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Domain Transformers

o .

Transform domains in order to make them satisfy a property P.

Refinement: S(A)

P holds: Shell of A

P doesn’t hold /

o -
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Domain Transformers

o .

Transform domains in order to make them satisfy a property P.

_ Simplification: B(A)
Refinement: S(A) P doesn’t hold

P holds: Shell of A

P doesn’t hold /

Base of A
\_/ SA=S(BA)
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Completeness

-

Let < A, a,y,C > a Galois insertion. [Cousot & Cousot '77,79]
f:C—C, f*=aofoy:A— A(b.c.a. of f)and p=yo «

fa(x)

f* correct for f f/ f(X)&? o(f(x)/ }:(
X = ax)

N N

o -
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Let < A, a,y,C > a Galois insertion. [Cousot & Cousot '77,79]

Completeness

-

f:C—C, f*=aofoy:A— A(b.c.a. of f)and p=yo «

f* B-complete for f

pf=pfp

T T
SN N
09 /a/> af(x)= fa(x)

7 /e
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Completeness

o .

Let < A, a,y,C > a Galois insertion. [Cousot & Cousot '77,79]
f:C—C, f*=aofoy:A— A(b.c.a. of f)and p=yo «
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Complete Shéells

o .

C complete lattice, A abstract domain, f : C — C continuous.
[Glacobazzi et al. 2000]

$ Let AB-complete for fiff (J,c 4 max({ :1:| flx) <y }) C A.

S]’?(A) = gfp(AX. AN M(U,ex max({ x‘ flz) <y }))) B—Shell of A for f

o -
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Complete Shells

-

C complete lattice, A abstract domain, f : C — C continuous.
[Glacobazzi et al. 2000]

$ Let AB-complete for fiff (J,c 4 max({ :1:| flx) <y }) C A.

A not B-complete for f

S]’?(A) = gfp(AX. AN M(U,ex max({ x‘ flz) <y }))) B—Shell of A for f

o -
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Complete Shells

o .

C complete lattice, A abstract domain, f : C — C continuous.
[Glacobazzi et al. 2000]

® Let A F-complete for f iff Vo € A.f(z) € A.

St (A) = gfpAX. AN M(f(X))) F-Shell of A for f

o -
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Complete Shells

-

C complete lattice, A abstract domain, f : C — C continuous.
[Glacobazzi et al. 2000]

® Let A F-complete for f iff Vo € A.f(z) € A.

f(@Q)=b notin A

|

A not F-complete for f

St (A) = gfpAX. AN M(f(X))) F-Shell of A for f

o -
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Domain Compression

-

Let R, a completeness refinement;
Let By the Compressor oOf Ry iff: Ry Bf(A) = Rs(A).

o -
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Domain Compression

-

Let R, a completeness refinement;
Let By the Compressor oOf Ry iff: Ry Bf(A) = Rs(A).

= RyBf(A) = Ry(A)

By erases all the information that R, can generate.

By IS the INnversE Of R J
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Domain Compression

-

Let R, a completeness refinement;
Let By the Compressor oOf Ry iff: Ry Bf(A) = Rs(A).

By erases all the information that R, can generate.

\

By IS the INvERrsE Of R

By(4) = U{ X | Rs(X) = Ry(4) |

o -
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Domain Compression

-

Let R, a completeness refinement;
Let By the Compressor oOf Ry iff: Ry Bf(A) = Rs(A).

By erases all the information that R, can generate.

\

By is the Inverse Of Ry
By(4) = U{ X | Rs(X) = Ry(4) |

ProBLEMS: The compressor usually fails monotonicity.
The shell usually fails reversibility.

= Shells and compressors don’t behave like adjunctions.
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Shells & Compessors as Adjoints

-

®» Shells can fail reversibility:

o -
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Shells & Compessorsas Adjoints

-

®» Shells can fail reversibility:

It doesn’t exist the most
— abstract domain with the
same shell.

o -
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Shells & Compessors as Adjoints

-

®» Shells can fail reversibility:

It doesn’t exist the most
— abstract domain with the
same shell.

SOLUTION: Join-uniformity!
[Giacobazzi & Ranzato '98]

o -
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Shells & Compessors as Adjoints

-

» Compressors can fail monotonicity:

)9

o -
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Shells & Compessors as Adjoints

o .

» Compressors can fail monotonicity:

f f
|
— Not monotone

o -
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Shells & Compessors as Adjoints

o .

» Compressors can fail monotonicity:

f f
|
— Not monotone

SOLUTION: Lifted order 21
ACE Biff R(A) T R(B) A (R(A) = R(B) = AT B)

o -
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Shells & Compessors as Adjoints

-

Theorem:

[Glacobazzi & Ranzato '98]
If R € Ico(uco(C)) Is join-uniform then:

$ < uco(C),Cf> is a complete lattice;

® Relco(< uco(C),Cl>)

—> The compressor B is the right adjoint of R!

o -
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Join-Uniformity

-

R join-uniform iff
R(u{x ‘ R(X) = R(A) }) = R(4)

—> B(A) = |_|{ X‘ R(X) = R(A) } base of A.
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Join-Uniformity

-

R join-uniform iff
R(u{x ‘ R(X) = R(A) }) = R(4)

—> B(A) = |_|{ X‘ R(X) = R(A) } base of A.

f R(A) = C



Join-Uniformity

-

R join-uniform iff
R(u{x ‘ R(X) = R(A) }) = R(4)

—> B(A) = |_|{ X‘ R(X) = R(A) } base of A.
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-

Join-Unifor mity

R join-uniform iff
R(u{x ‘ R(X) = R(A) }) = R(4)

—> B(A) = |_|{ X‘ R(X) = R(A) } base of A.



Join-Unifor mity

-

R join-uniform iff

—> Given f : C — C, when Ry Is join-uniform?
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A necessary condition

Let C a finite lattice, f : C — C-

fH=z) = f(2), " @) = F(f"(2))
f(C) = {xEC‘ dye C~A{z}. fly) == } f-REDUCIBLE
firr(C) = C ~ f(C)  f-IRREDUCIBLE

Jz e Minr(C)N f(C).In e N. f(z) ==

|

Ry is not join-uniform.

o -
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A necessary condition

Let C a finite lattice, f : C — C-

Jz € Mir(C) N f(C).In e N. f(z) =z

|

Ry Is not join-uniform.

o -
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A necessary condition
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A necessary condition

Let C a finite lattice, f : C — C-

Jz € Mir(C) N f(C).In e N. f(z) =z

|

R Is not join-uniform.
—>  The inverse implication doesn’t hold!

f

R¢ not join-uniform and no cycles of f!

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

r G(x):min{ZgC‘ v¢ Zand (NZ=zor f(Z)=z) }

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

r G(x):min{ZgC‘ v¢ Zand (NZ=zor f(Z)=z) }

z=bc =  G(bc)={{b,c}{abc}}

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

r G(x):min{ZgC‘ v¢ Zand (NZ=zor f(Z)=z) }

z=b =  G(b)={{ab}}

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

® X <K>:{ Usex Ye

(Gz) #2andx ¢ K) = Yz € G(x))
(Glx)=gorze K) = Yz ={z})

X={bc,b}, K={T,a,b,ab} — 32 (K)={{b,c},{b,abc}}

® X 5y YifYeXx(K)

o -
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Reversing Ry

-

Let C a finite lattice, X C C, z € C, K an abstract domain.

® I(K)={z}
otk = { Y‘ (X eTZ(K) = (X - Y, X Z K)), nocycles }

x =bc is generated by K={T,a,b,ab}?

o -
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Reversing Ry

-

-

Let C a finite lattice, X C C, z € C, K an abstract domain.
® I(K)={z}
(k) = { Y‘ (X €I}(K) = (X -k Y, X Z K)), no cycles |

x =bc Is generated by K={T,a,b,ab}?

bc

b,c abc

-
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Reversing Ry

-

-

Let C a finite lattice, X C C, z € C, K an abstract domain.
® I(K)={z}
(k) = { Y‘ (X €I}(K) = (X -k Y, X Z K)), no cycles |

x =bc Is generated by K={T,a,b,ab}?

b,c abc

-
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Reversing Ry

-

-

Let C a finite lattice, X C C, z € C, K an abstract domain.
® I(K)={z}
(k) = { Y‘ (X €I}(K) = (X -k Y, X Z K)), no cycles |

x =bc Is generated by K={T,a,b,ab}?

bic abc

-
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Reversing Ry

-

-

Let C a finite lattice, X C C, z € C, K an abstract domain.
® T(K)={z}
rtiK) = { Y‘ (X el'Z(K) = (X -»g Y, X € K)), nocycles }

x =bc Is generated by K={T,a,b,ab}?

bc
e \
i %&ch
b,ac acbc ab,ac abbc ab(c) abc bac abc
/ | | N
a,bic ab,a,c a,b,ac a,b,c ab,ac

a,ab,ac a,b,c a,b/ac a,abic

-
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Reversing Ry

o .

Let C a finite lattice, X C C, z € C, K an abstract domain.

Theorem:

Let I'; (K) the tree generated by I'’; (K) and L (K) the set of leaves of I'; (K).
® Xecly(K) = z€R¢X)

{abacte L. = bce Rs({abac}))

® zcRyK) = IV ely(K).YCK

VY € Ly(K).Y €6 = bc ¢ Rs(K) = Ry({T,a,b,ab})

o -
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The Scenario

Let C be a finite lattice, A, K abstract domains, A C K.
M;é:Mirr({ z € £(C) ~ A‘ 3L e Ly(A).LC A })u Mirr(A)

Mf C Ry(K) = Rjy(K) = Rys(A)

Mirr(A)

-
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The Scenario

Let C be a finite lattice, A, K abstract domains, A C K.
M;f‘:Mirr({ z € £(C) ~ A‘ 3L e Ly(A).LC A })u Mirr(A)

Mf C Ry(K) = Rjy(K) = Rys(A)

Bf () T A

Mirr(A) ic)

R (&)

o -
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The Scenario
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-
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Computing the Base

-

Let C a finite lattice, A an abstract domain.
D(A):{ A~ {z) \ z € Mirr(A) ~ (Mirr(C) N firr(C)) }

— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

o -
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Computing the Base

-

Let C a finite lattice, A an abstract domain.
D(A):{ A~ {z) \ z € Mirr(A) ~ (Mirr(C) N firr(C)) }

— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

step 1: P(A):=2, N1.={A};

o -
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Computing the Base

Let C a finite lattice, A an abstract domain.

D(A):{ A~ {z) \ z € Mirr(A) ~ (Mirr(C) N firr(C)) }
— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

Sstep 1: P(A):=2, N1:={A};

STEP N+1: Ky € Nn, D(Kn)=2 = P(A):=P(A)U{K,}

o -
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Computing the Base

fLet C a finite lattice, A an abstract domain.
D(A):{ A~ {z) \ z € Mirr(A) ~ (Mirr(C) N firr(C)) }

— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

Sstep 1: P(A):=2, N1:={A};
STep N+1: Ky, € Np, D(Kn)=2 = P(A):=P(A)U{Knrn};

Un::{KED(Kn) Jye M\ K.VLeLy(K).LZK }

N :=D(Kpn)\Un

o -
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Computing the Base

fLet C a finite lattice, A an abstract domain.
D(A):{ A~ {z) \ z € Mirr(A) ~ (Mirr(C) N firr(C)) }

— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

Sstep 1: P(A):=2, N1:={A};

STEP N+1: Ky, € Np, D(Kn)=2 = P(A):=P(A)U{K,};

Un::{ K e€D(Kn)| Jye MANK .VLELy(K). L Z K }
Nr :=D(Kn)\Un

Niry =2 = PAEPAUKY  and  Napa=Ug, e, NATy

o -
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Computing the Base

-

Let C a finite lattice, A an abstract domain.
D(A)={ A~ {z} | v € Mirr(A) ~ (Mir(C) nfirr(C)) }

— Induction on the construction of N,, such that K € N,, are the
candidate bases for R;(A) after n steps of the algorithm.

—>  The algorithm terminates and

®» VneN.VKeNy,: ACK, R¢(K)C Aand
(K1 € Np+1 N~ Nn = |K1| < |K])

® P will include the minimal candidate bases.

R¢(A) Is join-uniform with base B(A) iff
P(A)={B¢(A)}

o -
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

-
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= o

STEP 1. N, ={A}={{T,b,ac,bc,abc}}

-
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= o

STEP 1. N, ={A}={{T,b,ac,bc,abc}}
STEP 2: B={T,b,ac,bc,abc} D(g) ={{T.ac,bc,abc},{T,b,ac,abc}.{T,b,bc,abc}}

U]_: ,@
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= o

STEP 1. N, ={A}={{T,b,ac,bc,abc}}
STEP 2: B={T,b,ac,bc,abc} D(g) ={{T.ac,bc,abc},{T,b,ac,abc}.{T,b,bc,abc}}

a

[ ac —= {T,bc,ac,abc} and {T,b,ac,abc}

a,C

U, ={{T,b,bc,abc}}
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= o

STEP 1. N, ={A}={{T,b,ac,bc,abc}}
STEP 2: B={T,b,ac,bc,abc} D(g) ={{T.ac,bc,abc},{T,b,ac,abc}.{T,b,bc,abc}}

bc — {T,bc,ac,abc}
rbC: |
b,c

U,={{T,b,bc,abc}{T,b,ac,abc}} J
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= o

STEP 1. N, ={A}={{T,b,ac,bc,abc}}
STEP 2: B={T,b,ac,bc,abc} D(g) ={{T.ac,bc,abc},{T,b,ac,abc}.{T,b,bc,abc}}

b
Fb . |
bc —= {T,bc,ac,abc}
U1={{T,b,bc,abc},{T,b,ac,abc}} N>={{T,ac,bc,abc}}
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P= &

STEP 2 N, ={{T,ac,bc,abc}}
STEP 3: By={T,ac,bc,abc} D(B,)={{T.ac,abc}{T,bc,abc}}

ac — {T,ac,abc}

rac: a,C

ac,C

U,={{T,bc,abc}} J
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Example

-

Mirr(A)={b,ac,bc}
A={T,b,ac,bc,abc}
M fz{a,b,ac,bc}

P={{T,ac,bc,abc}} | BASE

STEP 2 N, ={{T,ac,bc,abc}}

STEP 3: By={T,ac,bc,abc} D(B,)={{T.ac,abc}{T,bc,abc}}
bc
Moe: b!c
b(|:,c
U,={T,bc,abc},{T,ac,abc}} N3=& | — = HALTS J
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Conclusions: Model Checking

-

Let ¢ a temporal formula;

Let M =< X, g, 7, L > a Kripke structure modeling P;

Let M“ the abstract model for P with partition induced by A.
MAE¢p = ME¢e [Clarke etal. '00]

Transition system

(S,R) Temporal formula

N

Abstract
Model checker

Domain

Spurious counterexample
refinements

F-completeness w.rt. pre[r] = MA o = Mo

[Glacobazzi & Quintarelli '01]

-
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-

Conclusions: Model Checking

Let M =< X, ¥, 7, L > a Kripke structure modeling P;
Let ¢ a temporal formula;

Let M“ the abstract model for P with partition induced by A.

Abstract
Domain

MAEp = MEgp

Transition system

Temporal formula

N

[Clarke et al. '00]

Base

Model checker

|

MBrre(r1(4) s the simplest model
on which to check a formula

Spurious counterexample
refinements

yet achieving the same precision as A does.

-
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Futureworks: Geometry of Domain Transformers

o .

lco(C) F—compl
join—unif

Compressor

We studied the inversion of a join-uniform F-completeness refinement!

o -
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Futureworks. Geometry of Domain Transformers

o .

lco(C) F—compl
join—unif

Compressor

uco(C) F—compl
meet—unif

Obfuscator

Which are the inversions of meet-uniform F-completeness simplifications?

o -
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Futureworks. Geometry of Domain Transformers

o .

Ico(C) B-compl

_ - join—unif E:ompressor
Ico(C) F-compl Compressor
join—unif
uco(C) B—compl
_ - rr(1e()et—unif g Obfuscator
uco(C) F—compl -
Obfuscator

meet—unif

What about B-completeness refinements and simplifications?

o -
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Futureworks. Geometry of Domain Transformers

o .

e ~. lco(C) B-compl

Ico(C) B—compl -~~~ "~ join-unif Compressor
PR R > [co(C) IE—compI -
lco(C) F—compl - join—unif Compressor
R .~ uco(C) B—compl
uco(C) B-compl -~~~ A/ - meet-unif Obfuscator
PP N -~ _ - -
uco(C) F—compl -~ uco(C) F-compl
©) P meet-unif Obfuscator

How can we make a transformer invertible?

o -
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