Multiple solutions for quasilinear elliptic problems in
R? with exponential growth

Marco Squassina, University of Milan

July 4, 2005

0-0



Marco Squassina, University of Milan, July 4, 2005. Quasilinear elliptic problems in R? at exponential growth

Intr oduction

In 1994 K. Sugimura proved that, given an open bounded domain  of R? with
smooth boundary @ , foreach' € L?( ) the semilinear elliptic problem

—u =g(Xx;u)+" in
u=20 on @

admits an unbounded sequence of solutions (Up) C H3( ) provided that g(X; U)
is an odd superlinear nonlinearity with exponential growth such that:

S
Alelsjpl —B16 / g(X; )d 6 AzGlSJpQ — B>
0

1
0< p1 6 p2< 5

a.e.in andforeachs € R,withA1;A> > 0andB1;B> > 0.

K. Sugim ura, Existence of infinitely many solutions for a perturbed elliptic equation
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with exponential growth, Nonlinear Anal. 22 (1994), 277-293.

The main goal of our work is improving Sugimura's result, at least for some
nonlinearities, and at the same time extending these type of achievements to the
case of quasilinear elliptic equations. For a planar domain {2, the analogue of the
Sobolev embedding H}(£2) ¢ L? (2) in dimensions greater that 3 is the Orlicz
embedding

8s<+1 : HYQ)3uT e 2 L3(1)

due to the Trudinger—Moser inequality: there exists Ctp > O such that
2
8u 2 H&(Q)  Kukyo < 1=) / et U dr < Oty 55,”2((2), (1)

where .#2 denotes the usual Lebesgue measure in RZ and k k1;2 is the standard
norm in H&((Z) . In view of a sharp inequality like (1), we shall obtain a multiplicity
result for the exponential nonlinearity

852 R: g(s) = jsjiP 2se¥"
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all over the subcritical range 1 < p < 2. Let us breay recall the historical

background of the problem of broken symmetry for elliptic equations. If {2 is a

bounded domain of R™ with n > 2, the multiplicity of solutions for semilinear elliptic

problems of the type
38
S Au= g(x,u) + © in {2

o) on 0f2,

(2)

u

with g superlinear, odd in « and for some a,b 2 R

n+ 2

n

jg(x,8)] 6 a+ bjsj’, l<p<o< if n> 3,

l<p<+l fn=12,

has been investigated by the variational techniques developed by Bahri, Berestycki,
Rabinowitz and Struwe around 1980:

A. Bahri, H. Berestyki , A perturbation method in critical point theory and
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applications, Trans. Amer. Math. Soc. 267 (1981), 1+32.

G-C. Dong, S. Li, On the existence of in nitely many solutions of the Dirichlet
problem for some nonlinear elliptic equation, Sci. Sinica Ser. A 25 (5) (1982),
468+475.

P. H. Rabino witz, Critical points of perturbed symmetric functionals, Trans. Amer.
Math. Soc. 272 (1982), 753+769.

M. Struwe , In nitely many critical points for functional which are not even and
application to superlinear boundary value problems, Manuscripta Math. 32 (1980),
335+364.

K. Tanaka, Morse indices at critical points related to the symmetric mountain pass
theorem and applications, Comm. PDE 14 (1989), 99+128.

Later on, around 1990, Bahri and Lions improved the previous results via a

technique based on Morse theory:
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A. Bahri, P.L. Lions , Morse Index of some Min-Max critical points. |. Applications to
Multiplicity Results, Comm. Pure and Appl. Math. 41 (1988), 1027+1037.

A. Bahri, P.L. Lions , Solutions of Superlinear Elliptic Equations and their Morse
Indices, Comm. Pure and Appl. Math. 45 (1992), 1205+1215.

Very recently further improvements have been achieved by a completely new

method devised by P. Bolle and applied to semilinear elliptic problems in:

P. Bolle, N. Ghoussoub, H. Tehrani, The multiplicity of solutions in

nonthomogeneous boundary value problems, Manuscripta Math. 101 (3) (2000),
325+350.

Moreover, recently, applications to systems of semilinear elliptic equations with

non-homogeneous boundary data have been studied in:
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A.M. Candela, A.Salvatore, M.Squassina, Multiple solutions for semilinear elliptic
systems with non-homogeneous boundary conditions, preprint, (2001) .

M. Clapp, S. Linares, E. Martinez, Linkingtpreserving perturbations of symmetric
functionals, preprint, (2001).

When n = 2, the result of Bahri Lions is optimal for the power case
g(x,s) =jsjP s, namely the multiplicity appears for all p < +1 . However,

when n > 3, it remains open the problem of whether (2) has an in®nite number of

n+2
n 2°

solutions for all p up to the critical exponent

Since 1994, several works have been devoted to the study of quasilinear elliptic

equations of the type:

PEICTRERE

n
+%.,Zl Dsajj (z,u)DiuDju = g(x,u) in £2. 3)
ij =



Marco Squassina, University of Milan, July 4, 2005. Quasilinear elliptic problems in R? at exponential growth

We refer to:

A. Canino, Multiplicity of solutions for quasilinear elliptic equations, Top. Meth.
Nonl. Anal. 6 (1995), 357+370.

A. Canino, M. Degiovanni, Nonsmooth critical point theory and quasilinear elliptic
equations, Topol. Methods in Differential Equations and Inclusions, 1£50, A. Granas,
M. Frigon, G. Sabidussi Eds. - Montreal 1994, NATO ASI Series, Kluwer (1995).

for the study of multiplicity of solutions of this problem and to:

M. Squassina, Existence of weak solutions to general Euler's equations via
nonsmooth critical point theory, Ann. Fac. Sci. Toulouse Math. 9 (1) (2000),
113+131.

for further extensions to an even more general framework. The functional
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fo:H3( )! R associated with (3) is given by

fo(u) = %/Q

where D ;G(X; S) = g(X; s) and &;;; Dya;; 2 L°°( R) . As known, this

functional fails to be smooth for n > 3, unless the a;;’s do not depend on U. On

Zaij(x; u)D,;uD ;u dx /G(x;u)dx;

1,7=1 {2

the other hand, also in the case N = 2, being:
8s< +1 : HY( )J! L°C ) but HE )B L*=( );

it may happen that:

2
) Dag;(x; u)D;ubDju 62H 7H( );

4,9=1

even if D a;; 2 L°°, so thatin general f g (also for N = 2) is continuous but fails

to be locally Lipschitzian.
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Consequently, techniques of non—smooth critical point theory have to be emploied:

A. Canino, M. Degiovanni, Nonsmooth critical point theory and quasilinear elliptic
equations, Topological Methods in Differential Equations and Inclusions, 1-50 - A.
Granas, M. Frigon, G. Sabidussi Eds. - Montreal 1994, NATO ASI Series - Kluwer
A.P. (1995).

J.N. Corvellec, M. Degiovanni, M. Marzocc hi, Deformation properties for
continuous functionals and critical point theory, Topol. Meth. Nonlin. Anal. 1 (1993),
151-171.

M. Degiovanni, M. Marzocc hi, A critical point theory for nonsmooth functionals,
Ann. Mat. Pura Appl. 167 (4) (1994), 73—100.

A. loffe, E. Schwar tzman, Metric critical point theory 1. Morse regularity and
homotopic stability of a minimum, J. Math. Pures Appl. 75 (1996), 125—-153.

G. Katriel , Mountain pass theorems and global homeomorphism theorems, Ann.
Inst. H. Poincaré Anal. Non Linéaire 11 (1994), 189-209.
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It seems now natural to ask whether also in the quasilinear setting the multiplicity of
solutions persists under perturbations. A partial answer to this question has been

given in:

S. Paleari, M. Squassina , A multiplicity result for perturbed symmetric quasilinear
elliptic systems, Differential Integral Equations 14 (7) (2001), 785—-800.

M. Squassina , Multiple critical points for perturbed symmetric functionals
associated with quasilinear elliptic problems, Nonlinear Anal. TMA, (Catania 2000),

to appear (2001).
Assume that there exists R; R’; > 0,q> 2and €]0; g — 2[ with
S| > R = 0< qG(x;s) < g(x;s)s;

an +2(q—1),
an —2(q—1)°

19(x;s)| 6 a-+ bs|P; 1< p<
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and
X] . .2
aij (x,5)&& = vjgj©,
i) =1
. . O X1
jsj = R” =) sDsajj (z,5)&& = 0.
I =1
o X0
jsi > R°=) sDsajj (z,8)&& <7y aij (z,8)& ¢ -
hj =1 =1

a.e.in {2andforeach (s,£) 2 R R" . Thenif

ajj (z, )= ij (z,8), gz, s)= g(z,5) (1,7=1,..,n),

11
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foreach' € L?( ) the problem
X 1 X
— D; (aj (x;u)Diu)+§ Dsa; (X;u)DjuDju =g(x;u) +
i =1 ) =1
with U = 0 on @ , has an unbounded sequence (U, ) C H{J (' ) of solutions.
A natural question is now whether the multiplicity of solutions appears for the
previous perturbed equation when g(s) = |s|P 2sdSi” | on the subcritical range
1 < p< 2. We are now ready to give an answer to this question by stating our
main result. In the next,  will denote a bounded domain of R?: Moreover, we shall

assume that:
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Each a;;(x, s) is measurable in x for each s 2 R and of class Clin s for a.e.
x 2 {2 with Qij = Qj4, Qjj 2 I1 (Q R) and DSCLz‘j 2 I1 (Q R)
Moreover, there exist v > 0 and R > 0 such that:

2
> ag(z,8)& = vigi?,

i,j=1
2
Js] 2 R =) Z sDsaij(z, )68 = 0 (4)
i,j=1

a.e. inf2andforall (s,£) 2 R R?;

We point out that assumption (4) has already been considered in literature both for

existence and regularity theory .
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Letp: {2 R! Rcontinuous, a,b 2 Rand o > 0 be such that
Jjo(z,8)] 6 a+bjs] |
a.e. in {2 and for each s 2 Rand de®ne f : H;j(f2)! R by setting

1 2
fr(u) = 5/ Z aij (z,u)DjuDjudz+

i =1

/(eiulp 1) dz /gp(x,u)dx,

and Ds®(x,s) = p(x,s)foreachz 2 2andalls 2 R.

Under the previous assumptions, the following is our main result of:

M.Squassina, C.Tarsi, Multiple solutions for a class of quasilinear elliptic problems

in R? with exponential growth, preprint, (2001).

14
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Theorem 0.1. Let 1l < p < 2 and assume that:
Cl,z'j(ﬁﬁ, _S) - CLij(CIf, S) (7’7.] - 17 2)

a.e. in {2 and for each s € R. Then the problem

R . P
— Dj(a;j(z,u)D;u) + 5 Dga;i(x,u)DiuDju =
7;7]':1 i,jzl

= plul? 2ue™” + o(z, u)
with u = 0 on 042, has a sequence (uy) C H(£2) of solutions such that

im f,(un) = +oo.

In particular, our result removes any upper bound in the subcritical growth
completely . It has to be remarked that Theorem 0.1 is new also in the case

Dga;i(x,s) = O (semilinear case).

In the case p = 2, in:

(9)

15
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Adimurthi, Critical points for multiple integrals of the calculus of variations, Ann. Sc.
Norm. Sup. Pisa 17 (1990), 393+413.

it was conjectured that the problem:

—u =ue” +' in B(0;1)

u=20 on @ (0;1)

(6)

admits at most one positive solution U € H3(B (0; 1)) where B (0; 1) is the unit

ball in R? . On the other hand, this uniqueness result has not been proven so far.

We remark that it seems reasonable to say that an exponential nonlinearity g is at
“critical growth” if for each " > Othere exists & € L*( ) and b- > O such that

g(x: 8)s < a (x) + b es’ :

(onexsided growth condition).

16
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The main tool

Let V. be de®ned byVy = spanfuog, Vi+1 = Vi  Rugs1, k > 1, where
(ug)  HE(£2) is asequence of solutionsto ~ Au = \u. Itis easily seen that,
for each &k 2 N there exists R > 0 such that:

kuki2 > R =)  fo(u) < f,(0) <O

forallu 2 V.
Definition 0.2. Foreachk 2 Nset D, = V;,\ B(0, R}:),

I, = {7 2 O(Dy, H(£2)) 1 yodd and i o ) = Id} |
and

by, = ,lenltk max fo(r(uw)) -

Sugimura proved the following logarithmic estimate from below on the growth of the

17
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critical values by for problem
u =gXx;u)+"
with g at exponential growth:
8k > Ko : b >k(logk)? % p2 (0;1=2) :

Instead, we obtain the much stronger estimate:
Theorem 0.3. There exist > 0 and Kg 2 N such that

8k >ky: b > kZ:

The following result is one of the main tools to get the optimal estimate from below .
Theorem 0.4. Foreach p 2 (1;2) thereexist0 < # < 1 and C > 0 such that:

8u2 HI( ): kukie> 1) / (eiuip 1) dx < Ckukl®  (7)

where # depends only on R = Kukj:5.
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Proof. Idea: First introduce a suitable Orlicz space on the bounded domain 2,
rescaling the usual Lebesgue measure in order to give an estimate from above on
the gauge norm. Here the TrudingertMoser inequality plays an important role.

Then we introduce the Orlicz norm and we give an estimate from below. ]

Definition 0.5. Let (_Q , 2, ,u) be an abstract measure space, where {2 is some
point set, 2) isa o algebra of its subsets on which a o additive function
X1 R, isgiven and u has the finite subset property. Then, if® : R1 R,

is a Young function, we define
ﬁf = {u : 2! R measurable with au 2 /f for some o > O} :

where

7

7P = {u : 21 R measurable for ' : / D (Juj) dp < +1 } ,
(2

The space ﬁff is called Orlicz space .
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N (u):inf{k> O:/ (J&])d gl}:

Jull =SU|O{/ luv|d : veO sumthat/ (Iv]) d <1};

Yue O : |u| :QQO{%(1+/ (ku) d )}

20
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Recalls from non—-smooth critical point theory

Let us breafly recall a few basic defi nitions:

De nition 0.6. Let (X ;d) be a metric space, f : X — R a continuous function
and U € X . We denote by |d |(U) the supremum of € [0; + oo[ such that
there exist > 0 and a continuous map

H :Bs(u) x[0; ] — X
such that for all (v;t) € Bs(u) x [O; ]
d(H (v;t);v) <t f(H (v;t)) <f(v) - t

We say that the extended real number |df |(U) is the weak slope of f at U.

De nition 0.7. Let (X ;d) be a metric space, f : X — R a continuous function
and U € X . We say that U is a critical point of f if |df |(u) = O.

Let us now return to our concrete problem choosing X = H3( )andf = fo. It
is easily verifi ed thatf , is continuous on H3( ).
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De®nition 0.8. We say that U is a weak solution of (5) if U & H(}( ) and

2
— > Dj(aj (x;u)Dju)+
1] =1
1 & .
+ 5 > Dsay (x;u)DjubDju = plul’ 2ue"l’" +
;) =1

in the distributional space D9 ).
Proposition 0.9. Letu € H3( ) besuchthat |[d: | (U) < +o00o. Then

W, = — Z D; (a; (x;u)Dju)+
i) =1

2
1 —
—|—§i-jz::1Dsaij (x;u)D;uDju — plul? 2ue"’” —

22
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belongs to H~*(£2) and
kwyK .o 6 jdf j(u).
In particular, each critical point of f- Is a weak solution to our problem.

We now introduce a variant of the classical PalaistSmale condition that is more

suitable in our nonsmooth context.

Definition 0.10. A sequence (un) in H}(2) is said to be a concrete Palais—-Smale
sequence at levelc 2 R (C'PS). sequence, inshort) for f- ,if f (un) ! ¢,

2
Z Dsaij (2, un)D; uhDj Up 2 H_l(Q)
I =1
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eventuallyash! 1 and

P
Dj (CLij (CE, uh)Diuh) +
1,551
R P
—|-% Dsaij(x,uh)DiuhDjuh pjuhjp_zuhe|uh| I ()’
1,7=1

strongly in H—1(£2) . We say that f, satisfi es the concrete Palais-Smale condition
at level c, if every (CPS). sequence for f, admits a strongly convergent

subsequence in Hi (§2).

It is easy to see that the validity of the (C'PS').. condition implies the validity of the

abstract Palais—Smale condition .
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In the next theorem, we recall a generalization of the classical perturbation
argument of Bahri, Berestycki, Rabinowitz and Struwe devised around 1980 for
dealing with problems with broken symmetry adapted to our nonsmooth framework.

Theorem 0.11. Let X be a hilbert space andf : X — IR a continuous
functional . Assume that there exists M € R such that f satis®es the concrete
Palais—Smale condition at each level C € RwithCc > M . Let Y be a ®nite
dimentional subspace of X andu* € X \'Y and set

Y*=Y oUu; Y ={u+ u*:ue¥Y™ >0}:
Assume now that f (0) < O and that:
(a) there exists R > 0 such that:

YueyY : |Jul| <R==f(u) <f();
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b) there exists R* > 0 such that:
(

Yvue " |lul| <R*==1f(u) <f(0):

Let us set
P={ eC(2:Z):

Then, if

odd; (u) = u if max{f (u);f(—-u)} <0} :

c'= inf supf( (u)) > inf supf( (u) =c>M;
cP cP

uey,

f admits at least one critical value T > C*.

ueyY

*

26
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The perturbation argument

Let us recall the celebrated TrudingertMoser theorem for a bounded domain of R?:

there exists Cps > O such that
Z

8u2 HM(2): Kuki26 1) e dz 6 Cry LX02),
(9]

for each o 2 [0, 47]. See the works of Trudinger and Moser:

J. Moser, A sharp form of an inequality by N. Trudinger, Indiana Univ. Math. J. 20
(1971), 1077+£1092.

N. S. Truding er, On imbedding into Orlicz spaces and some applications, J. Math.
Mech. 17 (1967), 4731484,

Let us now prove an a priori estimate for weak solutions of (5) .
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Lemma 0.12. Assume thatu 2 H3(S2) is a weak solution of:

P
D;(a;i(z,u)D;u) + % Dsa;i(z,u)D;uDju =
Z'7j:1 i,jzl

= pjujp_zue|“|p + .
Then:

Z

e’ 1+ ¢, dr6 o ff)(u)+ 1 2
0

for some o > 0.

Let us now de®ney 2 C'"*°(R) by setting y = 1fors 6 1, y = Ofor s > 2 with

2 < x <Owhenl< s < 2, and let us set:
V4

ou) = 20 f2(u)+ 17, Pu)= x o)t e 1+ da
2

28
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foreachu 2 H} (' ). Finally, we defi ne the modifi ed functional by setting:

2
fN(p(u) = %/Q Z a;;(X; u)D,;uD judx+

1,7=1

/Q(ei“jp 1) dx (u)/ﬂ' udx:

The Euler’s equation associated with f,; is given by:

2 2
1 .
Z D,(a;;(x; u)D;u) + 5 Z D.a;;(X; u)D;ubD ;u =g(x;u)

i,j=1 i,J=1

where we have set:

g(x;u) = pjuj” 2ue’ + (u)' + 0(u)/' udx:
(2

We remark that by Lemma 0.12, if g(u) = 0, then fN¢(u) =f,(u).

29
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Remark 0.13. If we de®ne# : Hi( ) — R by setting:
#u)= (u) ' &Y —14c¢c dx;

a direct computation yields foreachv € H3 NL ( ):
2 %
P (u)(v) =(1 4 Ti(u)) a;j (X; u)DjuD; v dx+
I =1
Z
1 X2
+§(1+T1(u)) vDsa; (X;u)DjuDjudx+
=1

—(14Ta(u))  plulP 2uve” dx+
Z
—( (U)+Ti(u)) " vdx;

30
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where Ty, Ty : Hi(£2)! R are given by

T3() = xX0() (20)*0(wo(w) *folw) [ puds,

To(u) = o0 (w))blu) / pudz+ Ti(u).

2
It has to be remarked that T (u), To(u) ! Oif fo(u) > MasM ! +1 .

The following result establishes the links between the modi®ed functionalﬁp and

the original functional f, .

Theorem 0.14. There exists M 2 R such that the following facts holds:
(@) ifu solves (9) with ﬁo(u) > M, then u solves (5) and ﬁo(u) = fo(u);

—~—

(b) f, satisfies the concrete Palais—Smale condition at each levelc > M .

Proof. Idea: test the equation with functions 7 (uz) 2 H} \ L' (2) where

31
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7k : R — Ris the defi ned by

0 If s <k
mw(s)=<s—k ifk<s<k+1
|1 f s>k+ 1
Get some estimate from:
£ (un) (e (un)) .

el = o, ()= ex o)

as h — + oo and obtain the boundedness of (up) in H3({2) . Recall that:

Hy(£2) — H™H(9)

w—s plulP " uelll’

is a compact operator from H3 (£2) to H~1({2) . Then by some compactness
results of A. Canino one can conclude that (up) converges in H3(£2).
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