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Existence and symmetry of least energy solutions Overview observations
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Semiclassical behaviour of standing waves: scalar
The semi-classical regime for standing waves solution of NLS:

—e?Au+V (x)u =f(x,u) inRN

has a HUGE amount of mathematical literature.
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Semiclassical behaviour of standing waves: scalar

The semi-classical regime for standing waves solution of NLS:
—e2Au+V (x)u=f(x,u) inRN

has a HUGE amount of mathematical literature.

See the monograph and references therein:

A. Ambrosetti, A. Malchiodi,

Perturbation methods and semilinear elliptic problems on R",
Progress in Mathematics 240, Birkhduser Verlag, Basel, 2006.

Results of various type depending on the assumptions on V and f.
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Semiclassical behaviour of standing waves: vector
The semi-classical regime for standing waves solution of NLS:

—e2Au +V (x)u = |u|®u + Blv [P ulP"tu in RN,
—e2Av +V (X)v = |[v[?Pv + BlulP*v|P~Iv in RN,

has a rapidly increasing amount of mathematical literature.
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General philosophy for the stationary case

@ discuss existence, uniqueness, symmetry of least energy sol.
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General philosophy for the stationary case

@ discuss existence, uniqueness, symmetry of least energy sol.

@ assume that the x-dependent ingredients, e.g. V (x), admit one or
more critical points or minima or maxima.
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General philosophy for the stationary case

@ discuss existence, uniqueness, symmetry of least energy sol.

@ assume that the x-dependent ingredients, e.g. V (x), admit one or
more critical points or minima or maxima.

© prove the existence of family of solutions (u.).~o with concentrating
behaviour around these points as ¢ — 0.
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@ assume that the x-dependent ingredients, e.g. V (x), admit one or
more critical points or minima or maxima.

© prove the existence of family of solutions (u.).~o with concentrating
behaviour around these points as ¢ — 0.

@ for the time-dependent nonlinear Schrodinger equation this
corresponds to solutions

Pe(x,t) = u.(x)e"t, x RN, t CR".
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General philosophy for the stationary case

@ discuss existence, uniqueness, symmetry of least energy sol.

@ assume that the x-dependent ingredients, e.g. V (x), admit one or
more critical points or minima or maxima.

© prove the existence of family of solutions (u.).~o with concentrating
behaviour around these points as ¢ — 0.

@ for the time-dependent nonlinear Schrodinger equation this
corresponds to solutions

Pe(x,t) = u.(x)e"t, x RN, t CR".

In other words one takes u, as initial data: ¢.(x,0) = u.(x).
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Soliton dynamics: change in the point of view

One considers the time-dependent Schrodinger equation

1 5
iedtpe — SAPe +V (X)Pe = |¢8|2p¢s in RN
Pe(x,0) = Po(x) in RN,

for a given an initial datum ¢o [CHF'(RN) which guarantees global
existence. For subcritical ps, p < 2/N, any such ¢o does the job.
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Soliton dynamics: change in the point of view

One considers the time-dependent Schrodinger equation
] i 2 ; N
iedt e — A V(X)p: = |pe|PPpe inR
Pe(X,0) = ¢o(x) in RN,

for a given an initial datum ¢o [CHF'(RN) which guarantees global
existence. For subcritical ps, p < 2/N, any such ¢o does the job.

One looks for suitable choices of the initial data ¢ such that the
corresponding (global) solution ¢.(x, t) admits, locally in time, an explicit
(approximated) representation formula related to the shape of ¢g, up to a
small error depending on ¢, in the semiclassical regime ¢ — O.
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General philosophy for the time-dependent case

@ take as initial datum a rescaling of a ground state solution r(x) of a
related elliptic problem, with energy E
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General philosophy for the time-dependent case

@ take as initial datum a rescaling of a ground state solution r(x) of a
related elliptic problem, with energy E

@ consider the Newtonian law (Newtonian Dynamics) associated with
the potentials (ODE or systems of ODES)
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General philosophy for the time-dependent case

@ take as initial datum a rescaling of a ground state solution r(x) of a
related elliptic problem, with energy E

@ consider the Newtonian law (Newtonian Dynamics) associated with
the potentials (ODE or systems of ODES)

© use conservation laws both for the PDE (Mass and Energy) and the
ODE (Energy);

@ build up a suitable function v.(x, t) whose energy is close to the
energy of r;
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General philosophy for the time-dependent case

@ take as initial datum a rescaling of a ground state solution r(x) of a
related elliptic problem, with energy E

@ consider the Newtonian law (Newtonian Dynamics) associated with
the potentials (ODE or systems of ODES)

© use conservation laws both for the PDE (Mass and Energy) and the
ODE (Energy);

© build up a suitable function v.(x, t) whose energy is close to the
energy of r;

© derive from this that v.(x,t) is closed to r in a suitable norm, locally
uniformly in time;
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General philosophy for the time-dependent case

@ take as initial datum a rescaling of a ground state solution r(x) of a
related elliptic problem, with energy E

@ consider the Newtonian law (Newtonian Dynamics) associated with
the potentials (ODE or systems of ODES)

© use conservation laws both for the PDE (Mass and Energy) and the
ODE (Energy);

© build up a suitable function v.(x, t) whose energy is close to the
energy of r;

© derive from this that v.(x,t) is closed to r in a suitable norm, locally
uniformly in time;
@ get the representation formula.
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More precisely: limit particle dynamics

Consider the Newtonian law

x=—D0VK), x(0) =Zo, x(0) =xo.
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More precisely: limit particle dynamics

Consider the Newtonian law

x=—D0VK), x(0) =Zo, x(0) =xo.

Given the initial position and velocity xo, o in RN take

[
Po(x) =rl;¥ e %, x [RN,
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More precisely: limit particle dynamics

Consider the Newtonian law

X =—D0VK), x(0)=2Co, x(0) = xo.

Given the initial position and velocity xo, &o in RN, take
¢0(X) =r T eEX'CO, X ,
where r CHF(RN) is the unique least energy positive solution of
1 — IrI2 - RN
—zAr+r—|r|pr in R™.

Assume V is bounded in the C2 sup norm (some regularity can be relaxed,
so to include for instance Bose-Einstein condensates, V (x) = |x|?).
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Theorem
There exists a family of shift functions 6, : R* - [0, 27r) such that

$e(x, 1) :rM OO 4 o x [RN, t >0,
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Theorem
There exists a family of shift functions 6, : R* - [0, 27r) such that

(X, 1) =1 M e X O] 4y x [RN, t >0,

locally uniformly in time, as € goes to zero, where

L Tn] = OC(e),
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Theorem
There exists a family of shift functions 6, : R* -

M e X OH.O] 4

4)8()(1 t) =TI
locally uniformly in time, as € goes to zero, where

L Tn] = OC(e),

and being

[0,277) such that

x (RN, t >0,

[pI) = & CIpTH+ ¢~ 7

Bronski, Jerrard: Math. Res. Lett. 00,
Keerani: Comm. PDE 02, Asympt. Anal 06.

Marco Squassina (Dept of CS - Verona) Soliton Dynamics of NLS

Besancon, March 19, 2009

9/34



Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

All result in the current literature hold on finite time intervals [0, T]. First
result on soliton dynamics on [0, o) is

V. Benci, M. Ghimenti, A.M. Micheletti, The nonlinear
Schrodinger equation: soliton dynamics, preprint, december 2008
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Magnetic fields: the magnetic operator

?IEIA(X) @(p = —2Np — ?A(x) . O |AKX) 2 — ?divXA(x)q),
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Magnetic fields: the magnetic operator

%‘IEIA(X) % = —2Ap — ?A(x) . L |AX) |2 — ?divXA(x)(p,

J.E. Avron, |. Herbst, B. Simon,

Schrodinger operators with magnetic fields. I. General interactions,

Duke Math. J. 45 (1978), 847-883.

J.E. Avron, |. Herbst, B. Simon,

Separation of center of mass in homogeneous magnetic fields,

Ann. Physics 114 (1978), 431-451.

J.E. Avron, |. Herbst, B. Simon,

Schrodinger operators with magnetic fields. Ill. Atoms in homogeneous magnetic
field, Comm. Math. Phys. 79 (1981), 529-572.
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Magnetic fields: some further references

T. Cazenave,
An introduction to nonlinear Schrodinger equation,
Text. Metod. Mat., 26 Univ. Fed. Rio de Janeiro, 1993.
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Existence and symmetry of least energy solutions [NEITIENRENELLIE
Magnetic fields: the driving Newtonian equation
Given the initial data xg, o RN, we consider

x(t), &) : RT - RN,

being the (unique) global (under suitable assumptions on V, A) solution of
the first order di Iﬂbntial system (where B = [ X1A)

% =),
— OVAK(E) — &(1) < B(x(1),

) = Xo,
¢(0) = Go.
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Magnetic fields: the driving Newtonian equation
Given the initial data Xg, ¢o RN, we consider
x(t),é(t) : RT - RN,

being the (unique) global (under suitable assumptions on V, A) solution of
the first order di Iﬂbntial system (where B = [ X1A)

% =),
— IVK(0) — &(1) < B(x(1)),

&) = xo,

¢(0) = Co-

Setting

H(®) = JIEOP +V (), t [R,
H is a first integral, namely H(t) = H(0), for all t CRI*. Hence B does
not enters in the ODE conservation law.
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Consider the following assumptions:
(V) vV CCB(RN) is positive and [MI[cd < oo.
(A) A LCP(RN;RN) with [Allgd < oo.

Consider HY(RN; C) equipped with the scaled norm [pl],

— .2—N ' —N 2
(1) = 2N CIgIR + e (g2

Marco Squassina (Dept of CS - Verona) Soliton Dynamics of NLS Besancon, March 19, 2009 14 /7 34
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Theorem
Let r be the GS solution of —%Ar +r = |r|?Pr and ¢, be the solution to

1 O
Gealge = 5 E=R00) 29 +V (09 — 9P
Cped, 0) = po(x),
with initial data (for some fixed xo, &g [CRIN)
[x]— X0 L1
S

po(X) =T e, x RN

Then there exist locally uniformly bounded maps 6. : R* - [0,27) with

) =0 w A ®) 6@ s+ 4

locally uniformly in time, w, [H, and [l [4] = O(e) as e - 0.
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After achieving this result we became aware of a weaker result due to A.
Selvitella, JDE 2008, where an explicit convergence rate and an explicit
reppresentation formula are not available.

Further investigations of this result will focus on:

coupled systems;

presence of nonlocal nonlinearities W [l |?¢. (Hartree);
statements with uniform estimates over [0, o) (like in Benci et al.);
multi-bump initial data;

numerical analysis to investigate the multi-bump case;

numerical analysis to analyze how good is [ak [4] = O(e) as e — 0.

e © 6 ¢ ¢ ¢
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Consistence with standing wave literature

If Xo is a critical point of V and ¢o = 0, then the solution of the ODE
system is (x(t), &(t)) = (xo,0) for all t [R™. Then, the conclusion of
the previous result reads as

Ll xo =
Pe(x,t) = TXO 6 HAGO) (X0 +0:(0] ¢,

locally uniformly in time, as e - O.

Consistent with the literature of the standing wave solutions.
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Influence of the magnetic field

A typical situation in R is when the external magnetic field B is constant.
One can assume that B = (0,0,b), b [R], so A(x,y,z) = 3(-y,x,0).
For harmonic external potentials V', namely

2

1
V (X1, X2,%X3) = E(w%xf + wixZ +wix?), w [R,

the Newtonian system reduces to

1
xolft) = Ga(1),
xt) = Ga(t),
x3t) = C3(t),

A3\

= ¢
~1
U1\

t) = —wix (t) — bZ(t),

t) = —w3xz(t) + b1 (1),

3tt) = —wixs(t).

Marco Squassina (Dept of CS - Verona)
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Existence and symmetry of least energy solutions

Influence of the magnetic field

Overview observations

Fixing some values of wj, choosing some initial data, enlarging the value

of b (say, from 0 to 60), the original periodic orbit turns into a more and
more helicoidal pattern:

Figure: Phase portrait of system with w1 =1, wy = 1.4, w3z = 1.2, b = 0 (left,
no magnetic field) and b = 5 (right, weak magnetic field).
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Influence of the magnetic field

Figure: Phase portrait of system with w1 =1, wy = 1.4, w3z = 1.2, b = 20 (left)
and b = 60 (right). The e[edts of B are evident.
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No soliton dynamics in the critical case p = %

Soliton dynamics behaviour breaks down in the critical case p = %
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No soliton dynamics in the critical case p = %

Soliton dynamics behaviour breaks down in the critical case p = %

1
X0=¢ =0, V()= §|x|2, A=0.
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No soliton dynamics in the critical case p = %

Soliton dynamics behaviour breaks down in the critical case p = %

1
X0=¢ =0, V()= §|x|2, A=0.

Then the modulus of the solution with initial data ¢o(x) =r(%) is

X
ecost

|9e(x, )] = (cost)™N2r( )

for all x CRN and t [0, Z). Hence: No soliton dynamics.
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Sketch of the proof: 1/8

Define the (magnetic) momentum of ¢, p2 : RN x R* - RN,

R _ 1O i .
pe(x, 1) 1= g Lgh(x, 1) (e Lhell, 1) —IAG)Pe(x, 1) -
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Sketch of the proof: 1/8

Define the (magnetic) momentum of ¢, p2 : RN x R* - RN,

pA(x, 1) =

1 [ . L1
o TR, (e TR, 1) — A P(x, 1)

There exists a positive constant C such that

=

Lel,t) — A(X)flk(',t)@S of

for all t CRI* and any ¢ > 0.
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Sketch of the proof: 2/8

Let us set, for any ¢ > 0, t CRI* and x (RN

Pe(x,t) = e~ L) fex+x(D)]
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Let us set, for any ¢ > 0, t CRI* and x (RN

Pe(x, 1) = e~ HEO D] —IAKD) X
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Sketch of the proof: 2/8

Let us set, for any ¢ > 0, t CRI* and x (RN
Pe(x, t) = e T HO O TIAKDX g (ex +x(1), 1),

where (x(t), &(t)) is the solution of the Newtonian system.

Marco Squassina (Dept of CS - Verona) Soliton Dynamics of NLS Besancon, March 19, 2009 23/ 34



Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Sketch of the proof: 2/8

Let us set, for any ¢ > 0, t CRI* and x (RN
Pe(x, t) = e T HO O TIAKDX g (ex +x(1), 1),
where (x(t), ¢(t)) is the solution of the Newtonian system. Then

E(ye(t)) —E(r)
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Sketch of the proof: 2/8

Let us set, for any ¢ > 0, t CRI* and x (RN

Pe(x, 1) = o~ LE(1) [ex+x ()] —IAX (1)) X e (ex + x(1), 1),
where (x(t), &(t)) is the solution of the Newtonian system. Then
E(y(t)) —E(r)

- 2
=mH(t) - V(X)ilqbg(:,\]t)l + %mkf(t) + AKX (1)I?
1 1
_ LA _ . I (x. 1
G +AX()) - pe(x, t)dx — (G(t) +AX(1)) - A(x) N
1

(I
1= |A(x)|27|¢8(:|\"t)|2 + AWK - pA(X. 1)+ O().
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Sketch of the proof: 3/8

Define: 1 4

[RICCF: M. 1) @dx = ¢@-pf(x, t)dx —me(x (1) - &(1),
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Sketch of the proof: 3/8

Define: 4

-

[PICCP: ME(x,t)-@dx = @ pi(x,t)dx —me(x(t)) - &(t),
- “lge(x, P

[ICCP: N2(x,t)pdx = 4’€7|\’1dx — mo(x(t)),

and all t CHI™.
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Sketch of the proof: 3/8

Define: 4

1
@I CCP: Ni(x,t)-@dx = ¢-pf(x,t)dx —me(x(t)) - &(t),

([ 1
@l TP :  MZ(x,t)pdx = 4)7|4)8(:'\’1t)|2dx

—mo(x(t)),
and all t CRI*. Define Q.:R* -~ R* bé:sletting

Q.(t) ;== H Mi(x,t)dx mg) ) q)ﬂg(x,t)dxa t (R,
<

Lemma
Then there exists a positive constant C such that
0 < E(¢he(t)) —E(r) < CQ.(t) + O(e?),

for all t LRI and & > 0.
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Sketch of the proof: 4/8

Need: Energies E(®) close to the ground state energy E(r) imply that ®
is close to r in H, up to translations and remodulations, with order
E(®P) —E(r).

There exist two positive constants A and C such that:

o [(HY(RN;C), [@IEd= T4, E(®)—E()=<A,
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Sketch of the proof: 4/8

Need: Energies E(®) close to the ground state energy E(r) imply that ®
is close to r in HL, up to translations and remodulations, with order
E(d) —E(r).

There exist two positive constants A and C such that:

o [(HY(RN;C), [@IEd= T4, E(®)—E()=<A,

imply .
19[{1%2”) [@—e'r(- +y)[2] < C (E(P) —E(r)).
y RN

M. Weinstein’s Modulational stability: CPAM, SIAM 1985. Fine spectral
analysis of the self-adjoint operator {u 3 E™r)(u)?}.
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Sketch of the proof: 5/8

There exist eg > 0, TF& 0, C > 0 and uniformly bounded functions
6. : R* - [0,27), vy.:R* - RN,

(selected from the inequality of modulational stability) such that
_ (I
0%, 1) = € EOXHOPAKD) Gx (D) M we(t),

where 1.
Lad(t) el = C Q. (t) +O(e),
for all ¢ [(0,¢0) and t [0, T.H!
TH=sup t IZ[GTO] Q.(s) < 0o, forall's E@t)':'>o

for all e (0, ¢p).
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Sketch of the proof: 6/8

Theorem will be proved if we show that
Q.(t) = C¢?, lye(x) —x(t)| < Ce?

for all ¢ [(0,¢) and t [0, T.H!
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Sketch of the proof: 6/8

Theorem will be proved if we show that
Q.(t) = C¢?, lye(x) —x(t)| < Ce?
for all ¢ [(0,¢) and t [0, T.H!

This also yields T.= Ty independent of «.
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Sketch of the proof: 7/8

We have the mass and momentum identities

1 alqbsl2

(x,t) = —divy p2(x,t), x RN, t CR*.

Moreover, for all t [CR™, we have the identity

L] —
ot (x,)dx = —  pi(x,t) x B(x)dx —  [V{k) |4’€(:’\1]t)|2dx,

where B = is the magnetic field associated with A. Red term is
contribution of Lorenz force to the dynamics. Quite long computations.
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Sketch of the proof: 8/8

One shows that p(x, t) [mk (t)dy 1y and "”(:Tt)lz [-mb, (y with respect

to the dual norm of C2, so
[

pA(x,t) % B(x)dx CHK(t) % B(x(t)), ase - 0
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Sketch of the proof: 8/8

One shows that p(x, t) [mk (t)dy 1y and "”(:Tt)lz [-mb, (y with respect
to the dual norm of C2, so
1
pA(x,t) x B(x)dx [mk(t) xB(x(t)), ase - 0

= (x, D)2

m(k)'"’f dx CHEICVK()), ase - 0.
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Sketch of the proof: 8/8

One shows that p(x, t) [mk (t)dy 1y and "”(:Tt)lz [-mb, (y with respect
to the dual norm of C2, so
—

pA(x,t) % B(x)dx CHK(t) % B(x(t)), ase - 0

(I
m}()l(lk(:il\’lt)lzdx [mICV (k(t)), ase - 0.

Don’t forget the dynamics is guided by the Newtonian law
X(t) = — DVk(t)) — ¢(t) < B(x(t)).

Hence: the PDE dynamics behaves like a point particle dynamics in the
semiclassical regime!
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Sketch of the proof: 8/8

One shows that p(x, t) [mk (t)dy 1y and "”(:Tt)lz [-mb, (y with respect

to the dual norm of C2, so
[

pA(x,t) x B(x)dx [mk(t) xB(x(t)), ase - 0
1 2
mo()l"’f(:i,;t)'dx CmOVk(t)), ase — 0.
Don’t forget the dynamics is guided by the Newtonian law

X(t) = — DK () — £(t) < B(x(1)).

Hence: the PDE dynamics behaves like a point particle dynamics in the
semiclassical regime!

With these asymptotic behaviours in mind one proves that Q. (t) < Ce¢?
and |y.(x) — x(t)| =< C¢? concluding the proof.
Besancon, March 19, 2009 29/ 34



Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Further developments: multi-bump initial data

In RN, consider the equation

—1 |:| ) ,
1ed¢ Pe + 5 7 [=A®X) (Ps +V (X)Pe = |Ppe|Ppe + P L[
(PS(X!O) = 4)0(X)

where N =2, 0 < p < 2/N, @, is a Coulomb potential,

1 1

() = wppe X RO o C0.2),

andV : RN - Rand A: RN - RN are, respectively, a su [ciehtly
regular electric and magnetic potential.
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Further developments: multi-bump initial data

Given k =1 positive numbers my,...,mg and E : HY(RN,C) - R,
1 1 1 111
E(u) =3 IIEIdx—p— |U|2p+2dX—§ D1 (x —y)ux)*Ju(y)I?
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Further developments: multi-bump initial data

Given k =1 positive numbers my,...,mg and E : HY(RN,C) - R,
1 1 1 111
E(u) =3 IIEIdx—p— |u|2p+2dx—§ ®1(x —=y)u)*luy)|?

we consider the solutions rj : RN — R of the minimum problems

E(r;) = min{E(u) : u CHLRN), IZl=

which solve equations

1 2 2 : N
_EArj + wjlj = |rj| prj + @O, |:l]1]| f in R™,

for a suitable w; LRI
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Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Further developments: multi-bump initial data

Consider the initial datum of the form (multi-bump)

kK L, . A
Po() =3y 1 — 0 o HAMD (=) +x&t]  y RN,
=
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Existence and symmetry of least energy solutions Overview observations

Further developments: multi-bump initial data

Consider the initial datum of the form (multi-bump)

kK L, , _
go(x) = 3 71, _SXO e LAGD- o +x-dh] RN,
=

where x} and &, are initial positions and velocities (for a system of k
particles of mass m; subjected to an external potential V and to a mutual
interaction force)
1
X&) = ¢ (1),
k

) = — DMK (1) — 2 m LD4(x; (1) — xi (1)) — Gj (t) < B(xj (1)),

_ =]
%t ) = Xg),
y=a, i=1..k,

with B = A,
Marco Squassina (Dept of CS - Verona) Soliton Dynamics of NLS Besancon, March 19, 2009 32/34
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Existence and symmetry of least energy solutions Overview observations

Further developments: multi-bump initial data

Conjectured Statement
Under suitable assumptions on V, A, it holds

koL xJ ) =

) =3 o [AG ) (=) +x G O+O] 4.
i=1

locally in time, where w, is small (at a certain order) as ¢ — 0, provided

that the centers x; of the addenda of the initial datum are su Lciehtly far
from each other.
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Conjectured Statement

Under suitable assumptions on V, A, it holds

k L
()= 3 5 ';7““) o [AG ) (=) +x G O+O] 4.

locally in time, where w, is small (at a certain order) as ¢ — 0, provided
that the centers x; of the addenda of the initial datum are su Lciehtly far
from each other.

In the particular case A = 0 and without powers, the problem has been
discussed (but no rigorous proof for k > 1) in the paper:
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Conjectured Statement

Under suitable assumptions on V, A, it holds

k L
()= 3 5 ';7““) o [AG ) (=) +x G O+O] 4.

locally in time, where w, is small (at a certain order) as ¢ — 0, provided
that the centers x; of the addenda of the initial datum are su Lciehtly far
from each other.

In the particular case A = 0 and without powers, the problem has been
discussed (but no rigorous proof for k > 1) in the paper:

J. Frohlich, T.-P. Tsai, H.-T. Yau,

On the point-particle (Newtonian) limit of the non-linear Hartree equation,
Comm. Math. Phys. 225 (2002), 223-274.

Marco Squassina (Dept of CS - Verona) Soliton Dynamics of NLS Besancon, March 19, 2009 33/34



Existence and symmetry of least energy solutions BNONVEWRe Lo 1ilo]3

Further developments: multi-bump initial data

The new Hamiltonian is given by

k
HD =5 5 milg (O + z MV 04 (D) = 3 mim @1 0a(t) — x5 (D).
2 :

i<
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Further developments: multi-bump initial data

The new Hamiltonian is given by

k
H(t) = %Z a,(t)|2+zm,V(x,(t)) 3 i 04(8) = 5 0)

i<]
We would like to study this problem by a rigorous approach following the
technique of Bronski, Jerrard et al., only using

@ variational structure;
o PDE and ODE conservation laws;
e modulational stability.
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Further developments: multi-bump initial data

The new Hamiltonian is given by

k
H(t) = %Z a,(t)|2+zm,V(x,(t)) 3 i 04(8) = 5 0)

i<]

We would like to study this problem by a rigorous approach following the
technique of Bronski, Jerrard et al., only using

@ variational structure;
o PDE and ODE conservation laws;
e modulational stability.

Thank you very much!
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