phase surfage around the defect centerline, is a property of the system that
produces physical, observable effects. These have been explored by implementing two
alternative ways t0 generate twist. In the first case a uniform rotation of the phase
has been superimposed on a planar vortex ring axis with the consequent instantaneous
generation of areentral straight vortex from the very first time step. The superimposed
twist amounts tofan axiabflow acting along the ring centerline. Such an initial condition,
however, seems§ to be quite unnatural, producing very distorted and corrugated iso-
density/surfaces, that seem to loose coherency during time evolution. We argue that
this is due to an artificial adjustment of the phase distribution, followed by a forced
relaxation to a uniform background density. This state does not represent an analytical
solution to/the governing equation, producing irregular perturbations in the numerical
solution:"In the second case we consider an initially untwisted planar vortex ring with
a'second straight vortex placed on the central axis. The angular velocity of the straight
vortex induces a uniform twist in the ring due to the natural propagation of density
and phase through the ambient space. The same twist, due to the action of the vortex

ring swirling flow, is also present on the straight vortex. In this case iso-density surfaces
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show some oscillations, but the irregularity is now typical of low amplitude and long
wavelength perturbations. We show that the velocity of the induced axial flow, on the
vortex ring core is about half of the ring propagation velocity, with oscillations consistent
with neutral stability results. This behavior has been found consistently by similar test
cases analyzed for different initial conditions and twist values. Given that twist effects
are evidently related to mutual induction effects, one can argue thatsthe direct relation
that has been established between the Non-Linear Schrodinger equation (NLSE) and
the Biot-Savart operator [22] can equally be extended to the Gross—P{caeskii equation
employed here.

One other interesting aspect is the interplay of topology and physies. Since defects
have no internal structure, twist cannot be associated with ang.internal winding of
material lines. However it can be related to the uniform, rotation of the iso-phase
surface that, in agreement with a recent analysis [23], ‘influences the physics of the
system. Computational evidence [4, 5] and theoretical work {24, 25] demonstrate that
defects fibered by iso-phase surfaces (Seifert swfaces) have total linking number (i.e.
helicity) Lkios = 0. With reference to the case of Higure 3 we see that the initial twist
condition Tw = 1 artificially superimposéd,on the planar vortex ring (of Wr = 0) leads
to an inconsistency given by Lk, = 0 # W42 w = 1. In this case the emergence of the
second straight vortex (of Wry = 0 and T'wy = 1)igtherefore a necessary condition: the
infinitely long straight vortex being efféetively linked with the vortex ring (of Wry =0
and Twy = 1) contributes to total linkingywith Lkjs = Lko; = —1 (according to relative
orientation), so that by makinguuse of a result demonstrated in [26], we have then

thot =0= Wrtot + thot = WTl + W?"Q + 2L]€12 + thot =—-2+4+2. (15)

We should point out that ithced twist does not necessarily imply generation of
additional phase singularities, as is evident when we consider the folding process of a
single quantum vortex loop, where the generation of new twist is naturally compensated
by the spontaneousproduetion of writhe (see for instance [5]). In summary, we provide
evidence that noti only twist is a physically relevant quantity associated with a velocity
field in the system, but/since twist provides an imprint of linking, the topological
condition of Zero helicity for the Seifert framing of phase defects implies the presence of
an additional kinetic potential, in analogy with the Aharonov-Bohm effect of quantum
mechaniés, wherethe complex phase of a charged particle’s wave function is invariably
associated with the physical effects of an electromagnetic potential.
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