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Let {2 be a possibly unbounded smooth domain of R% and consider the problem

v

—&2Au+V(z)u= f(u) in2
 u>0 in (2
u=20 on OS2

\
where f is superlinear, subcritical with f(s)/s increasing and V' is bounded below
away from zero. Assume that there exists a compact subset / of {2 such that

minV < minV.
A oAn

Then there exists €9 > 0 such that, for every € € (O, 50), there exists a solution
ue € Hy (§2) which admits a unique local (and global) maximum point . € /A
with

lim V(z.) = minV.
e—0 A
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Moreover,

ue () < aexp {—é\x — x€|} for every x € (2, for some «, 5 € R.
3

These problems originate from different physical and biological models and, in

particular, in the study of standing waves for the nonlinear Schrodinger equation

o R

thor = —5 Ay + (V(z) - E)Y - V[P e,

bz, 1) = exp {—%}u(m).

[ ] M. DEL PINO, P. FELMER, Local mountain passes for semilinear elliptic problems
in unbounded domains, Calc. Var. 4 (1996), 121-137.

[] M. DEL PINO, P. FELMER, Multipeak bound states for nonlinear Schrodinger
equations, Ann. Inst. H. Poincaré Anal. Non Linéaire 15 (1998), 127-149.
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We want to see what type of result can be achieved on the existence of spike
solutions for the following singularly perturbed quasilinear elliptic problem

r—52 g: Dj (aij(:c,u)Dz'U)

) 1921 Dsaij(2,u)DiuDju+V(z)u = f(u) in{2 (*)
00 in {2

L u=0 on 02

under suitable assumptions on the functions a;;(z,u), V (x) and f(u).

MAIN DIFFICULTIES W.R.T. THE SEMILINEAR CASE:

» NO uniqueness results for the solutions of the autonomous limiting equation

o Z DJ(bZJ(U)Dzu) +% Z b;j(u)DiuDju—F,uu — f(u) (>|<>|<)
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on RY:
» NO Gidas—Ni-Nirenberg type results for the solutions of (x);

» NO maximization procedure on straight lines, i.e. the fact

uw € H'(RY), u > 0 and u solution of (xx) implies that J (u) = max J(tu)

is false even if the map {3 — @} IS nondecreasing;
» MORE delicate proof that the solution u. vanish uniformly on 94 as ¢ — 0;
» NO suitable results on the exponential decay of the solutions of ();

» NO smoothness of the functional associated with () (mere continuity);

» NO representation results for Palais—Smale sequences.
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ASSUMPTIONS AND MAIN RESULT:

let f e C'(RT),1<p< %and2<ﬁ<p+1besuchthat

lim ﬁzo, lim &:O,
s—-+oo §P s—0t S

0 < 9F(s) < f(s)s foreverys € RT,
where F'(s) = fOS f(t) dt forevery s € RT,
V : RY — Ris alocally Holder continuous function and there exists o > 0 with

V(z) > a foreveryx € RY.

a;j(x,s): £2x R*™ — R are measurable in z and of class C'! with respect to s,
a;;(z,s) =a;(z,s)foreveryi,j =1,..., N and there exists a positive
constant C' with

aij(z,s)| < O, |Dsaij(z,5)] < C
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fora.e. z € {2 and every s € RT.

Finally, let R, > 0and 0 < v < ¥ — 2 be such that

N
Z azj(xas)gzgj 2 V|£‘27

i,j=1
N N
Z SDsaij(xas)‘fifj <Y Z aij(xas)fz‘fj
i,j=1 t,7=1

a.e.in {2, forevery s € R and ¢ € RY, and

N
s> R — Z Dsa;j(x,s)&€& =0

i,J=1

a.e.in £2, forevery s € RT and £ € RY.
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Notice that we require:

> NO monotonicity assumptions on {s — @}

> NO unigueness assumption on the “limiting” equations on RY:
> NO restrictions on the behaviour of V' at infinity;
> Standard conditions on the nonlinearity f and on the potential V;

> Standard conditions on the coefficients a;;(z, ).
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Let Hy ((2) be the weighted Hilbert space defined by

Hy () = {u c H} () : /QV(QZ)UQ < +oo},

and denote by | - || 7, (12) the corresponding norm.

Under the previous assumptions, we have the following result.

Theorem 1. Let A be a compact subset of {2 such that there exists xg € /A with

Vizg) = m/}nV < minV,

HA
N N
Z aij(To,5)&i&j = min Z aij(, $)&i&;
i,j=1 i,7=1

fors € Rt and £ € RV,

Then there exists £ > 0 such that, for every € € (O, 80), there exist

ue € Hy (£2) NC(£2) and x. € A satisfying the following properties:
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(a) u. is a weak solution of the problem

(—52 é\f: Dj(aij(x,U)Diu)

! +5 ,ngl Diaij(x,u)DiuDju + V(x)u = f(u) in {2 (Fe)
w0 in {2

L u=0 on 02 ;

(D) ue(xe) = Sl{l)p Ug

(c) if we set

oc=sup{s>0: f(t) <tV(xg)foreveryt e [0,s]},

we have u.(r:) > o > 0;
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(d) for every neighbourhood .4/ of the set
M={zel: V(z)=V(zy)},

we have
lim ue = 0 uniformly on 2\ A" ;

e—0

(e) lim d(x., #) = 0 and

e—0

iiH(l) el 7y (2) = 0, iiH(l) |ue|| a2y = 0 forevery 2 < g < +o0.

M. SQUASSINA, Spike solutions for a class of singularly perturbed quasilinear elliptic

equations, preprint, 2002.
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MAIN STEPS OF THE PROOF:

It is in the spirit of the del Pino—Felmer penalization scheme.

Step I. The “original” functional 1. : Hy ({2) — R gets “penalized” outside 4, i.e.

we construct a new functional J

Jg(u):§ i /Q aij(m,u)DiuDju+% /Q V()2 — /Q Gz, u)

,J=1
being (G a suitable modification of F' such that critical points of .J. which are

uniformly small outside /l are solutions of the original problem.

Step Il. J. satisfies the (concrete) Palais—Smale condition at every level (/. does
not, in general) and the MP theorem can be directly applied to get a critical point u,

of J. (with precise energy estimates).

Step Ill. We prove that ||ue ||c0.04 — 0 as e — 0 (hardest step, here we

repeatedly use the Pucci—Serrin identity to estimate the critical values). For
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instance, the following nice proposition is used.

Proposition 2. Let h : R — IR be a continuous and odd function such that

h h(s
lir%ﬂ:—y<0, lim | ]$+)2| =0, H(sgp) > 0 for some sg > 0,
s§— S ST gN-2

where H (s) = [ h(t) dt. Let bj; € CT(R) N L™ (R) with b); € L>(R) and
assume that there exists v > (0 and R > (0 with

Z bij(s)&i&; = vIEP, |s| >R = Z bi;(s)&&; =

i,J=1 i,J=1
for every s € Rand £ € RY.

Letw € H(RY) be any nontrivial solution of the equation

—ZD ii(w)Diu) + = Zb w)DjuDju = h(u) inRY.

1,7=1 1,7=1

12
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We denote by J the associated functional

J(U) = % Z /RN bm(U)DZUDJU — . H(u)

1,7=1

Then it results

J(w) = inf sup J(y(t)),
Y€l te(0,1]

where I' = {v € C([0,1], HY(RY)) : v(0) =0, J(v(1)) <0}

SKETCH OF THE PROOF. It is readily seen that J has a MP geometry and the MP

value is well defined. Let us consider the dilation path

w(£) ift>0
0 ift = 0.

() (z) =

Notice that | v(¢) |32 =tV 72| Dw||3 + " [|w]|5 for every t € R™, thus the
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curve 7y belongs to C'([0, +o0o[, HY(RY)). For every t € R it results that

LY [ bPa®DA0 - [ H60)

1,7=1 RY

tN2

Z/ i (w)DswDw — tN H(w)
RN

1,7=1

which yields, for every t € R

CC;J( (1)) = _2tN SZ/ w)D;wDjw — NtV 1 H(w).

1,7=1 RY

Since w is locally c! (by the sign condition on b;j), we can use the Pucci—Serrin
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identity (in the following form, it suffices w locally Lipschitz!!!)

N
vhe CLRN,RY): Y- . D;hI D¢, % (x,w, Dw)Djw

i,j=1

_/ (divh) Z(z,w, Dw) + h - D,.Z(, w, Dw)]
RN

- [ (- Dt

where we choose ¢ = 0 and

N
Z(s,€) = % Z bi;(5)&:6; — H(s) foreverys € Rand £ € RY,

,J=1

h(x) = hr(x)=T (%) r foreveryx € RY and k > 1,

being T € C}(RY) suchthat T'(z) = 1if |z| < 1and T'(z) = 0if |z| > 2. In
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particular it results that hj, € C1(RY,RY) for every k > 1 and

Dihi(aj) = D;T (%) % +T (%) 0;; foreveryi,j=1,..., N.

Then, since D% (w, Dw) = 0, it follows that
Vk>1: i / D;T (f) ﬁD-ng.CEf(fw,Dw)
— Jr~ k) k7 '

1,]=

+ /RN T (%) D¢ Z(w, Dw) - Dw

—/RNDT(%)-%o%(w,Dw)—/RNT<%)N$(w,Dw):O.

Since there exists C' > 0 with D;T’ (%) % <Cfork>1andi,j=1,...,N,

by the Dominated Convergence Theorem, letting K — +00, we obtain

/N {Ng(w,Dw) — De.%(w, Dw) - Dw} — 0,
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namely,
N
N —2
S Z / bij(w)D,wDjw = N H(w)
2 i,j:1 RN RN

By plugging this equation into the formula of %J(”y(t)), we get

S J(r(t) = N(1 - t)e - H(w)

which yields % .J(y(t)) > Ofort < Land %.J(y(t)) < Ofort > 1, i.e.

sup J(y(t)) = J(y(1)) = J(w).

te[0,1]

Then, after a suitable scale change in ¢, the assertion follows.
Step IV. for € small, u. solves the problem with the required properties (w.r.t. A).

Step V. via a boot argument also assertion (d) of the theorem (which involves

arbitrariness in the choice of the neighbourhood of the set of minima of V) is proved.
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SOME RELATED OPEN PROBLEMS:

Problem 3. Under suitable assumptions on bz-j and f, does a GNN type result
(radial symmetry) hold for the solutions of the equation in RN

_ Z D;(bi;(u)D;u) + % Z b;-j(u)DiuDju + pu = f(u) (%% %)

i,j=1 i,j=1
Problem 4. Under suitable assumptions on bij and f, is it possible to prove, as in
the semilinear case, a uniqueness result of the positive smooth solutions of
(% % %)?
Problem 5. Under suitable assumptions on bij and f, is it possible to prove, as in
the semilinear case, that there exists a least energy solution of (x * %)? i.e. is
there a positive solution w € H!(R¥) such that

j(w) = inf{j(u) cu € Hl(RN) \ {0} is a solution of (* * *)},

being .J the functional associated with (* * *)? We believe so, and in particular that

18
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this solution correspond exactly to the MP solution.

Problem 6. Is it true or false that the sequence (u8)8>0 of solutions of
problem (P:) is bounded in L°°({2)?

Problem 7. Is it true or false that for each £ > 0 the solution u. of the
problem (P.) admit a unique local maximum point inside A?

Problem 8. Is it true or false that the solutions u,. of problem (£;) decay
exponentially like in the semilinear case?

Problem 9. Does our result extend to the multi-peak case? i.e. if there are k

compact disjoint subsets A1, ..., Ay of £2 with
minV <minV foreveryj =1,...,k,
A; oA,
then, for € small, can one find k solutions u", . .., ul™ € Hy/ (£2) having
maxima which concentrate around the minima of V| 4,, ..., V|, respectively?

Problem 10. Let V' = 1 and assume that {x — d(x, d2)} admits a global
maximum at xg. Can one exhibit solutions u. of (F) concentrating around x¢?

19
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Definition 11. Lete > 0 and ¢ € R. We say that (uy) C Hy (§2) is a concrete
Palais—Smale sequence at level ¢ ((CPS)C—sequence, in short) for the functional
Je,if Jo(up) — cand

N
Z Dgaij(x,up)DiupDjupn, € (Hy(£2))" ash — 400,
i =1
N
—82 Z Dj(aij(x,uh)Diuh)

i,J=1

5 N
€
+§ Z Dsa'ij(xa uh)D’iuhDjuh + V(x)uh — g(xauh) — 0
ij=1
strongly in (Hy (£2))’. We say that .J.. satisfies the concrete Palais—Smale
condition at level ¢ ((C'PS).. condition), if every (C'P.S).—sequence for .J. admits

a strongly convergent subsequence in Hy ({2).
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See e.g. the papers:

[ ] A. CANINO, Multiplicity of solutions for quasilinear elliptic equations,
Topol. Methods Nonlinear Anal. 6 (1995), 357-370.

[]J.N. CorRVELLEC, M. DEGIOVANNI, M. MARZOCCHI, Deformation properties for
continuous functionals and critical point theory,
Topol. Methods. Nonlinear Anal. 1 (1993), 151-171.
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