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Let(2 C R" be a smooth bounded domain. We consider the equation
u — Au+ ¢(u) = f, t > 0.

where¢ and f are a suitable nonlinearity and a time independent source
term, respectively. This equation follows by the classical Fourier’s law.

In some physical contexts, it is more reasonable to take a convolution
average of (all or part of) the termAu(t), namely to replace the above
equation with

u — wAu — (1 —w) /OOO k(s)Au(t — s)ds + ¢(u) = f, t>0,

wherew € [0,1) and the memory kerndl : [0, 00) — R is a continuous
nonnegative function, smooth o, oo), vanishing at infinity and

/OOO k(s)ds = 1.

* B.D. Coleman, M.E. Gurtin, ZAMA.8 (1967) & M.E. Gurtin, A.C. Pipkin, ARMA31 (1968).
Formally, if we choosé = ¢, (Dirac mass) the new model collapses into
the classic heat equation. Foe (0, 1], let us set

k.(s) = ék <§)

£
Then we consider the family of equations

u — wAu — (1 —w) /000 k-(s)Au(t — s)ds + ¢(u) = f, t>0.

Sincek. — 9, the following natural questions arise:

» in what terms the new equation converges to the heat equation?
» is the dynamics (absorbing sets, attractors,..) unifora?in

» do we have some stability for the universal attracorase — 07?

» do there exist families of robust exponential attractofs



1. TRANSFORMATION INTO DYNAMICAL SYSTEM

We introduce the so-calladtegrated past historgf , i.e.

ﬁt(ma s) = / u(x,t —y)dy s>0,t>0.
0

* C.M. Dafermos, ARMA37 (1970), 297-308.
Keeping in mind the hypotheses énand setting

ls) = —(1 - w)k/(s),

a formal integration by part yields

(1—w) /OOO k-(s)Au(t — s)ds = /OOO 1(8)An'(s)ds,

where

1 /s
A%@)=7§ﬂ(g)-
Hence,

ur — wAu — / p=(s)An(s)ds + ¢(u) = f, t > 0.
0
At this point, a further equation ruling the evolutionpfs needed. It is

ni(s) = —n'(s) +u(t), >0

The translation into the above system, endowed with appropriate initial
and boundary conditions, will allow us to provide a description of the
solutions in terms of a&trongly continuous semigroupf operators (or
dynamical systemy.(¢), acting on a proper (extended) phase-space.

For a complete bibliographic database of contributions on the dynamics
of the above system$of = > 0 fixed)), see

* M. Grasselli, V. Pata, Uniform attractors of nonautonomous systems with memory, in “Evolution Equa-

tions, Semigroups and Functional Analysis” (A. Lorenzi and B. Ruf, Eds.), pp.155-178, Progr. Nonlinear
Differential Equations Appl. no.50, Birktuser, Boston 20Q2

and, in particular, the large list of references therein.



2. THE FUNCTIONAL SETTING

The symbols| - || and (-, -) stand for the norm and the inner product on
L*(Q), respectively. Letd = —A be the Laplace operator dit(£2) with
domainD(A) = Hi(Q) N H?*(Q2). We introduce the hierarchy of spaces

H =DA%, reR,
endowed with the inner products
(U1, ug) gr = <Ar/2u1, AT/2u2>.
Next, lety, € CY(RT) N LY(RT), with RT = (0, 00), satisfy:

u(s) >0,  VseRT,
w(s) +ou(s) <0, Vs € RT, for somed > 0.

Notice thatu is decreasing, and
1(s) < p(sg)e 0620, Vs > sy > 0.

For any givere € (0, 1], we define the function

1 S
o) = ().
and we consider the weighted Hilbert spaces
ML =L (R, H'™"),  reR,

endowed with the inner products

memhaee = [ s AT (), AT () s,
Finally, fore € |0, 1], we define the product Banach spaces

H x ML, if ¢ >0,
M= S
H", If ¢ =0,

normed byl (u, n)l3, = [lullzr + 715



3. RIGOROUS PROBLEM SETTING

Let ¢ € C(R), with ¢(0) = 0, be such that

liminf ¢'(x) > —wy,

|| —00
where)\; is the first eigenvalue ofl. In particular,¢’ is bounded below,
H%IGII% ¢ (x) > —, Vo € R,

for somel > 0. Moreover,
&' (z)| < e(1+ |z|"), Ve e R, ~v<4.

Notice that the derivative of the double-well potentialy) = z° — z, is
an allowed nonlinearity. Finally, we assume

f e H independent of time

We have now all the ingredients to introduce the following
Problem P.. Given(ug,ny) € H?, find (u,n) € C([0, 00), H?) solution to

u + wAu+ /OOO pe(s)An(s)ds + ¢(u) = f,

M = T€77+u7

for ¢t > 0, satisfying the initial conditions(0) = uy andn’ = n.

Problem Py. Givenu, € Hj), findu € C([0, c0), H}) solution to
ur + Au+ ¢(u) = f

for ¢t > 0, satisfying the initial condition(0) = wy.

<

Both P, and P, are well posed and generate corresponding semigroups.



4. SEMIGROUPS COMPARISON

Of course, the heat equation
u — Au+ ¢(u) = f, t >0,
generates a dynamical system
So(t): H” — HY,

while

up + wAu + /OO pe(s)An(s)ds + ¢(u) = f,

= "1:n+ u, :
generates a dynamical system

S-(t) : HY — H, H? = H x M.,

In which sense

?
S:(t) Vs. Sy(t) H? Vs, HY|

Let us introduce théfting map

L. : Hy — M.,
and of theprojection map

PLHl — 7
given by

0), ife>0
L.ou= (4, 0), _ =7 P(u,n) = u.
u, if ¢ =0,

Then areasonable (and actually fruitful!) comparison (now between semi-
groups working on theamephase-space) is the following

S-(t) Vs. L.oSyt)oP

H0 5 2 = (g, 1) > g " Sot)up 5 (So(t)uo, 0) € H.



5. THE CONVERGENCE ESTIMATE

In addition to thdifting map
L. : Hy — H,
and of theprojection maps
P:H — Hy
consider a second projection
Q. : H! — M.,

given by
Qé(uv 77) =.

Theorem 1.For every R > 0 there existkp > 0 such that, for any
z = (ug,m0) € By (R) and everyt > 0, there hold

|PS.(t)z — So(t)Pz| o < Kr h(t)V/e,
PS.(8)z — Sy(t)P2ll 20 am) < Knh(t)VZ

ot
1Q=S-(t) 2|l po < llmoll poe™ = + Krv/e,

where
h(t) _ (1 + t)3/4€€t.

[Comments about the convergence estimates]

Theorem 2.1f in addition u, belongs to a bounded subset/t, then the
above term{y/s can be replaced by/c times a constant depending on the
H?-bound ofuy.

Collecting the above estimate, we obtain

0
1S-(t)2 — LeSo(t)P2ll0 < [0l agoe ™ + Kr h(t)¥/z

for every time intervalr, T'], with 7 > 0.



6. ROBUST EXPONENTIAL ATTRACTORS

Let H be a Banach space. Givéh, B, C ‘H, we denote by
distr(Br, Bo) = sup inf ||z — 2|l

the Hausdorff semidistanda H from 5, to B,, and by
diSth}%,m (Bl, BQ) = Inax {diStH (Bl, Bg) , diStH (BQ, Bl) }
thesymmetric Hausdorff distande H between3, andB5,, respectively.

Definition 1. A compact sef C H is called an exponential attractor or
inertial set for a semigroupy () if the following conditions hold:

(i) & isinvariant of S(¢), thatis,S(t)€ C & for everyt > 0;
(i) dimp& < o0, that is,£ has finite fractal dimension;

(iii) there exist an increasing functioh: R* — R™ andx > 0 such that,
for any setB C ‘H withsup, 5 ||20[|o < R there holds

disty(S(t)B,E) < J(R)e ™.

Theorem 3.Assume that < 4. Then for every € [0, 1] there exists a
set&., compact inH?, which satisfies the following conditions.
(i) & is positively invariant forS.(¢), that is,

S:(t)E. C &, vVt > 0.

(i) There existt > 0 and a positive increasing functiol/ (both inde-
pendent o) such that, for every bounded &tC B, (R),

distyo(S=(t)B, E.) < M(R)e™™, vt > 0.

(iii) The fractal dimension d&. in H! is uniformly bounded im.
(iv) There exisb > 0 and € (0, 3| such that
dist%“(&, L.&) < ©c.



The last property (iv) witnesses the robustness of the fafdly with
respect to the singular limit — 0, and it is equivalent to

dist5" (PE-, &) + sup |Q:2| po < O€™.

z€€

/. GLOBAL ATTRACTOR AND UPPER SEMICONTINUITY

Theorem 4.For everye € [0, 1], the strongly continuous semigro$p(t)
acting on the phase-spaé@¢’ possesses a connected global attractor
(that is, the unigue compact, fully invariant, and attracting set) which is
bounded ir+!, uniformly with respect te. Moreover,

lim disty (Ac, LeAg) = 0.

e—0

Equivalently,

lim [distﬂo (PA-, Ay) + sup H@gzuMg] —0.

ZGAE

Since&. is a compact attracting set, it follows thdt C £.. Hence,

Corollary 1. If v < 4, the global attractotA. has finite fractal dimension,
uniformly with respect te.

8. CONCLUDING REMARKS..




