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Overview of the problem

Let {2 C R™ be a bounded domain, 1 < p <nandp < qg < p* . We are

concerned with the existence of two nontrivial solutions in T/, (Q) of the foIIowmg
problem (Z; )

—div (Ve2(z,u, V) + D ZL(x,u, Vu) = [ulP 2w+ Nu|?"%u + ¢h,

with b € L? (£2), h # 0, provided that € > 0 is small and A > 0 is large .

Motivations for investigating problems as (. ) come from various situations in
geometry and physics which present lack of compactness. A typical example is
Yamabe’s problem, i.e. find u > 0 such that

n —1
AMu = R'ut2/("=2) _ R(x)u on M,

n P
for some constant R, where M is an n-dimensional Riemannian manifold, R(x)
its scalar curvature and — A is the Laplace—Beltrami operator on M . Since p* is

the critical Sobolev exponent for which the embedding W, P (£2) < L™ (£2) fails
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to be compact, as known, one encounters serious difficulties in applying variational
methods to (¢ ») -

As known, in general, if A = 0 and A = 0, to obtain a solution of
~Ayu = |[uP" 724 in 2
u=0 on 02,

one has to consider in detail the geometry of {2 or has to replace the critical term

uP” ~1 with P —17¢ and then investigate the limits of u. as e — 0.

Let us now assume that h = 0 and A # 0. As we showed by the general
Pohozaev identity of Pucci and Serrin, if

pP'ValZ(z,5,§) v —nDsZ(x,5,§)s 20,

a.e.in {2 andforall (s,£) € R x R™, then (£, ) admits no nontrivial smooth
solution for each A < 0 when the domain 2 is star-shaped and .Z is sufficiently
smooth . Therefore, in this case we are reduced to consider positive A .
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Let us briefly recall the historical background of existence results for problems at
critical growth with lower—order perturbations. In 1983, in the pioneering paper

H. BREzIS, L. NIRENBERG, Positive solutions of nonlinear elliptic equations
involving critical Sobolev exponent, CPAM 36 (1983), 437-477,

Brézis and Nirenberg proved that the problem:
( Ay = u(2/(=2) L Ny in 0

u >0 in {2
uw =20 on OS2

\

has at least one solution u € H (£2) provided that:

0)\6(0,)\1) ifn>4,
e Ae(2t,n,) ifn=3and 2 =DB(0,R),

where A1 is the first eigenvalue of —A in {2 . The extension to the p—Laplacian
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was achieved by Garcia Azorero and Peral Alonso in:

J. GARCIA AZORERO, |I. PERAL ALONSO, Existence and non—uniqueness for the
p—Laplacian, Comm. PDE 12 (1987), 1389-1430.

In this paper, the existence of a nontrivial solution of:
—Apu = |ul?” "2u + Mu|?%u in 2
u =0 on 02
is proven, provided that:
o \ec(0,)\) if 1<p=gq<p* and p* < n;
o A€ (N, 4+00) if 1<p<g<p* and p* >n;

o )\ e (0,+0) if 1<p<qg<p* and p?> < n;

0
0

o )\ (0,+0) if max{p,p*—p%l}<Q<p*,

where A1 is the first eigenvalue of — A, and \g is a suitable positive real number .
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Let us now assume h % 0. Then, a natural question is whether inhomogeneous
problems like (%2 x) have more than one solution. For bounded domains one of

the first answers was given in 1992 in:

G. TARANTELLO, On nonhomogeneous elliptic equations involving critical Sobolev
exponent, AIHP—ANL 9 (1992), 281-304,

where it is shown that the problem:

—Au = |u|?> 2u+h(z) in 2
u =20 on 0f2

admits two distinct solutions w1, us € Hy (£2) if ||h||2 is small. The existence of

two nontrivial solutions for the p—Laplacian problem:

—Ayu = |[uP 720+ A|u|?%u + h(z) in 2
u =20 on 0f2
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for1 < p < q < p*, Alarge and ||h||,» small enough, has been proven in 1995 in:

J. CHABROWSKI, On multiple solutions for the nonhomogeneous p—Laplacian with
a critical Sobolev exponent, DIE 8 (1995), 705-716.

This achievement has been recently extended by Zhou in:

H.S. ZHOuU, Solutions for a quasilinear elliptic equation with critical sobolev
exponent and perturbations on R™, DIE 13 (2000), 595-612,

to the equation:

Ayt cluP P = JulP ut fe,u) + h(z)

on the entire R”, where f(z, u) is a lower—order perturbation of |u|P” 2. This
case involves a double loss of compactness, one due to the unboundedness of the

domain and the other due to the critical Sobolev exponent. Now, more recently,
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some results for the more general problem
—div (Ve Z(z,u, Vu)) + D Z(x,u,Vu) = g(x,u) in {2
u=20 on 0f?
with g subcritical and superlinear have been considered in

D. ARCOYA, L. BOCCARDO, Critical points for multiple integrals of the calculus of
variations, ARMA 134 (1996), 249-274,

M. S., Existence of weak solutions to general Euler’s equations via nonsmooth
critical point theory, AFS Toulouse (6) 9 (2000), 113—-131.

M. S., On the existence of positive entire solutions of nonlinear elliptic equations,
TMNA 17 (2001), 23-309.

It is therefore natural to see what happens when g has a critical growth .

A first answer was given in:
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G. ARIoLl, F. GAzzoLA, Quasilinear elliptic equations at critical growth, NoDEA 5
(1998), 8397,

where it is proven the existence of a nontrivial solution u € H} (£2) for a class of

quasilinear equations of the type:

n 1 n .
— Z Dj(aij(z,u)D;u) + 5 Z D,a;;(z,u)D;uD;u = |u|* ~u + \u,

1,7=1 1,7=1

(1)

where the coefficients (a;;(x, s)) satisfy some suitable assumptions, including a

semilinear asymptotic behaviouras s — +00.

Now, in view of the above mentioned results for —A, —A,,, we expect that
problems (. ) admits at least two nontrivial solutions for € small and A large . In
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order to prove this, we shall argue on the functional f. y : Wy (£2) — R given by

fea(u /.i”xuVu)da:—l— (2)

/|u|qd:1;—€/ hudz,

where Wol’p(ﬁ) will be endowed with the norm ||ul[1,, = ([, [Vu/? dx)l/p

The first solution is obtained via a local minimization argument while the second
solution will follow by the mountain pass theorem without Palais—Smale condition in
its non—smooth version.

In general, under reasonable assumptions on .Z, f€,>\ is continuous but not even
locally Lipschitzian unless . does not depend on u or is subjected to some very
restrictive growth conditions. Then, we shall refer to the non—smooth critical point
theory developed in:
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A. CANINO, M. DEGIOVANNI, Nonsmooth critical point theory and quasilinear elliptic
equations, Topological Methods in Differential Equations and Inclusions, 1-50 — A.
Granas, M. Frigon, G. Sabidussi Eds. — Montreal (1994).

J.N. CORVELLEC, M. DEGIOVANNI, M. MARZOCCHI, Deformation properties for
continuous functionals and critical point theory, TMNA 1 (1993), 151-171,

M. DEGIOVANNI, M. MARZOCCHI, A critical point theory for nonsmooth functionals,
AMPA (4) 167 (1994), 73—-100.

We assume that Z(x, s,&) : 2 x R x R® — R is measurable in x for all
(5,€) € R x R", of class C in s and of class C? in £ and that £ (z, s, -) is
strictly convex and p—homogeneous with .Z(z, s,0) = 0. Moreover:

(F4,) there exists v > 0 such that:
v
0%(33,875) > 1_9|€‘p

a.e.in {2andforall (s,£) € R x R";

10
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(%) there exists ¢1, co € R such that:
|DsZ(z,5,8)| < arlg]?
a.e.in {2 andforall (s,£) € R x R™ and
‘Vgsg L,S §)‘ C2|€‘p 2

a.e.in 2andforall (s,£) € R x R™;

(F%3) there exist R > 0 and v €]0, ¢ — p| such that:
s| > R=—= D;Z(x,5,§)s >0

a.e. in {2 andforall (s,£) € R x R™ and
D;Z(z,5,§)s < vZL(z,5,§)
a.e.in {2andforall (s,£) € R x R™.

Under the previous assumptions, the following is our main result:
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Theorem 0.1. There exists \g > 0 such that for all A\ > \g there exists eg > (
such that (. ») has at least two nontrivial solutions in w1, ug € Wy (£2) for
each) < e < ¢gy.

Remark 0.2. We stress that no asymptotic behaviour is assumed on £ (x, s, £)

and D;.Z(x,s,£)s as s goes to +00, while in A-G’s paper, to prove that problem
(1) has a solution, it was assumed that

SE{II—IOO Ay (xa S) — 52]7 SEI_EOO S-Dsaij (QC, 8) — 07 (?’7]

uniformly with respect to x € {2, namely problem (1) converges “in some sense” to
the semilinear equation —Au = |u|? ~2u + Au.

Remark 0.3. We point out that we assumed (4) just for |s| > R, while in A-G’s
paper, for problem (1), it was assumed that:

VseR: Z SDSCLZ']'(.Q?, S)&fj > 0.

1,7=1

12
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1 Recalls of non—smooth critical point theory

Definition 1.1. Let (2, d) be a metric space, f : & — R a continuous function
andu € 2 . We denote by |df |(u) the supremum of o € [0, +00| such that

there exist & > 0 and a continuous map
H : Bs(u) x [0,0] > &
such that for all (v, t) € Bg(u) x [0, ]
d(A(v,t),v) <t, f(H(v,1)) < f(v) — ot

We say that the extended real number |df |(u) is the weak slope of f at .
Definition 1.2. Let (2, d) be a metric space, f : & — R a continuous function
andu € Z . We say thatu is a critical point of f if |df |(u) = 0.

Definition 1.3. Let (2, d) be a metric space, f : & — R a continuous function
andc € R. We say that f satisfies the Palais—Smale condition at level c if every
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(up) C Z with f(up) — c and |df|(un) — 0 admits a convergent
subsequence.
Definition 1.4. We say that u is a weak solution to (2, ), ifu. € Wy *(£2) and

—div (Ve & (z,u, Vu)) + D2 (z,u, Vu) = |uP” ~2u+ Au|?"2u +ch(z)
in2'(12).
By the growth conditions on .Z this definition is well posed .

Definition 1.5. We say that (up) C VVO1 P (£2) is a concrete Palais Smale
sequence at level c € R (CPS).—sequence, in short) for f x, if fo x(up) = ¢,

—div (VeZ(x,un, Vup)) + Do.Z(x, un, Vup) € W2 (),

eventually as h — +00 and
—div (Ve ZL(z, up, Vun)) + DL (x, up, Vup) +

— |unl? ~2upn — Aun|?2up — eh(z) — 0
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strongly in W 1" (£2). We say that fe.x satisfies the concrete Palais—Smale
condition at level ¢ (C'PS). in short), if every (C'P.S).—sequence for f.
admits a strongly convergent subsequence.

Theorem 1.6. Assume thatu € WP (£2) is such that |df x| (u) < 400 . Then

Wy, = —div (Ve Z(z,u,Vu)) + Ds Z(z,u, Vu) +
— uP” 2w — Au|? 20 — eh(z) € WP ()

and ||wy|| =1, < |dfe. x| (w) . In particular, if u is a critical point of f. x thenw is
a weak solution to (¢ ») -

Theorem 1.7. There exists o > 0 such that f- x is weakly lower semicontinuous
on{u € W3P(1) : lull1,p < 0}, foreach A € R ande > 0.
Lemma 1.8. For each A € R there existe > 0 and p,n > 0 such that:

Vu € Wol’p(Q)  lullipy = 0= fer(u) >n.

Proposition 1.9. For each A € R there exists €9 > 0 such that (. ) admits at

15
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least one nontrivial solution w1 € VVO1 P(2) foreache < eg. Moreover
fea(ur) <O0.

Lemma 1.10. Letc € R. Then each (C'PS').—sequence for f.  is bounded.
Theorem 1.11. There exist K > 0 and ey > 0 such that f. » satisfies (CPS).
with

p*—y-—p
p*(v +p)

0<ec< (vS)r — Ke (6)
foreache < eg and A > 0.

Proof. Let (up) be a concrete Palais—Smale sequence for f. » at level c. Since

(up) is bounded in WP (£2), up to a subsequence we have:

up, = u in LP(2), Vup, = Vu in LP((2).
Note that by the results of L. Boccardo and F. Murat, we also have:

for a.e. x € 2: Vup(x) —» Vu(x).

16
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Moreover, we have

(We £, u)+||ul g: = / VeZ(x,u,Vu) - Vudz +
Q
—|—/ D, % (z,u,Vu)udz,
7,
where w, € W_l’p’(ﬂ) is defined by

(We £, V) :)\/ |u|q_2uvdx—|—€/ hvdx .
7 0

This, (nontrivial!) yields the existence of d € IR with

lim sup {/ VeZ(x,up, Vuy) - Vup — / lup P’ da:} <d<
h 9, 2

< {/ VeZ(x,u, Vu)-Vu—/ u|P” da:} .
0 0

17
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Of course, we have:
{Vgo?(:v,uh, Vup) — Ve (x,up, V(up — u))} — V& (x,u, Vu)

in LP (£2) . Let us note that it actually holds the strong limit

{Vgﬁf(x,uh, Vup) — VeZL(x,up, V(up — u))} — Ve & (x,u, Vu)

in LP' (£2), since by (3) there exist 7 €]0, 1[ and ¢ > 0 with:
Ve Z(x,un, Vup) — Ve (x,up, V(up —u))| <
< |V§£$(x,uh, Vup + (7 — 1)Vu)| Vu| <

< c|Vup [P 72|Vl + | VulP~t.
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Therefore we have
VeZ(x,up, Vuy) - Vup, = Ve L (2, up, V(up —u)) - Vup +
Ve (x,u,Vu) - Vup + 0o(1) = Ve L (x, up, V(up —u)) - V(up —u) +
Vel (z,u,Vu) - Vu+o(1) in L'(92),
as h — 400, namely

VeZ(x,up, Vup) - Vup, — Ve L (2,4, Vu) - Vu =

= Ve L (2, un, V(up —u)) - V(up —u) +0(1) in L'(2), (8)
as h — +00. In a similar way, since there exists ¢ > () with

P = un " Pl = ul?] < & [Junl?” P (unlr = + )] Jul,

one obtains

{|uh|P* ~ Junl?" P — u|P} Sl in IN9).

19
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In particular, by combining (7), (8) and (9), it results:

lim sup/ [V@Z(x, up, V(up —u)) - V(up —u) +
h 0

— |up|P "Pluy, — u|p} dr < 0.
On the other hand, by Holder and Sobolev inequalities, we get:

/ [Vgo?(x,uh, V(up — ) - V(up —u) — |upP” ~Plup — u|p} dr >
0

1 .
> V[V (un = uw)llp = Fllunllp "1V (un =)l =

1 *_
—{v= Glulg 7 IV - w)l,

which turns out to be coercive if:

lim sup ||up, z: < (vS)7 .
h
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Now, from f- x(up) — ¢ we deduce

1 A
/.Z(:c,uh,Vuh)d - i —HuHZ%—s/ hudx + c+ o(1),
0 b q 0
(13)

as h — +00. On the other hand, by using (5), from f{ y (u)(up) — O we obtain

A
’y—l—p/ L (x,up, Vup)d —Hqu—I—E/ hudz + o(1),
b bJo

(14)
as h — 400 . Multiplying (13) by VZP we obtain

’y—|—p/ L (x uh,Vuh)da:—’y_Fp
pp*

= T PN ufg + 22 [ 7“’c o(1),
pPq p p

21
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as h — +00. Therefore, by combining (15) with (14), one gets

g—7—p
- Aullg +

+c’€/ hudx + 7+pc+o(1) <
2 p

+p

c+o(l),
> (1)

<c’€/ hud:z:—l—fy
0

as h — +00. Now, we deduce that

p*(y+p)
p*—7v—Dp

lun|. < ¢+ Ke + o(1),

as h — +oo for some K > 0. In particular, condition (12) is fulfilled if

p*(v+0p)
pt—7—D
which yields range (6) for € small and a suitable K > (0. By combining (10) and

¢+ Ke < (vS)»

22
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(11) we conclude that u, goes to u strongly in Wy ?(£2)

Proof. Let us choose ¢ € WP N L>(2) such that |||, = 1 and
Jo h¢dz < 0. ltis easily seen that

t—lglr—loo fea(t§) = —o0.

After some computations, one gets

lim sup fo A(tp) =0,
A—~400 t>0

so that there exists Ag > 0 such that:

O<Supf5,>\(tq5)<p _7_p(y5)%—Ke (17)

£>0 p*(y+ p)

foreach A > Ao and € < ¢ . Let w = t¢ with ¢ so large that f. x(w) < 0 and
set

@ = {y € 00,1, W3"(2)) : 7(0)
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EN — inf €
Be A ;gmren[gf]f A(v(®)

By the Mountain—Pass theorem one finds a Palais—Smale sequence (up,) in
Wy P (£2) at level S x with

p*—7v—0p n
A== 0< B < vS)r — K¢
° p*(7+p)< )

for each € < gq . Therefore there exist a subsequence of (uh) strongly convergent
to some ug which solves (£ ). Of course uy #Z us .

Theorem 1.12. Let {2 be star—shaped with respect to the origin and

fora.e. x € {2 andall (s,£) € R x R™. Then (X ) has no nontrivial solution
u € C?*(N)NCLN)




