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B2 S 1 R PR MR AR T E AR K
JE IR, R LRGN TR S R
UNSEEE et AP RN %3?%@1?1’8?&?
FERI A IR, SR A R S50 B g
H g 58 %ZZIEUE'J?%%?F HH R 9% BRI B, Uﬁﬂ“é
HR A E R RS BEAUEAR R ER. IR H AR SR IR AE
R JE I FH Al 45 22 TR AN AR B R TR IR 2 4R
N7, AU £ SR B 1R B T A R FE R
jbqjﬁ’ligfﬂ”kﬁfﬂﬂ AT HE PR G TR

SN AR DL K RE - M R AR R R I
%‘I NIX— IR 2 RGN AR B e
i o S AR i N L S NTE LSRN PN E- 9 W)
Re T A I B2 AL bR, %1 IR B G [ PR T
L3N B IR AN R P R FRAN AR IR T TH 90 T
VEFIEE— D ) .

25 FRATY 1) AH O E A AL 5 A B8 B T ) A
91, =5 B N AL i Jie A1 5/ PR S IR AR 1
BT 3G, BERfESES WA M BRIRIE RSN £
¥ 5 2, BlGross-Pitaevskii 5 18, 25 18 H A4k 1%
2% 5t(Formalism). #R 5 75 55671 LA 2E S8 B0M & 1
FhHopfHE 1 5 ki A% 2y ) 8 7~ HOE AR A0L (1) 7 V%, IF
X s BT o Ak, e, T AR 5
g3, KA 78 R AR FRANT IR AE 1 R A i — T AR, R
= M-&(Trefoil Knot)ip i H £ 5 I A6 ) B LA
H PR A5 2 50 12 S B A s L P A I e
HIT T .

2 HRIMNRENZEARESE

TR 32 i H T L D TR IR T 1815
S A] P (Cauchy ) % ¥ 7€ 5 (Vorticity ) b 4% B H 57 1H 14
(BRI O AR, FEHEAR T 18584F 1 W i &2 it
32, B2 U 2% (Helmholtz) 5% T30 g 2 /7 5 7 18 5E
R FC, DA B2 2 (Riemann) Xt 7 3 1) il 4T %% (8]
%2 3% 18 1% 11T 18 (Multiply Connectedness of the Am-
bient Space on Potentials). iX Y& § #1 T {E J5 & FF /R
5 B (Lord Kelvin, William Thomson)#2 H 7 — i
KT WA ot () i
W IR (1868-1882). Jim # S A K 78R (Tait) /£1872—
18804F [A] | /E tH A 4 SHEHA W — KK, B

o 7 50 5 (Maxwell) 7618704 22 130K a7 4 14 28 4%
#((Gauss’ Linking Number, 1833)) 2| £ & i@ 1k Ht
TR T FE b 25, IR BB IR 7 %2 R AT I s
b B AR BRI, e — A a2 1882 4.

J. % ilkA. J. Thomson) 5% T+ fig 5 1 ) Adams 2
IRACR L. WA TR SO e A 4518 7 BB 1 o,
FEIRT. J. a3 19054 PR 5 I HL 7110 2R 3R 4 DL/R
VLA, AN TG D AR B AR S AW 1 R
DA S 1R B TR AR, R a R
3K (Poincaré) Fl1 2 7 4 (de Rham)X} #1814 &R FT il 1)
b TAE.

U5, BEAR1950-19604F (8] 75 & F 3716 o H 1
TRt A I BN, (H R TS
$37518 T DL L BLAE20 T 28 704E AR, AR T
VE 1969 4F 53 KR (MofFatt) X i 7R M8 X /> HH AR
ARG A 77 2 s AR AN W T 1 3 S A R G DL
3T, DAL g8 SR B A BR Y AEDNAZE )
RIS, H AT, B TR EVLEE 27 AN W e DL &
THE G R EL TS B AN BT 5, BB B RS 4840 H 28
RN, NG W0 EAE SN — A F 8 2 oIk
AUk Cn P 1) .,

TE R BE (1 FH U N
(Kelvin, 1867) (Gauss, 1833)
G5/ IR TERE Y

(Tait, 1877) (Maxwell, 1867)

\ 2 4
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— e
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o B %%@ (Relaxation) { - m;ﬂil " Y 4
it HERER
KB A R
o HNHEH, - SpE M‘th‘%/’-EiﬁLL
LN
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Figure 1 (Color online) Brief history of topological fluid mechanics.
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3 REBEERRINAE

AN AR 77 % )R AT 55 2 — SR AT AR i
ERGEWRINMIE, HAE YR ERINAZE,
FEPHL PR A5 B E I 5 &R, 1R E (Helicity ) fix # %
IR A B, B AR B dr (Buler) J7 72 1 55
&, EFERgh4E /R- 4 v i (Navier-Stokes) /7 72
FIr 4t (1 0 A v A ot R o 1)~ i B R R o
R T 19 HELL ) Z A 22T /R 3L P I fS 1958
1969 AL TG AR 122 AR AR IR AR B 772 Hh 4 3ol e TR
IR (Woltjer) BURIZLIL KR (Moffatt) ¥ # B K 476K,

12 7)) %% W2 ¥ (Kinetic Helicity)® X A = 4 1
2\ [3,5].

ga)
H fu - wdx, (1)
\%4

HAuwZEE, o = V x ik e & (Vorticity).
gy AR = 4E S E) R I AR RV 34T AN AT R
4 (Incompressible)i 14, 1 £V - u = 0, ufEV &b
Ab T B X AT 46 (Compressible) i 7, B IE & 2%
p = plp), Hpsdt Kok, p % E. ofEi oV I
WRw- =0, LHafovirikm. Wik 1% Hm
0B e X518 Bl R FE AR AR AL, AR L R
WA, oI R EBRI] . LR AN — ek, F
FITCAIZ Bl 2 08 B .

AN E & R BB R i ) e SR R
Bu— N1, u = wdx'; o, fEN—D1-HER, &
e —M2- A Hodge X l, w = *(du). A1)
i AT AR IR 9 — AN #H (Wedge Product)

Hzfu/\du. @)
\%4

IR SR Bl i FE AR, IR ATHE il e U5 Rk

H= fa) ccurl ' wd’x. 3)
v
Hdu = curl” ' wHiBiot-Savart i& B 3 s2 3
u(x) = f wd3x" )
V'=V\ix} lx — x|

SCHR[1IP.1255E #E1.15%8 B, HAYBUE I+ A K 5t
Ful Rl A, MLl ERR To. X— 559

B AP AR — 20, BlofE R 3 0ok i 2
LA E, Ma\ R M LG & —Fh R EH. &
PR — A B R W N W E E AR, RlHelicity
Invariance Theorem: WM EH — LK =
Yo, W HoFT% HFH, 1EMPAE R RAR TR
[A] IE (Diffeomorphism)Z8 #t 2 & 57 {5 1. H ARk
AL AT, X — AN R E A AR E MR, & — AN
B(Divergence-Free) % & 37 M4 5t oMAHY, A4 %
Y HINR B HAE B £ MISTERAAR AR, PRKE L AH 1)
KA RIS IR AR 2 N R —N P ER. W
A, SCRR[1 K HFR A Hopf A28 &, Rl Hopf
WS FiE.

3.1 BESHAZNE. BESBZENXR

19694 BLIAE M, 19924F By A - (Moffatt-
Ricca) (71537 i 7 BE RN 43 5 1) HLE S5 F0 5 4 %
T, &5 H— > D% TR 4 41 P e ) R 4 AL

EIE1  (Moffatt-Ricca, 1992 [0 [& — /N FH AH
WMAEFA TR REERL OEN D&, L =
Uiy vee B By AR EE IR L (1) — AL 4y
X, HA LR CAE Hoth 73 SCAE = 423 (8] FRAHAZ (R
AR ZRE . 5 AN PG, W T om th 2k, TR AE
JC T3 AL P ), A4 2 1A B 38 SR, ity
] 34 & (Circulation) N®. B4, i JiE BE I LI R FE
AI EHA A5 ER R v 1) B SRR 5 B SRk
¥k

H (-£) = Hmutual + Hself
N

»

N
DLk (v ) + ) OFSL(vD), ()

k#l; k=1 k=1
HAH o TR A () BB S5 R, Hoef O B 28
LR, 5B M, IR A SO, = - = Dy =
O, H
H (L) = Hyua + Hyerr

N N
=02 > Lk(ey)+ ) SIo|. (6)

k#l; k,I=1 k=1

X Lk (yr, y) Ry My, 2 18] 1 1y 0 L 9 98 3 T
S1(yy) ey, B H 5%k, 78 Calugdreanu-White 22
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X 5 % it L (Writhing) Wr Al 7 5 $(Twisting) Twibk
Fok B

Sl=Wr+Tw. @)

(D2 B AR T R IE S, T (S)F(6)3\ A2 H
ﬂiﬂ\ﬁﬁifﬂﬁiﬁ‘]ﬁﬁﬁﬁiﬁﬁﬁﬁ, Nk A A &

B A ST, T R 5] IR X (5)A(6) AR
EE [467].

JERA
(1) ﬁ%%%ﬁéﬁé}%%ﬁﬁj\y Hmuluala ﬁﬁn?%liﬂ
3131  (Moffatt, 1969 )

Huywa = Z O,0,Lk (Yi,?’j)- ()

i#]

It 5| B R AE B R IR 4o ~. FBiot-SavartiE
(43, T Ho% Hu@)R ik B 2 AN B g8 58
WERE, A

Hual = fu(x) . w(x)d3x
\4

_f(f O W)X @)
S\ Do e —xP

el
_ff a)(x)xw(x) x
mutual Vv |x x’|

Wwiy £ 18 Fovab i Rw - A = 0, 5t 7] {w)
Mo )ERN

@) dx, 9)

—x)dxdx.
(10)

wx) = O;Ax)8 (x — x;) (11)
o) =0ak)8 (¢ -x;), (12)

Fooe ey 1 O 2R C L B AR BR, x A2 C I AL R,
To-BR B Z i, ace) Mace) B 3 e c; b
FI A DI R &, A, BAa D210, 57
2175 2

mulual - Z(D(D § § dlz ><dlj :

i#] )xi_xj

fr-)

3

13)

e Adl oy 512 CMC 2Ttk & R B s
H G Lk(y:, y )N L *%D/\

y, y, 5695 dl; x dl; - ) (14)
—x])

B 1521

Hywa = Z O;0;Lk (7i77j) . (15)
i)
Sl IR

(2) IR HYEEER 77, Heerr:

AT A &5 (112 B2 R 5t HCdlugdreanu-
White N F 5. %5 & — /M) EL 4] 45 (Physical Knot), ‘&
FEAE TR — AL 45 26 C o O 2 AL (Flux
Tube). JefC Lt JoHn &5, LRI TE M h02 Ab. #5
M2 A4, MCHZH TR R Nx = x(s); Al ECHY
FAYAAL, Blx(s) = x(s + L). XTS5 s R I o —
MFERE R BT 51 L .

3|IE2 (Moffatt-Ricca, 1992 o) 2 & — /N3 A8
//luﬁim 1T B i A1 45 (Magnetic Knot), ‘& FH 8 &

gt ICREIE R F 0 N Al g 2k C, 14 5 (Tubular
Boundary)jj N R T (Magnetic Surface), J# & ANO.
W G A S50 B H o,
Hself,m = q)ZSLv (16)

HHSL = SL(R)ZCHIZ % 77 (Reference Ribbon)R
fJCilugireanu-White [ 853 N AF & .

LSS B AE R E R A N, B RE AN E s, H
10637 B v P 38 43 4L Ak
B=B,+B,, (17)

H B 2 AT T & B i B m) 4> 2 (Axial Field),
1M B,,, | & 2 BT~ % [ ¥ 7~/ [l (Meridian Planes) I
(). g A3 07 R o & R b, RATRA —
AN JRIRBIAEALRR R (1, 0, 2)(WITE2).

ik
B, =(0,0,B.(r)),

SARHVY-B, = 0fIV-B,, = 0. TEAUSHFIA
R

B, =V xA,

B,, = (0, By(r),0), (18)

B,=VxA,, (19)
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)

0o

Tube axisT

S

B2 (MR BRI AR R (r, 6, 2). B e AT T &4
(32 1) 43 &, 110 B, U 2 T BTl 14 (1 77 ThD b i 38
Ji T 5y &

Figure 2 (Color online) Polar coordinates on the tube cross-section,

(r,0,z). B, is the axial field parallel to the tube axis and B,, is the merid-
ional field in the meridian planes perpendicular to the tube axis.

HHVv.-A,=0,V-A,, =0 XTB, %0142 H
AHAZHIEIR, TATH

f A,, - B,d’x" =0, (20)
%4

HApVRE B, Px LoV ERERR T, 4L
IR L B2

Hself,m = an . Bade* + an . Bmd3x*
\% Vv

+ f A,, - B.d’x*
\%4

= f A, B,d’x"
\4

+2fAfmﬁf, @1
\4

P T 0 AR 3 T A RE s AL

1) B2 A S8 (Writhing) TTRR. 7 5675 & ) 57

W Hetma = [, Ao - Bod®x", [1f5a =axial. EAEFAT]

A5 F B B B T Biot-Savart 7 7
() (x —x") x dx*

Anc =
BS 41t Jo

22
P (22)

JUEIRANRIE A AEx € CIRACHR, S il 17 73 5 40
RIFAIR, H

q)Z —x9-d dx*
—9556(x X) e XA oy, (03
cJC

47 lx — x*|3

H self,ma —

L B IR 8 30 23 o W (1) D K.
2) WRFE 1) 7 e (Twisting) DT R, ILAE 5 FE(21)20
15 — T DT ek

Heattmm =2 f A, B,d'x" =2 f Ao(r)By(Nd’x",
Vv Vv
(24)

JElFRm =meridian. iX B y¥EE, M)LK 19K F
—H AT AR A, = (0, A(r), 0), Hrh

14 ap = B, (25)
rdr

T % R BT SRR R R R AR Se(s)M
st(s)it B 5 BRI IR R R AL FE0E()T i T )
Hself,m E(J E&ﬁ ﬁiﬂ‘]ﬁ

£=ré, = r(ficosf + bsin0), (26)
P

g = —isin@ + b cos 6. (27)
M, A%

6€ = rcos 05 + rsin 66b (28)

TR (r, )5, it
d d . ood .
365 = rcos Oaén + rsin QE(Sb' 29)

T RA KB U fog T 80T 3 1) Wi A2
(Distortion), AT K s = s1, 6€ (s1) = 0, LRI 2
Wion (s)) = 6b (s)) = 0. W4, s = s, &b 3R EHA
% Z (Frenet Relations) 5t &

d N "
—oOft = =oct + oth,

d_.
o adb = —0Ti. (30)

T&, TR & EALFE6E(s) 2 T, Him B,
DL Ao IR ARAR, s = si /6P B, 5 R4
AR, AR

0B, = (B,-V)6€ = Bz(r)%&f. 31

KA IMAAZASE(s) P B, FTLAE B, X — AR H
A7 — PR TR AR, 5B AR RETAR T T A
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R N5 e #% (Differential Rotation) It 5 35 ) 38 TH
3)(Toroidal Field)” 0. iXFt—Kmi

639 = éBm . ég = Bz(r) (iéf) . ég
ds
- (5o -sme
= B.(r)|-[-—06&]| - sinbn
ds
+ (i(sg) cos 013] . (32)
ds sos;
BQRHFBO)ARMAN, H
0By = B.(nrot(s), Ms=s. (33)

BT UL BRI A BEAE A 45 EAT B A A O, (33)
SEFR Bgh T AR AT s B 1 B A R 1 3
it (Field Perturbation). T 7= A2 (1% Hgeig i TSR N

Heitmm = 2 f Ag(r)SBy(r)d’x*
%4
=2 f Ag(r)B.(r)rét(s)d>x”. (34)
\%4
R FAT S (25) A EASy, Hogh F 2

“ 1d
f Ag—— (rdy) r2mtrdr
0 rdr

2 N D\’

= Zloar] =n(52) (39)
2 FARAE(34) A 75 21

6Hself,m,m = ®26T (36)
IR G RECHT R A . MR T I [ E AN 28 f AR AT 473
METEA, M G4HAT S5 N
stelf,m,m _ (Dz dT

- 37
dr ds 7)

B

H@elf,m,m = (Dz (T + TO) 5 (38)

Hrh Ty WA

TR E KA EL AR, 42456023)M38)2, &
BRI 5
Hself,m,m
(0¥

= Wr+T + T, = constant. 39

MOTE AR vh HY B35 55 I, Wik SR 2 i 4 AR Ak,
ETH 2 RALIFBEA T 3, H{TkAE+ 1A
I, ToTB 06 40 K A — AN F 1AM BEAE, DLAR 26 {7
R AR PR, X ASF I B, BRI RCTE AR
T — AN U, N ST RN AR R A B AR,
T, = N.

G BE2F EE.

(3) R 4h B (AL G5/ IR S i se . H i
AR R).

EXEREH TR EA LR RS, R
B EH R R RS . s
BRI ND). X T B k3% (Discrete Field), W15 A LA
RTINS 22 R G50 2, 84K IH T LLZE 4 5
H1(8) M 5] B2/ (16) X H ¥ 2 #E ) B 2 a0 R
SEip.

X HARIRAR, 7E R AR BNV RN E — M)
HEEIR, DAL WLEANNGIL 5 &, 5 FT i
ff FR) 38 B (Flux) N®;, i = 1,...,N. WY 2 il 4 3
BEIR L) BN HA] F Bk, B BRIk
ik

H = Hmulual + Hself
= Z O2SL; + Z @D Lk;;
i i£]

= Z (I)lz (Wri + Ti + Nl) + Z CI),CDJLk,J (40)

i#]

& HL LR (5)IE B 01,

(5)xH BB R L2 RN . 1k,
BRK ML T R B H T, 0 Sk R = =
BN T X HL B 5500 a7 S AR BT 4,
NN T 37 W7 3 45 st HAE 3 AR B R A . H
R, 8 I S 0 I 2 R 40 0 B A AL @, BT DA i R
o 22 11 JUART JE2 4R A 45 52 B (Diagram Projections) 2y
H 0 Li,  E S Wr AT, 3T A5 5 N SR HEN,
Ji T R R AH DG B R R BT X e R =
z—.

X RS T s R AT BT R
Lktyyd=g Y enSIN=5 2 60 @D

re{yeny} re{ye}
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HAly 48y H G MES, v Ny By My, BHAH
I RS, rie— N2 R, e T/ 1438 mUIAREFE #F,
SE U3

g ge ] DA 7R v T2 SR A b — AN T 1
T BE RRAS, 405 SCKs FH 21 () Hop ik 5.
W E4@) R, NEARER AP RBE, £ 203
B B O, RSOy E. M Hopf 53
ZESEANE, X5 PRI IX 73Tk

Xof T HE X 5 15 A B2 B S A HopFEE A (N 1815), &
AT FAEAH S ) — R EERL, ﬁf%ﬁ/\nﬂﬁﬂ X
HLRT U FAEAR RO A 8 — AN FERN R 41
B THEXAFEIIEE — Aﬁﬁﬁﬁﬁﬁfﬁg
4E~F1H I, Directional Projection), WUl &} 4~22 X i Ak
HA EAH T2 R E ARSI AR b
N AT, WS B 5 —NMEERE, BRI
PR 2 1] 2 20 T 4RI 1) 8% 1% (Mirror Image) X FRK R,

t

——

g =+1

& 3 (W 4% R BDXT 32 X He, 1 AR BUE L. Over-pass, B
B B R R f /N R ORI B S, il Re, = +1;
Under-pass, B )\ 2856 21 T 28 i B /NG 1 R I 61 55 30, i
HNe, = -1

Figure 3 (Color online) Algebraic definition for the crossing number.

g =-—1

Over-pass, i.e., the case that the minimal angle of rotation from the upper
line segment to the lower line stegment is anti-clockwise. It is denoted
as & = +1; Under-pass, i.e., the case that the minimal angle of rotation
is clockwise. It is denoted as &, = —1.

O O

& 4 (2% R B A ST 2 LU () TR ELAN ik
(-1 [, Fe g 58 80050; (b) HopfBEHR, mﬁﬁéfé%iﬁﬁil(?%
JLIE5)

Figure 4 (Color online) Comparison of two configurations. (a) Two
disjoint trivial cicles; (b) a Hopf link, with Gauss linking number +1 (see
Figure 5 below).

1
Lk=>(-1-1)=-1

1
Lk=§(+1+1)=+1

Bl 5 (M2 kiR B NHoptHE3E. (a) =il LIRS Lk = +1;
(b) B H ARG Lk = -1

Figure 5 (Color online) Two Hopf links. (a) The one with the Gauss
linking number Lk = +1; (b) the one with the Gauss linking number
Lk =-1.

WARFAEAE . JG 302240, fEE T RAE S, 20
GEEAN [R] 19 5 S HopfaE 248 m DLUd i 20728 A5 A7 B [m)
RAF 2, R IE BLBEART PR IR AT DU X B - i AR HL
A AR SR SR

IR X LGB SR I B R T 25 AL I T
B SR BON R FE B DTk U7 T, R 25 R R TR
R TTE B A5 M DL LR H IR B, B 2 s 4
WE B B L. 455 SeBR R I, 7E ELA A [F] Y
B ) R AR Ay 112,

He b, BEbr LR TIRBERIINEES %
Fh 0 A AR B 2 [A) 9% & B R i — B2 0 AT A4
R FLTE19614FEMoreau [PV £ H Sk 08 B ] DL &
FAE % 26 11 85 2 ¢ &R BergerflField 175 [& X
BRAN DICSL i & (0 M8 B2 3R AT 70 file, DL AT IR S
WERAS, L. R E S A RAR R R IEE
KMoffatt 'S F1Xiong %5 A OV B 552 26 M it 2l Hh i
JEE 45 73 5 2 1) () A L AR 4 b AT 1 B AEUE 43 #
Z AR 2 Trvine i 78 41 U7V WE ) S B PR AT T
RN S5 5 5B R FT.

32 BBESAZEZMAZERXR

BREE PRI RS AR TR 45 L, H S
HRR?

WATVHIE, S B B A A5 R 2 U
7 N7 N I = N A< 17 R S T o R S S T
ST = 0TiE HE— 1R B A — 8- 4, ﬁu@é
M H 9855 Lk = 0TC ik oy HF— 24 = A1 A
ZH 18 % B 2R (Borromean Rings)Fl — 41 P 45 ¥ 12 5%
¥R (Whitehead Link), 1/7.
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20204 H50E HSM

Trivial circle

Sl=0

Figure-8 knot
Sl=0

Bl 6 (45 kR ) 1 Jo A (a) F8-- £ (b). -l 34 S 2% F 2
SEONE 8- T AN AESH I ERETE
Figure 6 (Color online) A trivial circle (a) and a figure-8 knot (b). The
self-linking number of the trivial circle is obviously zero; that of the
figure-8 knot vanishes as well, as can be easily verified.

() C TN
00 &

Disjoint circles Borromean rings Whitehead link

7 (M %% R B)— 4 = AT ) ¥ (a), Borromean rings
(b)MWhitehead links (c). "Vl BRI G N T, |5 4,
Tt BEFME & m(HA B G ErE, Lo smiia
W ETZF

Figure 7 (Color online) A group of three trivial circles (a), Borromean
rings (b) and Whitehead links (c). The mutual linking number of the triv-
ial circles are obvious zero; for the latter two items, their mutual linking

(c)

numbers both vanish, no matter how to choose the orientations of the
components in the links.

T RTEE SRR YERE ) R A 45 H R
THGnA S 2 i)z (8 B 2K &, A SCAEFH TR
R N R Ty vk 118200,

W R AR ) A ik Q) S5 RN E T
12 " i) Chern-Simons(CS) 3-7% 3\ (Chernse (54 &)HH
B3

2
CS(A):A/\dA+§A NANA, (42)

S 20 AT A0 (2) 3t R (@42) BT DL/R BE I 1% .
SEE, IR iES, @)X MA = A
K& AT 4N BB 2 (RIS 3 B A8 P ) RS
), W IR RIMIC AR, A = AT, dx 2 1-E 5, dA =

8, AT, dx" A dx'2-T 2. T, 72 45 # B 1) A4 i e,
— B DL 45 A B A2 JE BT DR BEG(non-Abelian),
AR TG IS B K RIT,, Tyl # 0, ML 42)20 1 55
TORD AR 2P A N RRER G OLR, W ARG
Bl DUR U (DB, & 45 [\ T FAr 3] F i e % sl 2
SETHT A AR A AR e, T (42) T AR I Ok, m R
HCS(A) = A A dA, T IE3-TE TR 73 3t N

I:fA/\dA. (43)
v

FRIEESHHE —FAHSHBFER P0G
HR FR) P BT DK Ao T 20T udg ARONA, T
HH(43) AT 15(2) 0.

BEICS®wEHEENKERINETHIEZ
— BEHALER,. LRGN, AR TR
B9 IS E BN R, K, e R
IRNZE O S AL G AR &, R O AR 2 AN
SAEREALIN TAE 22 B 5 XM Al g n AT BT
KEGH—AE K EHRIRE T X — &gt
PR FE A R, BRI TR AR, SR
IR TR R A AL &

EE BN E T %R P HCSEE 2 7 8 XL
JAIWilson loop ) H 7% B B H O6F B T~ 202 19 A0 AR
#F):

(RS —

P DAV AR 53 M FE, 2 7R B o3 5 Bk 4R AR 2 18]
HEAT; e S AL ZR A — I o R
A Wilson loop. {7 ¥ I, | =0 K 3 17 Becchi-
Rouet-Stora-Tyutin (BRST)& F L F 4L, tHEIARMA
FVE [F %€ (Gauge Fixing) 19371 (Ghosts).
P78 T 2 A4 AR P2 XA AR 43 ] B
gyt al g Z AN A AR B X N4 BT R FE 1) 4 b
WIRER AL T AR, A 3C)2UdE H e 2 — AR DR
MICSYE &2, R R (44) A7 12 PR R bR 00 B

eizi“ﬁiMei‘f“/u/\du7 (45)

Hrh B AT S W pu, M AEH & 2H =
J, €S = [, un du. H—PRERE], AR
#%(Thin Vortex Filament; MHD A B[ #% 48 #Z i@ &) 1]
I, 0 BE 3 RIS B IR L BT 1, @ = wof, &
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Hawo 9 H, TR 22 B ) AL D) . FE e A6 A
T, HEl 5 B 22 8 |5 1)

H=Z@9§u=256u (46)

NI}

e = Fh", @7)

FErb B AR W8 22 1) s S i B L S B L. IR
3k, KINA5) AT R AL A [R]. 3 R B,
XML AT R &R AL 2 T A E &)
AE/T.

BT X — IR, BT DA s B AR AR A R,
— VI FE X AR HOY A . T TR B, %0
T DA H 2 Se 0 ) B m B I 4R 4B S, Al
g5 2 A, FEZG R B, S6 Rt T 5e e AR 1 AE
e B LA 1

(1) B 87 EFr BRI 7, OF 2 AN BR A
SIS A1 T T 46 R e AR 3 T AU MR JE (Field Line
Helicity), QXS oK 27 K BH &5 25 1) 22 [ pA 124251,

(2) $8EOE AT LR [5] 2R FEE 2 20, FHBE 1)
PR, WRAHZ I AT fa BRI, B4 —Fr it
23 0] 2385 (T, 1R PR S H0X R KPR Fh A
SR b, X ERE R R AR A A i
SRS TR, A5 8 EAT 2 ) @) AH ELAE L i =B
DA )3, W o605 22 N R O3, I 05 e A 25
v BOWARIE IR, 5 A2 BB 90 1 5 1 1) 44 o AH LA FH 15
L, nE K. FEARBOE X, SLbR B RRE T8 2 AT
T4 (1) = B T

(3) TR BLE 2, 455808 5 LA FE R

1) T i i £, Bt UL i ot B 42 AT
Widf. IR, LA IR Ik R LG A2 S5 M . TS
&5 AT Fe B - B mT i, S 7SR 50T I AH 3R
T Bleht = ehnt = ehiehat Hrp s A AT
ik, L =L, + Ly.

2) IXHh FC VR b T B AR AR 2 )5 BT 1S Y
B A HEAT BT, 15 20 H R IR S B A e
N gt 2 A g SCREIFR3E G &R, Skein Relation)
FIT 5 B 0 L

H UL AT DR B, E R 48 208 20T LL45 tHones.
HOMFLYPTA5 A 45 % Bi3h b &, T T # it
JELPR 2 HH AT 1 B,

— NG &8 =4 — %8
IR, B ERIE N — Aty - ST - R WL
(1) 77 XA [F) S 4T 45 1 77 AN [, -1 J78 1) G 2
G, WA AR, A4S - T, 85
A2k 2 (B TR A AN R R AR IRAE 25N 28 ma AL 128 X7
A A _F i, d 8.

B30, ZANA S5 R I, A B (A A LA
IREBCIRE. XY A A TR ONEEM (Link), 24
HH RN LSS FRONEEIA 19— 7 & (Component). fi:
SR, BN SE R BEIA VR ER I L. — MUl A 45 R
FS AR B (2 T A ) B A if b 50 8 U {8 B PR AN AR
PR A B AT T AL B ) 2 B — e B 2 (1) 40 7 12k e

PN BE 24 ) S T B DU RS A, ARk
EHEAVHEAGEN——eA 1 [0 v] G i & 2240 b
AR N — N H iy — AN, a0 FRIX SRR, HRREAT]
ANEN B IR (Isotopic), 5 WA, 4125 PR 18
A% AT S5 2 — B 73 R AN AL 4 72 5 5540 AN
M, HEZ D NERIE RSB ERERT
AL IAZETTVE, B FH— AR PR T A
AR BRI, AW AN A S5 S 5.
HE, AR RV EM AR 7 4, R R
AR T A T AR, SERPAT DUAI W AN A A
RREAEA, AEgfEIZA TR NEM, #HHHE
EMT RIS R AR T AR, ATh Rt R A Y
W4, T AR B T i 83 Fh AR AL

(@) (b)

Knot 1022 Knot 1035

B 8 P10 X midl4h, 100@M105s5(b). —# H 4 [
fi1Jones% Wi X, (HHOMFLY PT % 15 3 A [

Figure8 Two knots with 10 crossing sites: 102 (a) and 1035 (b). They
share the same Jones polynomial, but have different HOMFLYPT poly-
nomials.
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Reidemeisterfi i, FrA AR A0 VAR 45 35 #5 h —= i
F AR 1 AR AK 2H A T %, FR NReidemeister Moves, 21
K19.

ok, B B BTy R, Bl gt Lk
TR L A=A HAR B2 AR, TEdE 2
=R XI5, anEo0.

TR, Bl L4 2 s SO R X TIX =
FhAg 7 S 1A Bk & A SRR AR R R,
Skein Relations). H:Ap & X E, TIIA A& — s 4
KF 2O prk.

o Jones Z Wil PRI R, KT RS ¥

V (Circle) = 1, (48)
7'V (0C) — 1V (UC) = (T% - T-%) V (NC). (49)
1% B Circleds *F # [@. OC, UC, NC43 1l 48 B 10
1 = Fh 22 X J5 ;. OCRPOver-crossing, UCE[Under-

crossing, OCE[/Non-crossing.

I (b) I x II// (c) \ P \ 7/
7\ VAN 7N

Type-1 Type-III

(a)

Type-1I

B 9 = 7iReidemeister Moves. (a) Type-I; (b) Type-II; (c)
Type-IL 4 45 ¥ $h A A2 &, = FhAZ e T #8A AL /9, FR it
4B [F]JR (Ambient Isotopic); R 7E JG Wil 2 T~ AZE K, FRNIEM
[AlJR (Regular Isotopic)

Figure 9 Three types of Reidemeister moves: Type-I (a), Type-II (b),
and Type-III (c). A knot topological quantity which is invariant under
all these three types of moves is called an ambient isotopic invariant; a

quantity which is invariant under the latter two types of moves is called a
regular isotopic invariant.

A XN

Over-crossing

10 FE=AFR, BT, RE-ANZEXA
AN, (a) 132 X, over-crossing; (b) K& X, under-crossing;
(c) A2 X, non-crossing

Figure 10 Three links, which are almost the same everywhere, except
one particular crossing site: over-crossing (a), under-crossing (b), and

Under-crossing Non-crossing

non-crossing (c).

e HOMFLYPTZ Tiz{ P& 2N 4%k &R, KT X
ZHaMz:

P (Circle) = 1, 50)
aP (0OC) —a™'P(UC) = zP (NC). (51)

BT B k3G Al 45 2 T, R i id b T &% Fh g
PR AP S Hr, a, 255, FEUE W EATIH 2 0 L g Bz

14 18 Jones 22 T 2 1) 45 452 0K 5 (48)F1(49) 20 75 22
FIES . BATREH T — A B i a n/m 5 5
U AR 15 18200 e 11,

T2, R LLE R HIL,, L, Ly, v, My R4
AR 42, i

efu = efLoéBw = efLo eﬁu = kefLo, (52)
eh = el = eloel = k_lefLO, (53)

HopsE Xk = e, AT AL = eb-. 4,
B (LY = el (L y = eh F(Lg) = oo, 45—
HIF R R
(L) =k(Loy, (L.y=k"(Lo). (54)
X OV EARRE, AT HBIFRERR TR &
T — RV BE e EEA SN E R, BSARTEE

PGP G Clee
X=eAl - (=00

B 11 (28RO B s n/ i B B SR 4%, (a) XTover-crossing
GEAELOR AR B 38 5 ¥ Ik 400 3% A2 Gl €, el 7€ ) AT,
AH AT LLR ), Ly B4k 9 — 4 non-crossing (18 7 Lo) i L —
A~ /Nfunknot(IEEy, ). (b) XFunder-crossing(iEAFL_) ) b2,
LA —A Lol E—A> /M fjunknot(id fEy_). y, 7 — AN IE
FIRL P,y /S L

Figure 11 (Color online) Technique of adding/subtracting imaginary
paths. (a) The treatment for an over-crossing site, denoted as L. By
adding imaginary paths denoted by the blue color (which are able to
cancel each other due to opposite orientations), L, is turned into a non-
crossing, denoted as Lo, plus a small unknot, denoted as y;. (b) That
for an under-crossing site, denoted as L_: L_ is turned into an Lo plus a
small unknot denoted as y_. The y, carries a positive twist, %; the y_
carries a negative twist, %
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73 F|KauffmanR$5 5 £ WA K R B ARG H
HHTR T 4145 58 1), B AT 45 £ Jones £ T 3 M 5 4
K Z2(48)F1(49) 2L 18201

FHifJonesZ Wi & 2 5 2 WA, b fg
T EAR L SR AR VE 2, B R R, 140
BIEVE A AT SCE8H 1100 R11055 P AL4E. A
W ARATHY I | — FhHE) ) (Generalized) Jones% 1
i, BJHOMFLYPTZ i 2 '9)“HOMFLYPT" J& i 15
W\ EH R E 7R/, 58 NS LT
3, WMD) RFTR, B Hhm P RE ) 5ok, 7T
LAY H% P8 11000 F 1055 4145

fEHOMFLYPTZ T 3 7 #2256 & (50)FI(5 1) 1
a3 o, B TR BTN /A R R LK AR
£ 15 KM 1 2 HizPL Ah, i R $|Dehn Surgery$i
R 1 S Ba, W12, 26 H 3 o P S AR
7 Writhing ) 5T #R, 1 a0 448 I Twisting ¥ 5T #k, KM
£ Cilugireanu-White A 7,

SIR) =Wr(C)+Tw((R), (55)

HrhREIE A2, 02 NC. HOMFLYPTZ i
S B AR A 4H 5 22 0L SCHR[19].
AR i — e, B, LR SRl 2
T 5 SO B PR 32 O0 R, AN B2 3Rk 5,
UINCIR Wb u i &Ry o Bl U E e TR iE 57 W
W, R 2 WA al b, FRATIE ] LG N FE £ /)
A1 45 e TH, W B v B 9 (Vassiliev) A 48 & ik
S5 (Vassiliev /AL EERFRIVE T 7T 13 2 &0 3 21
A gs 2 I, JE ARG E R D). BT

o e =

= el
=2

Bl 12 (W% % E)Dehn Surgery$i A. H T #4i& HOMFLY-
PTZ A R R P Z Kl

Figure 12 (Color online) The technique of Dehn surgery. It is em-
ployed to construct the parameter a in the skein relations of the HOM-
FLYPT polynomial.

I L2 Rl ThAa) i 9 A4 1) R 2E 4 A (Kontsevich)
TR, G R A S5 FE e R BL s B R AR
RE)FERTTE. eI S A4 2 I DL K R 28
BT R R Rk OR, BRE RS T S A IR e Al
SEEE IR R Hh A AR A B B A TR T e ZE 4 AR A
43 D0V B ] DA B e e B AH ELAE R BE R gk,
(] AT AR 22 e 72 B BE-5% BL /R (Biot-Savart) i& # Al 5 Bk
¥, LA FIT U [ 41 2% (8] (Ambient Space) ) AR, 7F
XL ) AT BB HER, 4 2 DA BRI A
55, RTATN— LA S B s,

4 RICREAGERGREE RN E

41 RIFPHEE-EREXR

X HL P 10 ) A AR T R A e
FIT I i) B 2% R G, AE IR T AS + A ELAE FH B s
TR S5, BN, (1) H S84 5 i 5 (Coronal
Mass Ejections) 1, oK FH 55 B8 ¥ 4 J& Ji 1 @ &, AH
HEREHE R REG, By LERZE RS
BEIA. H & X R AR ZUM BRI R, A
KB ERE T BR KA S 4t 5 | R hueps:
//en.wikipedia.org/wiki/Coronal _mass_ejection. (2) &
A P 2, BUE AR 2 SCER[31]. (3) M iAA
o b iR 2k, BUE RN Z S0k (23] 2.

P A SR A B A A A B 5 e BRI B ) %
IS, ARG RIS H i ik, e
FEScienceZR B HNE R AR ER )\ KM 2 —: K PH
RN L N LT3R, B LA T~ AN H &
EHIRE B RRIRE, XA OE IR
JR R PAS, Hoo 2 — B2 % B (Magnetic Recon-
nections), I 712k 75 H % 285 = BE 7 52, BERD &
A WTT SRR, BRI AR B ST IH A 45, A B
A, AR RGN GG, XM b AR s E AR
e, D6 IRFBUR G4 2 R K EUK E BRI
ok, gl H ZIR % BTt

R LB SR A R e R BRI R B 2, —

1) Liu X, Ricca R L. Vassiliev invariants for fluid links in terms of Kontsevich integral. In preparation.
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ANEEHPR A BRI SRR EE LB
. AR AAZ EAR VIR B R G EIR M, B
B &, AR B REEE LU, RN, F R4 B )
GrERE RN E. EER LRk R E A
PN B B f /MBI 20 BR3P R B PR A T 21
SEREIA R REE BN A SCHR (351 7T 7 AN R SR
FORAE A 45 HEA UL e HLR A B, P 145 140 b
REUHARKAFRX Y, Frigias Rt —MES
T BRGS0 v 3t 3 5 ) 0 003 A 1 — 2P, 3C
WR[361 7T 1 Mt 2245 (R 1 Jo A K i e 401465 1t 5 ofe
B R, A B DR RIAS 1SS X
RS R T BB R R O X TR E2E
RERWETC s 22 ARG B E R G RGeS T FAIR AR
EREE A e 51 RE RS R AR IX 5 T 3L
BR[37—411M8 7 K& R B L 2 dr. RE 2
B S B AR,

42 HIBAZERIRL

VB A 25 o5 A a2 MR Ak, B 4 4 id it
HIPRR AL B SO, B AR ERAL. B bR 2 E
SR AE I AT e 22 88 FIDNAZH 45 55 2R 11 56 4 [7] 31 e
UL HE R L. KRB SRR ——~2Y
Bk, 75— H L.

2LV AGR AL T, OGN R BB
% BT s R 30 53508z B W %2 B B R AEDNA S5 i
& R G b AR G —. /EDNAYK 5 5% 44 (Viral Cap-
sid) PRI 75 FF, SCRiR[42, 4310 5% T4 55 JR 3k 4 1 B¢
THR A, BT 70 I B R 52 31 30 57 508 1 7
M. 7F 5 - I Jig B 48 i /K Gross-Pitaevskii 5 4t ft) %1
B S 1, SCHR[4410 S22, A B 72 IX 3R /M
FEUF, 301 5% 200 R L 22 W] USSP o (AN 473, A gise
TR Pl 7 Tl A H — 2 B i B T LRI RI SR 5 Je
(IR AL 4.

H H A AR 7 T, B Br b i Ay — e i
{14 S 56 WL %52, {HL 10 G 45— PR RS 28 R R N (9 2248 4y
HT, 20164F SCHR[45, 461052 21, 7K H i e 41 45 M =
55 0% FE B s K B 2R FE P SR S IR AL T FE A
BEREAREEMAMB LR, MEEE — R

H1) A EDR 25 8 AT ——3X — I R0 FR 9 kR
¥.(Cascade Degeneration). JoHUA i, SLE G 0 H 21
FESCHR[47, 48155 T A=W 5 S AT DNA. %% 55 & 1] ()
O S5 T 2RISR Y, R R AR W] LAAS 1R —
% BATIFETRG b — kR LA, HRAE
N ez ok Ath i

T AT AR )55 ) S R A R
i HILTERMRIMINGR? BE 2 GE K
B A SR, R AR A BT R 1 ) R A
TEIX J7 T, #o 2 5 sl 2 Wolf %453 £, #% K
Jii Arnold ] — ™45 A8 B VF AT R SRATTHE A 8T 1) £ B
AT 3R B RAL Y B (1 e AR AR &,
= L0 B a0 ] R R G ER A AT
oy = E O b, ARSCAERE FH E 2R BT E
A Z5HOMFLY PT 2 350 X 41 F AN 32 50k 4 17 41 2/
FR(Torus Knots/Links)i#E4T T 115 5051 xf Horb 2 4
1) 22 TR BN & A BAR Y B 2 S EUE, 19
B 7 AN K R 3 P 0 PR A (] 13), 1X — 25 2R
53CHRI4718 458 2 — 300,

B, T B SR A 4 /R DA AR ) B —
B 25 e A B B R 2GR AL, DU RR AR B
AL s B 1) A7, [ B S S o B AN AR B A 1 R
HRBE—BUME, BATKE T Eik Arnold i AR, AR H
U OR 1N o S s R e ST K A el IR C 7
HE AN [R5 A% BEARAS X B 1% 25 (] — & 471 #h b
ANAR B FRAC AR 10, AR A AR T B 7 o % 2
A0 (%) P 7 il . MR R B RV Herp — 2 il R i 2%
M UG T E A AR, AN E R —
AR, X R T . X et b b — %%
SRR IR, 6T I TS 2 A M d v [ BB AR

P56 B FRATTE AT T B A AU T 5, 15
B 7 LB S5 IR,

5 FiTH#2: Gross-Pitaevskii ;52

HUE S0 2 4G 56 BEAR 45 R IR 1% A0 3 T B
WA BA TR % 1RO BT L9 B AR 25 R A B A
FFR 73, 2 EERLEE xF Gl & R A o o e 41 45/

2) Liu X, Ricca R L, Li X. A topological study on cascade degenerations of complex ensembles of fluid knots. In preparation.
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Torus knots and links
B 13 (MZROR RS IR T AL 45 /85 38 T (2, n) i H L HOMFLY PTZ Wi A4, 75 81— 5 /33 4 5 51) 15051

Figure 13 (Color online) Monotonically decreasing sequence of values obtained by computation of HOMFLYPT polynomials of torus knots/links

T(2,n) [50,51].

EZNIVENS

T A4 g T 1 R I R i U I — A0 M R )
e @, AR A R TG U R R I R AL OoF b e B
W R AIF 78 AN B B8 S 282 UL A 254R R T 1)
7 e By 73 2 8755300 3R 55 4 B AR R G IRAE 7
2%(Magnetohydrodynamics, MHD) 57381 - Xl 4 2
[RIAHAZ B9, DNAZF A4 % 100G 5k, il ad 4y #r i
RSP EL, BUEME TR, e FRCE
I I R FR U A4 101021 A By T R A R MR AR RE MU A
) FE L JoT 54, G [A] s e g AR 01, W FE AR A
T 37 ) e 5 2% Bk (Energy Cascade)&: (631,

KT W3 FE AR O ¥ PN B T A T e A 45 EE T R
A Hh GnAe] AR AR X AN ] B, 3 A SR £ S E B S
g4, By Ay WA B AR 15001 H e A1 45
T A ELF JE 0 4518, ZuccherflRicca P840V i 7E
i Gross-Pitaevskii (GP) J7 #& H 4 i& H & 1 AR I
JREFR, MELAR 5258 F FE 0 Ab 2 0% 24 AT Hop 5% #4 1X
PR P AR A T 1R 4 b Al S 1E AR BAE AT T
FR 2, W BR T AKX e AR P G 2 Ak, A SCAE I g
fiti 2 b, DLE - AA o 1 W M Hop ik 21 7% =i g (1)
FAN RS AR BLAE FH OB, 047 7 HUE A S P B
MG 23 B, 100132 2 s 1 LU 7732, JF A
FR[39, 401y 5 7H 80 3 90 g 18 A b ZR SR B0 A AR A I
HI FRVESSUE T BB

GPJ5 R Al F 14 & 7l i AR il = 5.

T TG E NI 2 A SO A 1) 32 4% 77 #2E(Governing
Equation):

oy i, i R
= =3V (1= wiP)y, (56)

Yo kKA I R B, B ¥ S & (Order Parameter).
AP A2 72 A 15 7 B2 R L — D HE & M i e
% (Schrodinger) 7 #2. 18 % WML 2, Uh e — 1
WIGE FAF I, ABEADL 58 48 WAAT £ 7 R (56) I 455 i) T v
b, R RER IE R AR~ A BLAE R, b tn s
B, LUTF ARG TR RS IR G 5% B N = 1.

FATAE AR T 22 2 Fr(Formalism).Z.  #ff 70
(56)=0, it A2 B R A 3 YA ) I SRR AR R
FEp R fEu. BAKRTT 52 SjtiMadelung B 4, Ky 'S
B K o S Ao E

¥ = ype*, (57)

XAFEGO)A G o i N — AN ESE TR I — AN 2
T

ap  0lpw)
p _0, 58
o " ox (58)
8u,- aui 6p 6T,‘j
Ry i) 2 2 T 5
p(at +”fauj) ax | ox, (>9)

XA = WIPHREERE, u = VO R #E
B, p = SRIER 7, = LERH TS 0T IR
71(Quantum Stress); 7% 5 & H, WIS B A, IO B
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T8 R TF R A% KNI R EE), (59) 30 h i [7] 21 B AR 3t
P BR R 5 R eR By I 77 s A Ep = OIALE,
PAS- BRI TE AR I R, Eﬂé(\/ﬁ). BEEE I
TE BT iU A 1T e s P 7 R B — 4, J
TC FR 41 ) 9% £ (Thin Filament).

THEXF(S7)RAEAT — L bE, FEE W, o #
O 2 &, HH A0 R 4F € L (Well Defined), #H 5
Hu = VORI 5 1R IE B (Vorticity)w = V X V6 = 0,
Uk H (1) 20T 188 HAE %4k B & (Trivial Curl-
Free Case); {H1Ep = OIIAL &, HHAOR KA RITE XL
) (Tl-Defined), 3 717 5 FUIR FE HE 1Z AL T8 R 47 52
X I(57) XifEp = O AL B SEPr EANREAEH, 75
B B 7R RAREr s MR BB 78 rh B2 0, 45
Te—E BT ER A = OF 3T R X3, 1M H 2
Bhid A RUCERA R U 58 SO X3, TR 2 AR H SR I
WRRE SRR, — MO 2 5 SCER6.37T s H P
S, A 24 AN SR EUIE 24 96 48 e i et 2 BT AL
FRMEE, 1T 5 B AR TR A7

an SRS K H F8 B0 (57, T2 0y S R sk
B REEAINMIER, v = ¢ + i¢, BIGI AP B2R
2o = (41, ¢2), WA LLER, Hufrif S Mo f—"1
FB M INR M, 0 o« 6% (), LRI HAE||¢l| # OIX
WA RNE, MAEHAb g = 0R) A B # HF P, X —
JFEAT] F Sk B B AEF 8, 7R TRy
HH 77 T R ST 1 AL B T B AR A R

(RSN, FEHHO = fu-ds = 2m, &
4K JE (Healing Length) ¢ = 1. fEIL K T¢ = 1R
FE b, R IS A ) U EUAR B, (H B AR AR
T\ A 2 A 225 i JE I i) L 1Y) S 1571,

WA RGN EE M = [|ylIPEx. 155
WEMHE = K + 145 1, KR R4 3 fE(Kinetic
Energy), 1/&4H H.F H # (Interaction Energy):

K = % f Vi Vydx, (60)

1 2
1= f (1 =1wlP) dx, (61)

YR B IEHE. GP YRR IR FFRE & 7 {H.
EGPTFEZ R, & iR Jie & — FioAH BB, I e

HH O 28 % B I IR AT L, 7RI LR AR R N, M

RETGVEE X ABIEQ N SCRT B R /R 1), 5 AR A AR Ok

BB R 1 B, R 3RAT AN RE RIS AT AL, ASRE
KT TRy R D &R LIS LT,
[ I A7 A2 P AN b e = S BUE FE S (1 B 0 £ BT
OLF, BN IR AR AL L. 45 ) A [F) IS A7 AE 75
ANIETHT(E AR ELYE S i HE A i ——1 a0 1 SORg e
[\THopf i A ——xt Hh 3R B H oK A9 B G A P A4 10 i
W AL TSN T, X RESHUE
T AR R R R AN AR . AR Z RIE SR 4T B3R
A EESRIE, XM h A 2 A

6 HEFE

BB A T7 T, A ST SCBR[37I /e A )
1%, IR T SCHR[38—40] T RGP R T3 1. ey,
WIUE 25 A 1R 328 ORI S 2 T SRR . S0 50 1)
BRI 2 S 0 i [R5 — B R B 43 B9 (Strang
Splitting Method), 5% 7% [ 1 47 8 B i $0fE
A5 I FRAE A 7 R A A R T AR R
X RR ) 7 16, 30 I R ARAUM AR 1207 18] E U AR S IR
BT, 5 5CRRI671 i Fe Xy AHAL. 7 2w fk
REGHeE T IE.

6.1 #EFM

A5 M R —AE T G0 ] T A 32k BORN AR R
FIUGE Z6 A S5 2 RE BB — s Rk 1 LAy (B 1+
SR ERAE, BB A A Y 1) AR M DL R &
MUY FE 2. 78 SCHR[39, 401 B &) R 1T it 4 4%
H9+1 0 HopfEE PR EUE AL S AE T i) 1338 JR R 1K
—J7iE, RSCEIS 2 KRR 9855y — 1 1 Hopf ik
R, T RO IR 3E I I P 1 R B T, % A T
FH AT M AR M 36 E BB 4516 E b 20 5 45 31
JRAESEL T g, B 12 B RT3 e 2 6 4 3 ik
FESRAE T — A0 b 2 HRIO8 SR JhE G I 1 [R] 0
FAT BB SR 51 R IR M, DA B TR JE B 4
BT SRR AN A4 . 534, ZAE R AT At 3L
HR166 ] BT i B S S0 1) — N BUE AL,

NARAE &R G4 & A 5 50 A [F), P9 20 4L
B 52 56 14 40 46 2% A B R AT B8 A [R) B30T K. 7 I
[ = OB, P94 BE 24 1 0 43 53l 57 F-(0.5, 4.5, 0)
A0, —4,0), F12 MRy = 8. P4 7 3 H T2
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5 x4, ¥4 B — NHopfiE 8. Lk = +120 1 i 5 35k
N[-20;20] x [-25;25] x [-20;30]; Lk = —14L 1+t
B3 H[-20;20] x [—25;25] x [-30;20]. A T XF i
e 4 N H B o #4521 68 vy I B ] R A (8] 43 HE
B, ATHURS [FVREFE AL = & = 0.0125, 2% )4 /%
HAx = Ay = Az = §, WIS G T SR
120 x 150 x 150.

X T e B — O, R E 1% 5 SR i
WELL WV . IR RN RIE LR, M — A 3k A bR
2% (Frenet Triad){f, n, i)} FH T A 491 2 A5 1 14 0 Jie
OVERTEWRONIE IR, T 1 [ _E N7 PR A, DA e REAE
TR E O 26 E AR S N AR AR, T S i
AN P, AT RER B e 4 IR i — AN Q.
X FEQPI| HiffiE T PENR LI BE 5. [RI, 7E1%
I AR 92 1 b3 (R 1 2 - THT P9, QPIE 53 e 4k
TEQ R IEAS. iX—"F I A, PIITRALHR A(r, 6), A2
RN Q. A r = QP FIALfOBLQPS Akt £,

FEAN IR TEHR R 46 26 A vk, 8 I SRAEGP T
FEIG 4T 3R, 15 2135 2 GPJ7 F2 1R 39 e 5 48K 1 ik
X T Sk g, e fidmT WA £ 3 bl (Padé Approxi-
mation)%5 H %5 & 73 Afi oy, 107

32 384
POk="T"7-" 11 a2 (62)
1+ 5"2 + ﬁfl

SRR 5 T8 1) AH 23 A5 6. X T HI AN e Pk =
1, 28 N BT HopfEE 38, WG 2 AF T 52
Yo = VP12 exp (i6o1602) - (63)

NTEWTUE I %1 3R A 98 S A [F] () HoptBE 3R, 7]
AR B A Y T A A A B )L 40 S a) B o, I i
i TEAT UG B 21 B S8 306 I 0 7 1m0, 30 Jie A v, HY
Sex I A (5 1, Lk = 5 (+1+ 1) = +1;
M EIS(b)H, DREFRIEF v, AL, AL v, 5 El5(a)tH
Jz, Bl A) 46 B Sazih it i 1 5 fm). D) 2 % 205k AR
BLk = 1(-1-1) = —1. k=3 KA [ 1 HopfHE
.

W a7 T B, 2% 1 3 (5] I 52 380 5 AN I Jie
HIFEm, AR 2 KA G, HS T4 um ik B s
T IE PR BEL AR 2% 8] (Ambient Space) 7 8 & 375 43 A1 A8
BRIk BT HESHAR, WANERARFHN G2
AR AE.

6.2 HUEKRME

WIGH AR 1% € 2 5, BUE 771 3 22K F Zuccher
2 NAESCHR[3719 45 IGP T FE SR i 7 3. 1% 77k
1) 3 B R o FH L 4 i Tié 1 3 23 A SRl AL AE E &
R I i et e 6T 2R G IR A HE SRR G 2R T
3 45 B R 3 {6 HL 148 . (Noonequispaced Fast Fourier
Transforms, NFFT) (1) 3R f## 77 7%, 1X — J7 ik A 1 2%
TMatlab*F- & INFFT3 L. H 48 % Gross-Pitaevskii /7
FEHEAT K.

TELE FWIUG 26 B B, 1T RGP T AR I 4 &
fife, 152 T EEE TR 0T B A AR X —
5 ¥ A% ) A8 B M AR 5 (FFT) S0 K 420 38 2 8] o G 8
PR A 78 3 281 R A6 72 ) SIZ e B () HE V5, AR I 15 FH 308 1)
{8 L AR 4 (IFFT) 345~ — I A2 w3 20 A, 354
FLBHPE R LA o5y AR

T A ST A AR AL S 56 L 3R 4760 LA B
(], RN B I [R) 6015 804N Iy [H) 2. JE Ak 72 B Im) o i
1217, S5EE e s 7 FEA L

6.3 HEZERSL

72 3X60 B 18] 25 N, 48 58 B0 AN [ (1) 75 4H, sz
BmmERDENKR SMERERTEEA, &
% (Reconnection) 5t 14 Hi I 1 B %1 5€ 4= — 35, FH A%
AT G TS BEXTRR. P R GE I 18] 7 471 Ak
S IR ANE 14T 7. BEAS RGBT FE(56) 3R fil HE .
TEWIAS RS, P94 BE IR #AH (132 31y, I [F] B 75 15
— A % = 36.5 KA — IR E K. B 5 7EIH— LR
Zt = AVERSE R — Kb H BB, 724 T 8-F LI, i
LAYHR T AR, AL, #Er = 50.50F, AL R
T4 AR E I, AT P= AR 55 = ANER. X 2601
BT I [B] P T R A ) A B B A

wiE 15 #1607, AN REiAE BTG 1%
JEEFAR AL 43 At — 8, R 0 5 2 T T N 45 A
A EIRTE BB ARG FE N AR — 3. TR O 42
P iEEAS DV S @ EL DA Ee ) e sRWY 2 L Bl AE = REZIL 54
K, P T B 16 IS A, J5 3 L H e O 2R 1
JUAITEZS. B E— 20, IX SL k844 2 [A] ) 25 A0 A 1 T
FE L EREEIS R S Seifert [ T .
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x X ¥ X ¥ X ¥
t=238 t=47 t =57
th =0 = — —=
g %
t=38 t=47
w NN r«i»

Kl 14 (28RO B)WIAG I %1 (r = 0)ESEL L) 1 A+ 1) P
NHopfEE XA ie RS (8] I V) 1. —F e S RE R
AL BRI, 2238 8] L XRR. e iEid 5 e = 0.10/) 55 % L H
Figure 14 (Color online) Slice figures of time series for two Hopf-link
vortices, whose initial (+ = 0) linking numbers Lk are +1, respectively.
The two vortices remain synchronized in topological and energy evolu-
tion, and remain spatially symmetric. The boundary of a vortex is an
equi-density surface of p = 0.10.

e R e, A X Seifert i T 9% A2
kK T X ﬁ}t[38401143 BF 53 i Jié Wik A8 (Ambient) s
[ 1y JEL AR WL AR 2 [A) ) B AR T AT £ A A
& (Potential Theory)El’\J J8HE % g2 H 1 [ Aharonov-
Bohm ¥ #5250 B7 1 4 B A5, 1M Seifert i )43 43
AT S5 AR TR 22 21 /)N BE R T

U1 b SCEES Y TR, 1RO R I S X 38 A 2
R R EVSES
DTRRFR P R 08 . TR U AT DAME 3% R 407 R R
3 [P0 R () B (v Ah. 3 Ik T B 22 v, RS
HRIFFEFE A RS /R ARk, a7 T
TN RGP R B R R AE£ 1074 B 21, fE5UH
5 B2 0 ) PN T IA A~ R R B R RFON AR, [R] ik mT {
S Jo MR P A B0 UM B G 5 T A

VoL AN YN i ol T i NS v B 15 S
kg, AT AN L = — 143+ 5038 2 8 [-20; 20] x
[—25;25] x [—20;30] H B A5 KL E ik,
FERLE FARSRASZ5om, RGBT RRI, BB

p=0.10 p=0.05
t=34.0 \q \Q

p=0.10 p=0.05 =0
t=36.5 ; g R

\ \

p=0.10 p=0.05 p=0.02

t=40.0 T
N .
}_Lx

(b)

t=34.0

t=36.5

p=0.10

B 15 (MO E)Imie R 95—

p=0.05

REL R E. (a)
Lky = +1H1 255 (b) Lky = -1 R %0

Figure 15 (Color online) Demonstration of local changes of the vor-
tex systems experiencing the first event of reconnection. (a) The vortex
system with Lko = +1; (b) the vortex system with Lko = —1.

p=002

IR AR R ZENEONE. 522, A AT
AL I i ) A U 38 A2 T o K, EMEE&’E%&J‘?‘?
i R — mtlﬂﬁlﬁﬂ% KRS XG5 H B35
SO TS A BB S50 0 10 SR ~1‘9'%E’J

BT EE R, RGMIRRE L SR AR PR

054701-16



. REBEE PR it RO

2020 = H 505 5

Bl 16 (W45 R ) i I LIk (e = 36,51 Z) T J5, R 4R
FERLARAK,. ik S ARAIT N0 = . (a) Lko = + 155 A ALTH; (b)
Lky = — 1 Z AL TH

Figure 16 (Color online) Changes of the local phase of a vortex sys-
tem, before and after the occurrence of the first event of reconnection (at
the moment ¢ = 36.5). The iso-phase surfaces chosen are 6 = 7t: (a) the
iso-phase surface of Lky = +1; (b) the iso-phase surface of Lky = —1.

H/10714
LK O0=+1 « LK 0=—1

| I S |
b b d L e = w0 w s v
r
-
i J

B 17 (W2 RROR [T ) 2 S KA [ £ 7 A o e 3R 4,
FLRT R U L BE I (B A AL, BB ARG EE +1071

Figure 17 (Color online) The two quantum vortex systems with differ-
ent initial linking numbers: the evolution of helicity versus time, with
numerical accuracy +10714,

Ty DURRAS. PR A SR 2 R P R, R 5 BT
W, e FEAGLBEE T, LN
RrE6)A 2 LB JE 58015 i i B8 G2 O LA
HEBLA, B

SI(v)+SI(vy) + Lk (v1,v2) = 0. (64)

ME6%, ¢+ = 36.50F ZI| B U 9 5 B A A2 10 9 7K 1
FETHIR, AR EBAEr = 36.50 KA. A4

Mt < 36505, v Flvy AN 2R R TiE 3 S0 1) s i 2
BERCHUNLE (v, vy) = 1. T HH(64) 25 S B 4
Wi B RS AT T SEFR b R, #A2 F JfE
W, NEEH YIS, AESENE. 56404k
7 J& ).

DRI, SoF (1) 2075 248 AR IR B 10 15 4 e IR W U
SR R, A G2 TAEF S 1T, AE
(1) 4b B e X 33 PR BB 789, T A T PRk o e X
BIAA N RTAT I S (1) Wik — AR T S
& RUR AR FR U TR L 1 22 93 J7 %, DA 58 iR e 42 (1)
A B AT, AT TE SR R EE; (2) Wik — Fhdk
Tframing £ 175 A HH i e 26 11 0, B2 524 55 Vi é
LUNE R BT £, DLJE RO L 4R £
RACE T H HORVE L. 7 R — M BRI R
[F] — AN 22 23 M 1 A g PR AR B DA b 30 e 6 1) 175 V0L,
o BV 7E F I X 38 B 14T 22 0 A - Kl 40 B SRR 1) /)
Lo, 7 Z )5 BURR )V B framing ) B, DLIEE G
S5 ¥R ST SR AN LA (1) B D0 208 (275 SCHR[39, 40]).

6.4 FEEFRAIER: =HERIERK R

BT R 5 v FRATT AT AB 5 BE 5 2% (1) A 45 i
Jig, fn =" 45 (Trefoil Knot); H 1% LA IEAEREAT 24
S N TN ST s ey 5 s S I O E s NI
M, DL 5 22 Ab 2R H A 52 R A7 T ) T AE R
2%,

BAHLLRHIEALTEHE B = 25X —HE 2
WAL TR BB B, AR s n 4Rk AE
IR R T T AL 145401 DL K A DN AR 55 52 | 147481 ep
W52 3] [ A T 4 485 /5 A B DR I &% FRATTR B
bR RISk A i iR A 45 Rk R4 B K G
ORI AR R B AR OO X — AR B4 T
M RAE TR TR R =S5 & T imie. 53
XM A A, =S A RN RS E S
IS 2. DRI 7R B H R A At — B AT AR
AGross-Pitaevskii (GP) 7 FE W] 4a4b 77 . X AEA
FERE JUART TR AR 52 2% ()0 e oK e, S8 B35 040 S A 41
X 2R e BT BRI AR A SR, S A A T R Y
T

XF Tt Hopf i #4 BE 52 % 1) 41 45 Bl 20 T8 25 iR
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JHE RIS g, ANELRE A B 72 ) i, B S B {E AR UL Fg e
AL ESCR IR, R R AR L, AR H
FEA R i s T et 3 (s, BRI, VR —F
Wy, — ROk PR i B Y — BURUIN 2R, IR
X Bl 2 P D) ) B Z AL o e 1 R 2, AT e
WO B LR 0 IS 24 k5 .

XTHopfBEIA I 5, 7T LAY I [B] 3 At g & X A 14
JURTEARRERAL. —J7 1, XA 2 I A5, AT
DR T RIURARES T 37 (10 3 MR (S A8 I Je 2 A SRS
F] S, AR AR ) S SRR R 5y — T, B
PIAS 73 SCAT B OF oH B, A4 R B0 A He At 3 s
A — A A AT LU AN, IR B A AR B
R 5 IR 3 s AR AR IR B il s IR A . AL L2
T, 2R LN MRS 2, &l 18,

A= - 25 D9 51, AB R 2090 e £k L PR S 37 5 Y
I R W 22> MR, T 8118,

B, W ie A 5 A — A0 3, BRI A RE> iR
9 B TRl R AL S 1 B IR . (HRE X THEE S
R, =g B2 2 AN 1 N g2 . R {E R
ISR A, =S B T 20 S R B A
AN B 22 A T RO T DL, R SO IX R 3
RAMRAREIR S 537, T IE B A A A BRAS )Rk

HWk, BARAE S FINFET T 4 3K fRGP 7 FE i) R
B I R 7 R D, R SCRTRRA% S50, AT
ETF AR LR iR 37 p . (E R TE R IR 3% 5 IR, A% A5 1]
P T B 0 BT i AN 2, T BV AR AR I 1) 5
AL S AL X T ARES MR, LAl
IR AR AR, AT 5 BV — D i T i e
k.

t =040

t=010

t=0.00 ¢t=0.05
B 18 (M IREE) B T R R Y S, S EIE
=M AR E

Figure 18 (Color online) Unstable state of an initialized trefoil knot
vortex due to inappropriate treatment of the field points.

wJa, BT =g R a R 2 kR
B, AMEME DLFR B e SORS B A, T L 330 SR Bl s
AR 5 BN R s . XS 5 S8k —
25 P UL 0] R, it AN S W) R, 2R A
EHRREATR S TTEHE TR E 18~ 1
AFENFO).

XT3k A) @, PromentSE AAEH 20124 1) TAE
g T — DN IE AR T 58 7ESCHR(70]1&12-624 1,
37 sURVRS G TR PO Bl € — AT, RO BRI
A 45 5 IS ) A s AR A i 1) el AL BT
FE=Mghrh, B T — AN, AT A IR T A
& (Torus Knot, ¥ 5846 i [ #4) B 4145). Proment5:
NI =45 b 3 sl s /R IR AT T2 SR HL
T AN ARk DA A TH H O RN 37 AR e — AP,
B 11 5 = - 25 (35 R I A T A 45) 1 52 R

THHERE.

Proment¥ A () AR 2 AT # A1 1): H BE4E A T 1Y
PIASEARHR L0 K, AL S BT/, KRR
A B3 R R 22 B A L B AN T AR SCHR[70] 7,
AbATT th 52 B 2 B Ry 345 T AS RIS T 41 4 i i
MBS AL, (HRAE LR Th 5 b, PRI 45 1) R/
S BITHE A AE SR AR KR, A3 HARZEAN R 20,
17 HLARZE RN LU T A 14 B AE AR S AR Y
Bt b, O =S5 B R A S e, fEGPT R TN Y
it AR IR RIS, =M R, TE R
& 2 R IRA LI TT S, HFEGPITREHEZE T
PR HAR N A A B A R B B H AT RATE
22 T R APIERIESE TS, KA =M 45 4145

T BT 2 MR R SRK 2 R =2 T R
R E v, LR 3] b Proment ) TAE > — #8202
SRR EMAY

7 g

AR T2 B R R BB A, A By b
— BB By 57, BAE ] N IR OR 52 B B
AR EA. AR BT A, A S
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ORI — AU R IR A A B S A U ) e
VBT Tl S m] ot FLR, B R 41 [ bR _EAE 8 s A
W FEE (Helicity) ¥ 1 A iER 5 T e 6 1p 8235 0, B4
BRI SRR LS A9 SRR i IS B R O
#, ULRAT AR R I 5 4145 2 TS h i A AL &
AR 2 3 =, IR T IR AL A AN R L U
K RE -G B2V R AW IT, B4 [ B OB L 22
B FIBARAL I B L BATHE X J5 T ) — 28 AR AN
i (DN

Pitaevskii J7 F5 14 it 3¢ (- 52 PR 0 1L R4 10 B 30
JRBEPR. S B A AN [ 95 S 50 X PR A BE 2 304 g £
JHY A 25 B e L I 2 3R AT BB SR A, T LIS
A A 3 A B R RS T B I A D A
TAR L5 /P 5T T e 5 A P ) AN AR 1k 5 0 B A
AL LTGRO S (B B B4R IR P A HopfBE 34
NI E R s IR T . SRR ENTRAT S
FERAANE, RIUE RS RS R0F 18, S [A] [F]
Ay (EAEEIRIT ZI7E A 1R — I 2 F) 25 1R 25

KA 48 BEAR BEAT BB R S TR, Rk

VLR 5 B AR 2 48 08 BE ) ELEK, 2 T Gross-

JEXTRR. e Ja, L= 45 Bl eon 1 R 4145 i
SR RE A R] BEAE 2 1 HOR R, LA 523 JA BE4
RTINS

AR SCER 8y e 1R AE i 1k A Rl R 1

SE R

N QN B WD~
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Topological fluid mechanics is a crucial area of classical mechanics, with remarkable theoretical significance and wide
applications in practice. In this paper, we expect to present an introductory review of the direction, for the purpose of
attracting more domestic researchers of China to enter into this important area. Our emphasis is placed on the topological
essence of fluid helicity. We will give the relationship between helicity and mathematical knotted field theory (i.e., that
between helicity and the mutual- and self-linking numbers, as well as the fluid knot polynomial topological invariants
constructed in terms of helicity recently discovered by the authors), and give an introduction to the international research
on energy-structural complexity relationship for a fluid vortex knot ensemble. Moreover, typical numerical methods are
also demonstrated through examples of reconnections occurring in superfluid vortex knots/links. Expectedly, a combination
of the theoretical framework and numerical techniques may contribute to the reader a comprehensive understanding of the
main target, research methodology and potential technical difficulties in practice in this interdisciplinary field of cutting-
edge research world-wide.
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