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Abstract

P systems are used to compute predator—prey dynamics expressed in the traditional formulation by Lotka and Volterra. By
governing the action of the transition rules in such systems using the regulatory features of the metabolic algorithm we come up
with simulations of the Lotka—Volterra equations, whose robustness is comparable to that obtained using Runge-Kutta schemes and
Gillespie’s Stochastic Simulation Algorithm. Besides their reliability, the results obtained using the metabolic algorithm on top of

P systems have a clear biochemical interpretation concerning the role, of reactants or promoters, of the species involved.

© 2007 Elsevier Ireland Ltd. All rights reserved.
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1. Introduction

As for every paradigm belonging to natural comput-
ing, membrane systems (also known as P systems) put
computation at the heart of the representation of bio-
chemical processes and dynamics (Pdun, 2000; Ciobanu
et al.,, 2006). By making use of these systems, and
by properly regulating their evolutionary rules via the
metabolic algorithm (Manca et al., 2005), in this paper
we show that simple membrane models can represent a
Lotka—Volterra dynamics once we assign to its species
the role of promoting a reaction or taking part into it. By
means of these models we will match the performance
of computational procedures that are known to simulate
the Lotka—Volterra equations with high accuracy both in
the deterministic and stochastic regime. In the meantime
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the membrane model-based simulations preserve a clear
biochemical meaning of the computation.

The Lotka—Volterra population dynamics has a long
history in natural sciences. Lotka (1920) proposed a set
of coupled autocatalytic reactions causing the concen-
trations of reactants to oscillate:

A+ x%ox
X +vRoy (1)
=y

These reactions involve the autocatalysis of a reac-
tant X on the (supposed constantly available) substance
A, along with the autocatalysis of a second reactant
Y depending on the available concentration of X. The
degradation of Y is finally accounted for by a third reac-
tion in which B acts as a sort of “sink” product. Rate
coefficients ¢y, k», and k3 are assigned to each of these
reactions, respectively.

The dynamics of X and Y'is described by the following
system of ordinary differential equations (Atkins and de

0303-2647/$ — see front matter © 2007 Elsevier Ireland Ltd. All rights reserved.

doi:10.1016/j.biosystems.2006.12.010


mailto:federico.fontana@univr.it
mailto:vincenzo.manca@univr.it
dx.doi.org/10.1016/j.biosystems.2006.12.010

546 F. Fontana, V. Manca / BioSystems 91 (2008) 545-557

Paula, 2002):
x'(t) = kix(t) — kox(1)y(1) (2a)
Y (1) = kox(0)y(t) — k3 y(1). (2b)

in which it is k1 = c1[A] due to the constancy of the
concentration of A. Six years after Lotka’s research,
Volterra presented this differential equation system while
independently working on the predator—prey model of a
biological population of fish (Volterra, 1926). Since (1)
and (2) describe the same dynamics in different contexts,
both systems are commonly known under the unified
name of Lotka—Volterra reactions, or equations.

Further research has demonstrated that the Lotka—
Volterra model has inherent limits as a tool for the math-
ematical description of both chemical and biological
dynamics. About the limits of use in chemistry, it has
been shown that the biochemical mechanism underlying
the reaction set (1) cannot be reproduced experimen-
tally, and that more sophisticate chemical equations must
come into play to realize even a simple reaction exhibit-
ing oscillation (Epstein and Showalter, 1996). About
the limits of use in biology, it was soon observed that
the system (2) in practice cannot describe a temporal
dynamics involving real species, for a Lotka—Volterra
system cannot handle even small perturbations affecting
an ecosystem (Illner et al., 2005).

Despite this, the Lotka—Volterra equations disclose an
interesting family of solutions. Itis this trade-off between
system simplicity and complexity and solutions richness
that has fertilized much research upon them, and makes
the Lotka—Volterra model appealing still today.

The system (2) does not yield an analytic solu-
tion, but for small deviations from the equilibrium
point (Illner et al., 2005). Furthermore, any numeri-
cal solution must deal with the structural instability
affecting the Lotka—Volterra dynamics: due to this insta-
bility, even small perturbations injected into the system,
or equivalent numerical errors due to inaccuracies of
the integration method, cause irreversible deviations of
the solution trajectory from the unperturbed dynamics
(Hilborn, 2000). This implies that non-trivial numerical
methods must be used to find out the correct solution of
(2) once proper initial conditions for x and y are set.

Explicit Runge-Kutta methods (Iserles, 1996) have
demonstrated capable of providing accurate solutions at
reasonable computational cost. Conversely, a discretiza-
tion of (2) made using simple Euler methods results in
asymptotically divergent numerical simulations due to
structural instability.

The scenario presented so far becomes even richer
if we return back to the chemical formulation (1) of

the Lotka—Volterra system. As opposed to (2), for this
set of reactions a general agreement exists in accepting
the asymptotic divergence of the amounts of X and Y
as long as molecules are considered instead of concen-
trations. Such an agreement has a strong foundation in
the solution to (1) provided by the Stochastic Simulation
Algorithm, proposed by Gillespie (1976).

Let the reader note that a major difference exists
between molecules and concentrations: the former are
discrete bodies, hence define positive integer quantities,
whereas the latter are continuous by definition and, for
this reason, define amounts that are positive real num-
bers. In the case of Lotka—Volterra this difference makes
the two systems somehow even more intertwined one
with the other: perhaps curiously, Volterra proposed a
continuous system to obtain temporal evolutions of (dis-
crete) populations, while, conversely, the Lotka chemical
reactions have been analyzed in detail by Gillespie in the
discrete domain.

In conclusion, a dichotomy lies open between the
(both acceptable) solutions of the chemical reacting sys-
tem and its differential equation model:

e if we choose to solve the former exactly (in a stochastic
sense, and assuming to work with molecule popu-
lations instead of concentrations) then we obtain an
inaccurate solution of the latter; in the meantime, this
solution resembles (in average) the dynamics obtained
by applying the simple Euler method to (2);

e conversely, if we decide to solve the latter exactly
(in a deterministic sense), for instance, using explicit
Runge-Kutta methods, then (again in average) we
commit an error as compared to solving (1) using
Gillespie’s algorithm.

We have investigated on this apparent paradox using
an alternative method, neither based on Runge-Kutta
nor on Gillespie (Bianco et al., 2006b,a). This method
results in an algorithm that we call metabolic since
it has provided promising (although still qualitative)
solutions of some biomolecular dynamics such as the
leukocyte recruitment, circadian rhythms and the PKC
cycle (Fontana et al., 2006; Bianco et al., 2006a). Also, it
has already been used to analyze predator—prey dynam-
ics, although in a less systematic way than here (Bianco
et al., 2005b).

As we will see in the following, this algorithm mod-
els the dynamics of a P system (Paun, 2002) and, for
this reason, it works in the symbolic domain, i.e., over
discrete populations of symbol/objects. Despite its gen-
eral formulation, which includes the presence of multiple
membranes and cooperative rules (Bianco et al., 2006b),
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we will make limited use of its features, by restricting
its definition to non-cooperative rules acting on a single
membrane.

In this paper we will model and, hence, solve a
Lotka—Volterra dynamics using this method. Similarly
to what happens by discretizing this dynamics using
Runge-Kutta, the metabolic algorithm finds out a stable
solution of the system. It must be stressed here, however,
that:

(1) the metabolic algorithm implements a simple and
biologically founded partition of the population in
the system; this simple partitioning is obtained by
importing on it some basic properties of P systems;

(2) in order to simulate a Lotka—Volterra system the
metabolic algorithm is initialized with a straightfor-
ward, self-explaining set of rules which have a clear
biochemical interpretation.

The above two points in other words tell that the algo-
rithm does not resort to numerical recipes for making the
system evolve, nor it needs to be informed with the struc-
ture of an ordinary differential equation system. Despite
this it comes up with a dynamics, whose numerical prop-
erties are comparable to those exhibited by the explicit
Runge-Kautta solution of (2).

In conclusion, the solution of a Lotka—Volterra
dynamics provided by a P system ruled by the metabolic
algorithm has a clear biochemical interpretation mean-
while preserving good stability properties. This fact
contributes to increase our confidence in the metabolic
algorithm and, in the end, in P systems as effective tools
for the representation of biomolecular phenomena.

We will present our results after providing some
insight on the traditional solutions of the Lotka—Volterra
system obtained using simple Euler, Runge-Kutta, and
Gillespie, as well as after briefly recalling the functioning
of the metabolic algorithm.

2. Solution by Numerical Schemes

A comprehensive analysis of the Lotka—Volterra
dynamics is best carried out if we inspect the system
(2) using reliable numerical tools for this system. This
is what we do in this section. Later in the paper we will
compare the results obtained here with those coming out
by using P systems.

Egs. (2) give rise to an autonomous system having the
following form:

x'=gi(x,y) (3a)

Y = g(x, y). (3b)

Here, x(¢) and y(¢) are functions of the time 7.

A numerical solution of (3) can be computed over a
uniform subset of the continuous temporal domain. This
subset is obtained by substituting the temporal variable ¢
with a discrete set of temporal slots separated by a con-
stanttime 7: 0, 7, 27, ..., nT, . ... Conventionally, r = 0
is the initial observation step.

A simple Euler method-based discretization of (3)
is obtained by substituting every first derivative with
the corresponding discrete (forward) difference (Iserles,
1996) with step 7. To explain it better, we will approxi-
mate x” over nT by using the formula x'(nT) ~ {x(nT +
T)—x(nT)}/T. It follows that, using the simple Euler
method, (3) is approximated by the following numerical
system:

x(nT +T)=x(nT)+ Tg1(x(nT), y(nT)) (4a)
y(nT +T) = y(nT) + Tgo(x(nT), y(nT)). (4b)

This corresponds to approximate the solution of the sys-
tem at step nT + T with a value lying on the tangent
to the previous solution point, x(nT'), y(nT)—note that
(3) yields the coefficients of the tangent to any solution
point.

An explicit Runge-Kutta scheme of the second order
that has a wide field of application considers a midpoint
tangent to x(nT), y(nT), i.e., the point at coordinates

xm = x(nT) + gx/(nT) (5a)

T
wm = y(nT) + Ey’(nT). (5b)

This point is used as argument in g1 and g so as to com-
pute the tangent itself more precisely. According to this
scheme the numerical solution is given by the following
system:

x(nT +T)=x(nT)+ T g1(xm, YM) (6a)
y(nT +T)=y(nT)+ T g2(xm, ym)- (6b)

The application of the schemes (4) and (6) results in
the two dynamics expressed by the phase diagrams of
Fig. 1. Such dynamics have been plotted for three dif-
ferent initial values of the system (that can be read from
the figure) using the parameters k; = k3 = 3 x 102 and
ky =4 x 107, along with a temporal step 7 = 0.2.
The meaning of these dynamics becomes clear if we
recall that (2) has been demonstrated to yield periodic
solutions (Illner et al., 2005). Such solutions result, in
a phase diagram, in closed trajectories winding counter-
clockwise around the fixed point of the system, located
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Fig. 1. Numerical solutions (7 = 0.2) of the Lotka—Volterra system
(2) (ki =k3 =3 x 1072, ky =4 x 1075) for three different initial
conditions, respectively, using simple Euler method (grey plots) and
Runge-Kutta method (black plots).

at coordinates
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(xp, yp) = < > = (750, 750). @)
ky ko
From the theory of autonomous systems we know that
distinct trajectories never intersect. Hence, we argue that
if the iterated map computed by a numerical scheme such
as (4) or (6) jumps, step by step, over distinct trajectories
of (3), then the numerical solution will be affected by
discretization error.

Every new value computed using the simple Euler
method lies, by definition, on a straight line tangent to the
previous point with coefficients x'(nT), y'(nT)—this sit-
uation is also depicted in Fig. 2. This implies that almost
every computed new point jumps onto a trajectory that
is distinct form the previous one.

As a consequence, the simple Euler method results
in spiral trajectories progressively moving away from
the exact solution. This phenomenon is evident in Fig. 1
(grey plots) in which, for instance, the phase diagrams

X(nT+T).Y(nT+T)
Runge—Kutta

X(nT+T).Y(nT+T)
Euler

X(nT).Y(nT)

Fig. 2. Comparison between Euler and Runge-Kutta discretization
procedures.

trace about 11 oscillation periods in the case with initial
conditions x(0) = y(0) = 50.

As opposed to Euler, any new discrete point obtained
by the Runge-Kutta scheme lies upon a midpoint-
corrected tangent (again see Fig. 2). This new point falls
exactly over the same trajectory, as the phase diagrams
in Fig. 1 confirm. As a result, this scheme is error-free.

Even more accurate are fourth order explicit Runge-
Kutta schemes (Iserles, 1996). However, we have
checked that the phase diagrams coming out by using
fourth order Runge-Kutta nearly superimpose to those
obtained using the simpler, second order scheme. Hence,
we will consider the plots in Fig. 1 as references for the
following of the paper.

3. Solution by Stochastic Simulation

As we have mentioned in Section 1, the Stochastic
Simulation (also known as Gillespie’s) Algorithm has
been used to simulate (1) (Gillespie, 1977). This algo-
rithm provides an exact evolution of a Lotka—Volterra
system that is populated by a finite number of individu-
als.

The term ‘exact’ has to be intended in a stochastic
sense. In the case of Lotka—Volterra, two breakdowns of
the oscillatory behavior are possible depending on the
species disappearing first: by (1), we argue that if preys
disappear first then predators starve to death exponen-
tially; conversely, if predators disappear first then preys
reproduce indefinitely, again exponentially.

Independently of how a particular realization ter-
minates, the temporal evolution of a Lotka—Volterra
dynamics made using Gillespie exhibits an irregular
series of periodical oscillations, whose average ampli-
tude increases until they become so large that one
periodic minimum (of either preys or predators) goes to
zero. From that point the system starts evolving accord-
ing to one of the two possible situations seen above.

The Stochastic Simulation Algorithm gives an
important lesson: the structural instability of the
Lotka—Volterra dynamics cannot be avoided while work-
ing with populations. Conversely, concentrations allow
for a periodic solution. We will have to deal with this
fact while implementing our method in the discrete
domain.

4. Solution Using the Metabolic Algorithm

The metabolic algorithm has been presented in pre-
vious papers (Manca et al., 2005; Bianco et al., 2006b).
Its symbolic nature allows it to work with evolutionary
rules instead of chemical reactions, furthermore it gener-
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alizes molecular (or whatever kind of) populations into
multisets of objects (Paun and Rozenberg, 2002). Such
a formal rearrangement descends from the fact that the
metabolic algorithm is framed in the theory of P systems
(Paun, 2002), nevertheless the basic working principles
of the algorithm can be caught also by the reader who
is not familiar with formal language theory (Rozenberg
and Salomaa, 1997).

Here we will recall some basic aspects of both P sys-
tems and the metabolic algorithm, to make the paper
self-contained. Further details can be found in the cited
references, particularly about the use of the algorithm
with cooperative rules and multiple communicating reac-
tion environments.

The algorithm basic idea is that of partitioning pop-
ulations of objects at every transition of the system, and
then to send these partitions to the evolutionary rules
which transform populations into new sets of objects.
Every object belongs to a species that is labeled by a
corresponding symbol.

The size of each partition depends on the rate coef-
ficients and on the numbers of objects of all species
populating the system. These numbers, which vary dur-
ing the evolution, are contained in the state of the system
and inform the so-called reaction maps (one per rule),
whose resulting values are then weighted together in
order to find the relative “strength” of every map. The
resulting weights are finally used to determine the size
of each partition.

In a more general formulation of the metabolic algo-
rithm, the object partitions are assembled together to
form strings that are sent, in one shot, to the rules (Bianco
et al., 2005a). For the scope of the predator—prey system
we will avoid details about the way the metabolic algo-
rithm can process strings, and restrict to the following
simplified formalization.

Let us consider a construct IT = (A, S, R, F, K) in
which:

e A={ay,...,am}is aset of M symbols;

e Sis the set of states, where any state S € S gives the
cardinality S, of every symbol a in the system (the
initial state gives the cardinality of every symbol in
the system in its initial configuration);

e R=/{rq,...,rp} contains L evolutionary rules. Let
eachrulerj, j=1,...,L,beinthe formr;:a; —
Bj,inwhicha; € A and §;is astring in A*, i.e., the set
of all possible strings made over the alphabet: 8; € A*;

e F={f1,..., fL}is asetof L functions, called reac-
tion maps, respectively, associated to every rule;

e Kis aset of positive real numbers, which occur in the
definitions of the reaction maps.

All reaction maps are functions of only K and S. In this
way their values are computed from the rate coefficients
and the number of objects in the system.

To find the relative strength of a map, we weight its
value over the sum of the map values associated to rules
sharing the same reactant a. In other words, for every rule
r we compute a reaction weight W by dividing f(K, S)
by the sum of the values f;(K, S), such that a reacts in
r;. This is done according to the following equation:

fi(K,S)

Y. HKS)

i:aj=left(r;)

W; = @®)

in which left(r) gives the symbol/reactant contained in
r.
Note that Eq. (8) implies

Z Wi=1

i: a=left(r;)

Vae A. ©))

We define |B|, to be the number of occurrences of the
symbol a contained in the string 8. Now, for every a € A
the reaction weights are used to compute N(a), the num-
ber of objects a produced during a transition of the
system:

L
N@ =" 1Bilal WiSiericry - (10)

i=1

This formula is perhaps worth a comment. For every
rule r, a partition of the pool of reactants for that
rule is obtained by multiplying Siefy() by its respective
weight—Eq. (9) makes sure that, at every transition, the
system cannot consume more reactants than the avail-
able ones. The partition value computed by (8) in general
must be rounded into an integer number (for the moment
we do not address the question about how to round).
The rounded partition is then sent to the rule r, which
transforms symbol-objects of type left(r) into an equal
number of strings 8. The number of occurrences of a
in B determines the number of objects a produced by r.
By summing over all rules we finally find the number of
objects a produced during a transition of the system: this
is made using (10).

In the end, we compute the variation of the number
of objects of every symbol a € A during a transition of
the system. This number is equal to

Aa=N@— > WSl (11)

i a=left(r;)
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Similarly to (10), the rounding operation appearing in
(11) will be made clear in the following.

Eq. (11) is used to update the state. If our P system
starts at t = 0 and performs a transition every T s, then
we can look at the state as a function of the discrete time
and write

Su(nT + T) = Aa + Su(nT) (12)

for every a € A.

It must be clear that time plays no role in the metabolic
algorithm computation: in fact, the sequence S,(nT)
does not depend on the value of 7. Despite this, in the
following we will see how the granularity of the obser-
vation of the predator—prey system can be tuned using
this algorithm, and how this granularity can be put in
relationship with the discrete time.

4.1. Formalization of the predator—prey system

In formalizing the Lotka—Volterra dynamics using
the metabolic algorithm, a critical decision is left to
the experimenter about the role a substance plays in
a reaction: if it acts as a reactant then it becomes
part of the evolutionary rule accounting for that reac-
tion; conversely, if it plays a promoting role then it is
embedded in the reaction map. We recall that P systems
with catalysts and P systems with promoters have been
already proposed (Paun, 2000; Sosik, 2003; Sburlan,
2006).

Noticeably, neither (1) nor (2) help in this decision.
In fact X and Y play exactly the same role in (1), that
is, X catalyzes the transformation A — X, and Y does
the same for X — Y. Nor (2) provides further hint. So,
according to (1) or (2) we have several feasible options
depending on whether we treat X and Y as reactants
and/or promoters in our algorithm.

For instance, by treating both of them as reactants
then we would come up with two rules, 7 : AX — XX
and s : XY — YY, along with corresponding maps f, =
c1, and f; = ko (Bianco et al., 2005b). Conversely, by
treating both of them as promoters then we would come
up withtworules,r : A — Xands : X — Y, along with
corresponding maps f = c¢1Sx, and f; = kpSy. Finally,
in both cases it makes sense to represent the degradation
of Yusing arule suchas? : Y — (), and to associate this
rule to a map f; = k3.

By exploiting this degree of freedom, from the reac-
tion set (1) we draw the following conclusions:

(1) Xreactsin A+ X — 2X,andin X + Y — 2Y;

(2) Y promotes the reaction X +Y — 2Y, and it is
degraded by Y — B.

Hence, we define the following rules and correspond-
ing maps:

r:X— XX, fi=k
s: X —>Y, fs = kaSy (13)
t:Y— (), St = ks,

in which we have imported the rate coefficients of the
Lotka reactions directly.

Note that we do not need to write r as AX — XX
with f, = ¢ (remind that k; = ¢1[A]): the metabolic
algorithm would handle such a rule by transforming into
XX the minimum number of objects between A and X,
or, equivalently, the largest number of couples AX that
can be formed with the available objects (Bianco et al.,
2005a). As opposed to that, the constant injection of sub-
stance A into the reactor (or ecosystem) ensures that
there are always enough objects A in the system, and
that these objects never limit the execution of » —and,
in fact, their concentration is embedded inside k; in the
differential equation model. Hence, A can be removed
from the rule.

According to our interpretation, the first reaction in
(1) is a process in which the transformation of AX into
XX does not happen in infinitely short time. In fact a
molecule X cannot catalyze this reaction and be trans-
formed into Y by the second reaction at the same time.
This is equivalent to say that the objects X must be par-
titioned in two sets: the former is made of objects that
will be consumed by r, the latter consists of objects that
will be sent to s. Conversely, Y can both catalyze s and
be degraded by .

Notice that the interpretation we give to the first
reaction in (1) contradicts its usual physical meaning,
appearing in the differential equation model. In fact, Eq.
(2a) tells the opposite, i.e., that the pool x is entirely avail-
able both for producing new molecules X by means of
autocatalysis, and for being transformed into substance
Y by means of the second reaction in (1). We can look
beyond this apparent contradiction, by reminding that the
differential equation set (2) describes the dynamics of the
system at every infinitely short temporal step, whereas
the metabolic algorithm describes the same dynamics
in terms of subsequent assignments of objects to rules.
In this sense, the P system-based approach tells some-
thing new about the nature of a predator—prey system, at
least as far as we observe it in terms of population — not
temporal — dynamics.
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From (13) we obtain:

fr kl
Wr = =
fr + fs kl + kZSY
ky S
R L) (14)
frt fs ki +kaSy
Wt == ﬁ == 1
Ji
and, finally:
ki ko
AX=|—8x| — | —————SxSy
ki + ko Sy ki + ko Sy
) (s)
2
AY = | ———————SxSy | — Sy,
\J(] + ko Sy X YJ Y

which gives the complete information on the system
evolution using the metabolic algorithm.

As we have mentioned in Section 1, the Lotka—
Volterra system is structurally unstable. This means that,
due to the rounding operation appearing in (15), X and Y
assume values that jump over distinct solutions of (2). If
we want to check the robustness of our solution then we
must allow the system (15) to evolve over real numbers.
In the real domain Eq. (11) becomes

L
Aa =" "(IBila — Neft(ry)a) WiSiesicry- (16)
i=1

Similarly, the state variation is obtained by removing
the rounding operations in (15) in a way that the system
evolves according to the following set of equations:

2k

x(nT +T)= Ax+x(nT) = m x(nT)
(17a)
_ _ koy(nT)
ynT +T)=Ay+ y(nT) = K + kay(nT) x(nT)
(17b)

in which we have deliberately denoted the state of the
system using lower-case variables, such those seen in (4)
and (6), to specify that it is made of real numbers.

The simulation of this predator—prey system by means
of the metabolic algorithm gives the phase diagrams in
Fig. 3, that have been obtained using the same parame-
ters and initial conditions as those for Euler and Runge-
Kutta.

Even a superficial comparison with Fig. 1 reveals
major differences between the solution obtained using
the metabolic algorithm and those obtained using tradi-
tional schemes, particularly with initial condition x(0) =
¥(0) = 50. The evolution obtained using the metabolic

X©)=Y(0)=50

predators (Y)
[

SRR CTRRIR. SRR PR

0 1 2 3 4 5 6
preys (X) x 10

Fig. 3. Numerical solutions of the Lotka—Volterra system (k| = k3 =
3 x 1072, ky =4 x 103 ) for three different initial conditions, using
the metabolic algorithm without rounding (15).

algorithm, then, asks for a deeper inspection of its
dynamics.

Fig. 4 shows, respectively, in black and grey, plots
of the number of predators and preys along 1000 tran-
sitions of the P system. These plots disclose that the
evolution visible from the phase diagrams is the macro-
scopic result of a micro-evolution made of continuous
jumps to zero followed by climbs to large values. As
we will see in the next paragraphs, such an evolution
depends on the granularity of the observation chosen for
the simulation, and can be manipulated by varying this
granularity.

x 10

preys
predators

populations
w

0 200 400 600 800 1000
step

Fig. 4. Number of predators (black plot) and preys (grey plot) along
1000 transitions of the P system, without rounding (k; = k3 =3 x
1072, ky = 4 x 1073, x(0) = y(0) = 50).
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4.2. Granularity of the observation

The rule set (13), along with the weights (14), implies
that all individuals of both species must take part in
the reaction at every transition of the system. In par-
ticular, W; = 1 tells that all predators die “in one shot”
independently of the value taken by f;. This means that
our observation of the system is coarse-grained: in prac-
tice we trigger the P system when all objects have been
assigned to a rule.

What happens if we refine our inspection of the sys-
tem? Must we expect an effect similar to that happening
when, in a numerical scheme, we reduce the temporal
step (i.e., the value of 7), or something else?

A change in the granularity of the observation is
straightforward to implement in the metabolic algo-
rithm. The idea behind is to reduce the size of the
“active” partitions, by including in the partition set spe-
cific classes containing objects that are transformed into
themselves.

Let us consider an inertial rule (Bianco et al., 2005a),
i.e.,arulein the formu : a — a witha € A. As opposed
to a classic evolutionary rule, due to its structure an iner-
tial rule cannot vary the number and type of objects in
the system. In spite of this, by (8) it competes with other
rules having form @ — B: the larger the value of f, dur-
ing a transition of the system, the larger the number of
objects a “frozen” by u at the same transition. In the limit
fu = oo, all such objects are cut off from the system
evolution.

Interestingly, we could avoid the introduction of iner-
tial rules by choosing to build our predator—prey model
upon P systems with linked transport, provided with an
additional non-reactive (i.e., rule-free) membrane aside
of the membrane where the reaction takes place (Paun
and Rozenberg, 2002). In this case it would be sufficient
to put in the non-reactive membrane a sufficiently large
amount of objects X and Y, and provide the reactive mem-
brane with two antiport rules such as (X, out; X, in) and
(Y,out;Y,in) in place of the inertial rules, having the same
reaction maps as those, respectively, used for the iner-
tial rules. The two antiport rules would in fact send the
“frozen” objects to a non-reactive environment, mean-
while recalling objects of the same species back to the
membrane where the next reaction step is going to take
place. Concerning how large the amount of objects in
the non-reacting membrane should be, a study aimed at
considering the question in detail should be attempted
since, as it can be seen by the first rule in (13), the pro-
duction of objects X in the reactive membrane admits
cases in which the number of preys increases unlimit-
edly.

Other classes of P systems might probably serve the
purpose of inertia in more or less the same way as P
systems with linked transport would do. On the other
hand, the use of inertial rules makes perhaps the system
dynamics easier to be visualized as far as a single reactor
is used. Hence, we will stick to inertial rules from here
on while considering to express inertia in the context of
P systems with linked transport in a future work.

We can change the granularity of the observation
of the predator—prey system by including the following
inertial rules in (13):
u:X—> X f,constant

(18)
v:Y—Y f,constant.
Now, if we push f;, and f, jointly toward infinity, then
we have to expect that the variation in the number of
predators and preys over a system transition becomes
infinitely small. The following proposition establishes
a relationship between this variation and the limit for
infinitely small time of the incremental ratios Ax/At
and Ay/ At that give origin to the system (2).

Proposition 1. The dynamics of a P system running the
metabolic algorithm, provided with rules and reaction
maps as in (13) and (18), asymptotically converges to the
solution of the ODE system (2) as soon as f, = f, —
0.

Proof. Letus extend the rule set (13) by adding u and v
as in (18). Then, (14) generalizes into the following set
of weights:

_ fr _ kl
' fr‘l’fx"‘fu k]+k2SY+fu
koS
= fs _ 20Y (19)
fr+ft‘|’fu k1+kZSY+fu
k
WI = ﬁ = 3 .
ft + fu k3 + fu
Accordingly, (15) becomes
AX—L ul S J { k2 SxS J
T lktkSy+ £ Lk tkeSy+ £
AY—{ k2 SSJ {’Q SJ
Tk tkeSy+ £ T e AT
(20)
Hence, (17) can be rewritten in the following way:
k
x(nT + T) = x(nT) + d(n]T)x(n T)
© Ty (2la)
— x(n n a
dny Y
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Fig. 5. Phase diagrams of the predator—prey system (k; = k3 =3 x
1072, kr =4 x 10’5) for three different initial conditions, using (22)
(fu = fu = 5, black plots) and (6) (T = 0.2, grey plots).

ka
d(nT)

ynT +T)=ynT)+ x(nT)y(nT)

3
it /o y(nT) (21b)
with dnT) = k; + koy(nT) + f,.

Eq. (21) establishes a relation between two subse-
quent transitions of the P system which does not depend
on a time reference. In other words, it is true at every
time #:

_ ke ke
x(t+T)=x(t)+ d(t)x(t) d(t)x(t)y(t) (22a)
(+T) = (O + 2 x(y) — —2— 3. (22b)
Y RN Tr A AR
5000
4500 _..‘ ..... | TR [ lL .Il. : !
preys
""""" predators| 7

Ai)

step

For sufficiently large values of f, and f, the approxi-
mations d(t) & f, and k3 + f, =~ f, can be used inside
(22):

u u

x(t+T)~ x(t) + %x(t) - %x(t)y(t) (23a)

k k
W+ T) & () + —x(@Oy(1) — > y(0). (23b)

Ju fo

If we equate f, and f, by setting f, = f, = 1/T, then
(23) can be rewritten as

x(t +T) = x(1) + T{k1x(1) — kox(1)y(1)} (24a)
Yt +T) =~ y(t) + T{kox(1)y(t) — k3 y(D)}. (24b)

Now, if f;, and f, gotoinfinity (e.g., the granularity of the
observation becomes infinitely fine) the approximations
turn into equalities and we get

x(t+T)—x(t)

}@Oﬁ = x'(t) = k1x(r) — kox(0)y(t)
T —_
%iinoy(t—i_—;y(t) =Y'(t) = kox(®)y(t) — k3 y(t).

(25)
Hence, (22a) and (22b) solve (2). [l

However, we must never forget the difference exist-
ing between the concept of granularity of observation
in the metabolic algorithm and in traditional numerical
schemes: the former splits populations, the latter time.

This difference has practical consequences in the sim-
ulations. Firstly, the two approaches yield similar (but
never identical!) results only if the following conditions
hold:

5000 T
4500 41 BT BT e v [
4000 F || e

3500 |-

2

5 3000
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< 2500}
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8 2000 I
1500 1
1000 | |

500 -

step

Fig. 6. Evolution of the predator—prey system (k; = k3 =3 x 1072, k =4 x 1075, x(0) = y(0) = 50) obtained using the metabolic algorithm

(fu = fv =5, left) and Runge-Kutta (7 = 0.2, right).
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o all the inertial rules have identical reaction maps;

e at every transition of the system such maps are large,
compared to those being associated to the other (evo-
lutionary) rules;

e every transition of the P system is supposed to span a
time lasting T = 1/f, = 1/fys.

For these reasons, a temporal reading of the species
evolution in the P system is in theory open to objec-
tions (i.e., correct only in the limit of infinitely fine
granularity of the observation), and in practice prone to
non-negligible simulation error.

Secondly, it is interesting to note that the granu-
larity of the observation has a finite upper bound in
correspondence of f, = f, = 0. As we have seen in
Section 4, this choice corresponds to send all objects to
non-inertial evolutionary rules at every transition of the
system.

As opposed to substance-based granularity, time-
based granularity is not upper bounded since 7 can
range in principle toward infinity. However, we must
remember that deterministic simulation methods com-
pute discrete molecular dynamics exactly only if the
populations are indefinitely large (Gillespie, 2001).
Under this assumption, a P system in which inertial rules
are absent transforms infinitely many objects at every
transition as a numerical scheme would do by setting
T = oco.

Eq. (24) also tell that, in practice, comparable granu-
larity can be obtained by setting the values of the inertial
rule maps to the same magnitude order as the inverse of
the temporal step size. In the simulations using Runge-
Kutta, reported in Fig. 1, it was T = 0.2.

Fig. 5 shows, in black color, the results obtained by
parametrizing the metabolic algorithm with the same val-
ues used for Runge-Kutta, and with f, = f, = 1/T =
5. For ease of comparison the plots obtained with Runge-
Kutta are repeated in grey lines. An inspection of these
plots confirms that the behavior of the simulations agrees
with the conclusions we have drawn based on the obser-
vation of the equations.

Subtle differences exist in the amplitudes (this fact
is visible in the diagrams of Fig. 5, from which we
can see that the metabolic algorithm produces slightly
wider amplitudes) and also in the oscillation periods:
Fig. 6 in fact shows that the oscillations obtained
using the metabolic algorithm starting with initial con-
ditions x(0) = y(0) = 50 (left plot) are slightly slower
than those obtained with Runge-Kutta, with the same
initial condition and using identical parameters (right

plot).

5. Evolution with Discrete Populations
So far we have observed two facts:

e the metabolic algorithm leads to a robust solution of
the Lotka—Volterra system;

e by refining the granularity of the observation, this
solution converges to that obtained with traditional
numerical schemes.

We have come up to such conclusions by computing
with real numbers. This corresponds to consider frac-
tions of objects if we work in finite-arithmetic precision.

On the other hand, the structural instability of the
Lotka—Volterra equations prevents from predicting the
system evolution when the state is defined over integer
numbers. In fact, if we look at a rounding operation as
to a small perturbation injected into our system, then
by definition of structural instability we know that the

3500 -

3000 | L Hosvozso

2500

2000 _ NG

predators (Y)
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Fig. 7. Phase diagram (above) and evolution (below) of a realization
of the predator—prey system using the metabolic algorithm (k1 = k3 =
3x 1072, ky =4 x 1073, f, = f, =5, X(0) = Y(0) = 250).
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system in general will not respond to this perturbation
with a proportionally small deviation of the solution from
the original (unperturbed) trajectory (Iserles, 1996). In
a few words, the Lotka—Volterra system is not resilient
against small perturbations.

In the field of digital signal processing, rounding
effects are modeled (if possible) using Gaussian noise
sources (Oppenheim and Schafer, 1989). In fact, theo-
rems exist which prove the equivalence of the rounding
operation with an injection of Gaussian noise to the
system holding the hypothesis of small perturbations
(Oppenheim and Schafer, 1989). Unfortunately such the-
orems are not valid for our system, since situations occur
in which few individuals populate it: in this case round-
ing introduces relatively large perturbations, that cannot
be modeled as an additional noise source.

Our rounding procedure tries to imitate the additional
noise model in a way that an integer value X resulting
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Fig. 8. Phase diagram (above) and evolution (below) of an unstable
realization of the predator—prey system using the metabolic algorithm
(ki =k3=3x10"2 k=4 x 1075, f, = f, =5, X(0) = Y(0) =
250).

from this procedure resembles, as much as it can, the
outputx of a system perturbed by a Gaussian noise source
w. The procedure is made of the following steps:

(1) the value w, of a Gaussian random process
(Oppenheim and Schafer, 1989) with null mean and
standard deviation equal to (.25 is generated;

(2) if lwy| > 0.5 then the magnitude of w, is truncated
to 0.5;

(3) the integer value X is obtained by rounding the sum
X + wy to the nearest integer: X = |x + wy].

In this way the evolution of the P system is non-
deterministic, meanwhile at every transition the number
of objects populating the system results by rounding a
real number which includes the presence of Gaussian
noise.

Fig. 7 shows simulation results, both in terms of phase
diagrams (left plot) and species evolution (right plot), of
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Fig. 9. Phase diagram (above) and evolution (below) of a realization
of the predator—prey system using Runge-Kutta (k; = k3 =3 x 1072,
ky=4x1075, f, = f, = 5, X(0) = Y(0) = 250).
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a realization of the Lotka—Volterra system based on the
following modified version of (20):

k1Sx
ki +koSy + fu

\‘ ko Sx Sy J
— T tws|,
ki + kaSy + fu

ko Sx Sy J
L IXOY
ki + k2 Sy + fu

\‘ k3 Sy
k3 + fv

in which w,, w; and w; are Gaussian random processes.
Preys eventually drop to zero, or diverge. Fig. 8 shows
an example in which both species drop to zero after about
10° transitions of the system due to the death of preys.
The reader may still wonder whether a rounded ver-
sion of Runge-Kutta leads to similar results. The answer

ax=| +u,|

ar=|

+ w,J , (26)
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Fig. 10. Phase diagram (above) and evolution (below) of an unstable
realization of the predator—prey system using Runge-Kutta (k1 = k3 =
3x 1072, ky =4 x 1073, f, = f, =5, X(0) = Y(0) = 250).

is positive: by modifying Eqgs. (6a) and (6b) in this way:
x(nT +T) = x(nT) + [T g1(xm, ym) + wx] (27a)
ynT +T) = y(nT)+ |T g2(xm, ym) +wy],  (27b)

with the usual meaning of the operator | |, and wy and
wy being Gaussian random processes, then we come
up with the results depicted in Figs. 9 and 10, respec-
tively, in the case when preys survive and die within the
observed range, using the same parameters and initial
conditions as those employed to produce the plots in
Figs. 7 and 8.

At this point, it is not surprising that a simulation
based on Gillespie’s algorithm leads to results that are
similar to those presented in Figs. 7-10 (Gillespie, 1977).
These results, in fact, are affected by the same structural
instability as those obtained by the metabolic algorithm
as well as the rounded Runge-Kutta scheme.

6. Conclusions

In this study we have shown the capability of a P
system, evolving according to the rules provided by the
metabolic algorithm, to come up with correct and robust
simulations of the Lotka—Volterra dynamics.

The rule set used in the P system adds insight on
the behavior and nature of the species populating the
ecosystem, as far as this dynamics is looked at as a
series of subsequent partitions of populations and not
as a temporal evolution of the system state.

Correctness has been demonstrated by comparing the
results of simulations made with a P system, modified
to handle fractions of objects, to figures taken from an
explicit Runge-Kutta numerical scheme whose reliabil-
ity in solving Volterra’s differential equations has widely
been recognized.

Robustness has been addressed in the inherent stabil-
ity limits of Lotka’s reaction set, by comparing the results
obtained with the P system with those found by Gille-
spie as well as by restricting the Runge-Kutta scheme to
process integer numbers.

In order to let the metabolic algorithm work over
discrete populations of objects we had to implement a
rounding procedure, that can be shown to be equiva-
lent to adding Gaussian noise to the system only when
the number of objects in the system is large. Such
a procedure will probably become unnecessary in a
future version of the algorithm, in which finite popu-
lations are expected to be processed instead of finite
concentrations, the same way as it happens in stochastic
algorithms.
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