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We study a measurement-free, untyped A—calculus with quantum data and classical
control. This work stems from previous proposals by Selinger and Valiron and by Van
Tonder. We focus on operational and expressiveness issues, rather than (denotational)
semantics. We prove subject reduction, confluence and a standardization theorem.
Moreover, we prove the computational equivalence of the proposed calculus with a
suitable class of quantum circuit families.

1. Introduction

Quantum computing was conceived at the beginning of the eighties, starting from an idea
by Feynman (Feynman 1981). It defines an alternative computational paradigm, based
on quantum mechanics (Basdevant & Dalibard 2005) rather than digital electronics.
The first proposal for a quantum abstract computer is due to Deutsch, who introduced
quantum Turing machines (Deutsch 1985). Other quantum computational models have
been subsequently defined by Yao (quantum circuits, (Yao 1993)) and Knill (quantum

random access machines, (Knill 1996)). There are also other models of quantum
computations, e.g. measurement—based (Danos et al. 2007), adiabatic (Aharonov et al.
2007).

The introduction of quantum abstract machines made it possible to develop a com-
plexity theory of quantum computation. One of the most important result in quantum
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complexity theory has been obtained by Shor, who showed that integers can be factorized
in polynomial time (Shor 1994). We would like to stress also the importance of Grover’s
algorithm (Grover 1999) that definitely improves on the best classical complexity.

Nowadays, what are the main challenges in quantum computing? A lot of research
is being devoted to understanding whether quantum computation can provide efficient
algorithms for classically intractable problems. In the last years, the impressive results
obtained in this area (e.g. Shor’s fast factoring algorithm) have stimulated the develop-
ment of quantum programming languages. The situation is not as easy as in the classical
case. In addition to the concrete technical problems (up to now it is difficult to build
even very simple quantum circuits), there is the necessity of developing adequate calculi
of quantum computable functions. In particular, it is not clear how the idea of having
functions as “first-class citizens” can be captured in a quantum setting. Indeed, quan-
tum circuits and quantum Turing machines (the most widely known models of quantum
computation) are essentially “first-order”.

This paper is an attempt to give a contribution to the definition of a measurement-free
quantum computational model for higher—order—functions.

The first attempt to define a quantum higher—order language has been done (to the au-
thors’ knowledge) in two unpublished papers by Maymin (Maymin 1996; Maymin 1997).
Selinger (Selinger 2004) rigorously defined a first-order quantum functional language. An-
other interesting proposal in the framework of first-order quantum functional languages
is the language QML (Altenkirch & Grattage 2005). Arrighi and Dowek has recently
proposed an interesting extension of A—calculus with potential applications in the field
of quantum computing (Arrighi & Dowek 2006).

Focusing on higher-order functional programming languages, at least two distinct foun-
dational proposals have already appeared in the literature: that by Selinger and Val-
iron (Selinger & Valiron 2006) (see also an interesting extension proposed by Perdrix (Per-
drix 2005)) and the one by Van Tonder (van Tonder 2004). These two approaches seems
to go in orthogonal directions: in the language proposed by Selinger and Valiron data
(registers of qubits) are superimposed while control (lambda terms) is classical, whereas
the approach of Van Tonder at a first glance seems to be based on the idea of putting
arbitrary A—terms in superposition. But, is this the right picture? In order to give an
answer, let us examine more closely the two approaches.

Selinger and Valiron’s Approach. The main goal of the work of Selinger and Valiron is
to give the basis of a typed quantum functional language (with types in propositional
multiplicative and exponential linear logic). The idea of Selinger and Valiron is to have
defined a language where only data are superposed, and where programs live in a standard
classical world. In particular, it is not necessary to have “exotic” objects such as A—terms
in superposition. The approach is well condensed by the slogan: “classical control +
quantum data”. The proposed calculus, here dubbed Ay, is based on a call-by-value A—
calculus enriched with constants for unitary transformations and an explicit measurement
operator allowing the program to observe the value of one of the quantum data.
Unfortunately, the expressive power of Ay, has not been studied yet. The crucial issue
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is the following: can we compare the expressive power of A\, with that of any well known
computational model (e.g. quantum Turing machines or quantum circuits families)?

Van Tonder’s Approach. The calculus introduced by Van Tonder (van Tonder 2004),
called A4, has the same motivation and a number of immediate similarities with Ay,
noticeably, the exploitation of linear types in controlling both copying and erasing of
terms.

But there is a couple of glaring differences between A\, and A,,. In fact it seems that
Aq allows by design arbitrary superpositions of A-terms. In our opinion the essence of
the approach of Van Tonder is in Lemma 5.1 of (van Tonder 2004), where it is stated
that “two terms M, N in superposition differ only for qubits values”. Moreover, if M
reduces to M’ and N reduces to N, the reduced redex in M is (up to quantum bits)
the same redex reduced in N. This means A, has classical control, too: it is not possible
to superimpose terms differing in a remarkable way, i.e. terms with a different compu-
tational evolution. Moreover, in A\, measurement is not internalised, i.e. there is not any
measurement operator as in Ag,,.

The weak point of Van Tonder’s paper, is that some results and proofs are given too
informally. In particular, the paper argues that the proposed calculus is computation-
ally equivalent to quantum Turing machines without giving a detailed proof and, more
importantly, without specifying which class of quantum Turing machines is considered
(this is not pedantry). But clearly, such a criticism does not invalidate the foundational
importance of the approach.

Our Proposal

In order to avoid possible misunderstandings, we start by stressing what our proposal is
not.

e We do not propose a new computational paradigm. Indeed, we adopt the paradigm
“quantum data and classical control” as proposed by Selinger and Valiron (and, im-
plicitly, by Van Tonder); we extensively develop such a paradigm showing its poten-
tiality from a computation-theoretic point of view. Moreover, we start our study with
a measurement-free calculus, in this sense following Van Tonder.

e We do not propose a programming language. Our emphasis is on computability, not
on the development of more or less concrete programming languages (exactly as for
pure A—calculus, that is not a programming language, but a calculus of computable
functions). The development of quantum functional languages is certainly interesting,
but is not our concern here.

Having clarified these facts we are ready to give an answer to the main question: what is
our proposal? Our goal is to make a deep investigation on the “quantum data and classical
control” paradigm in absense of measurement. In this sense, this paper can be seen both
as a continuation and an extention of the two proposals we have just described.

e It is a continuation , because we propose a quantum A—calculus with classical control
and quantum data. We use a syntax for terms and configurations inspired by that of



Ugo Dal Lago, Andrea Masini, Margherita Zorzi 4

Selinger and Valiron and moreover we implicitly use linear logic in a way similar to
Van Tonder’s A,.

e It is an extension, because we have focused on the operational and expressiveness
study of the calculus.

The Operational Study. Even if the proposed calculus is untyped term formation is con-

strained by means of well forming rules (the structure of terms is strongly based on the

formulation of Linear Logic as proposed by P. Wadler in (Wadler 1994)). In order to

be correct wrt term reduction we have proved a suitable subject reduction theorem. The

calculus we introduce here is not endowed with reduction strategy (it is neither call-by—

value nor call-by—name). We prove confluence, which holds in a strong sense. Noticeably,

a configuration (the quantum generalization of a term) is strongly normalizing iff it is

weakly normalizing. Another remarkable feature of the calculus is given by the (quantum)

standardization theorem. Roughly speaking: for each terminating computation there is

another “canonical”, equivalent, computation where computational steps are performed

in the following order:

1. first, classical reduction: in this phase the quantum register is empty and all the
computations steps are classical;

2. secondly, reductions that build the quantum register;

3. and finally quantum reductions, applying unitary transformations to the quantum
register.

We think that standardization sheds some further light on the dynamics of quantum

computation.

The Expressiveness Study. An important issue is the real expressive power of the pro-
posed calculus. In particular: what is the relationship between this calculus and other
quantum computing systems, such as quantum Turing machines (¢ la Vazirani and
Berstein) and Quantum Families of Circuits (remember that the two formalisms have
been showed to be equivalent (Nishimura & Ozawa 2002))? In order to face the expres-
sive power problem, we prove the equivalence between our calculus and quantum circuit
families. To our knowledge, it is the first time such a study has been done in a detailed
and rigorous way for a quantum A—calculus. The equivalence proofs are based on the
standardization theorem and on suitable encodings.

On the Absence of Measurement Some words on the absence of an explicit measurement
operator are now in order (see Section 8 for a more detailed discussion). A main concern
of our proposal is about the absence of measurement, in the spirit of other quantum com-
putational models like quantum circuits and quantum Turing machines. This is obviously
a limitation of our system. Indeed, there is no doubt that any respectable quantum pro-
gramming language should have a built-in measurement construct (indeed Selinger and
Valiron equipped their call-by—value quantum language with a measurement operator).
The possibility of making measurement is a key feature of any (quantum) programming
language, because it simplifies the writing of programs.
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On the other hand, the absence of measurement is a feature of standard quantum
computability systems, such as QTM and the quantum circuit model. In all such systems
there is no evidence how to directly code algorithms where classical computational steps
depend on measurements (see e.g. the Shor’s factoring algorithm), not to say of infinite
quantum computations, where, it is possible to perform infinite sequences of quantum
steps interleaved by measurements. But explicit measurement is not really needed in a
calculus for total quantum computable functions: it is well known that any total quantum
function can be formulated without introducing an explicit measurement operator. In
practice it is possible to make a unique implicit measurement at the end of computation
(see e.g. (Bernstein & Vazirani 1997), pag. 1420, (Nielsen & Chuang 2000) pages 185
187 and the introductory sections of (Selinger 2004) and (Selinger & Valiron 2006)).
We have adopted this point of view, assuming a unique implicit measurement at the
end of computation.  And we will prove that, even in the absence of measurement, a
computationally complete calculus is obtained.

This is just the first step in a long-term research effort oriented towards better under-
standing of the expressive power of higher-order quantum computational models.

Why “A—calculus”? We have chosen A—calculus as a basis of our proposal for a number

of reasons:

e first of all, quantum computability and complexity theory are quite underdeveloped
compared to their classical counterparts; in particular, there is almost no result relat-
ing classes of (first-order) functions definable in pure and typed A—calculi with classes
of functions from computability and complexity theory (in contrast with classical
computability theory (Kleene 1936));

e we believe that the higher—order nature of A—calculi could be useful in understanding
the interactions between the classical world (the world of terms) and the quantum
world (quantum registers). Those interactions are even stronger in presence of
measurement.

The Structure of the Paper

The paper is structured as follows:

e in Section 2 we give the mathematical background on Hilbert Spaces (in order to
define quantum registers);

e in Section 3, a A\—calculus, called the Q, is introduced. The Q has classical control
and quantum data. The calculus is untyped, but is equipped with well-formation
judgments for terms;

e in Section 4, we syntactically study the Q by means of a suitable formulation of
subject reduction theorem and confluence theorems;

e in Section 5, we give some example of terms, configurations and computations;

e in Section 6, a further result on the dynamics of the Q is given by means of a stan-
dardization theorem (as explained above);

e in Sections 7, we study in detail the equivalence of the Q with Quantum Circuit
Families;
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e in Appendix we recall the basic notion about Hilbert spaces.

2. Mathematical Structures

This section is devoted to mathematical preliminaries. Clearly, we cannot hope to be
completely self-contained here. See (Nielsen & Chuang 2000) for an excellent introduction
to quantum computation and information.

2.1.  Quantum Computing Basics

We informally recall here the basic notions on qubits and quantum registers (see (Nielsen
& Chuang 2000) for a detailed introduction). In the next subsection such notions will be
(re)defined in a rigorous way. The basic unit of quantum computation is called quantum
bit, or qubit for short . The more direct way to represent a quantum bit is a unitary
vector in the 2-dimensional Hilbert space C2. Let us denote with |0) and |1) the elements
of an orthonormal basis of C2.

The states |0) and |1) of a qubit correspond to boolean constants 0 and 1, which are
the only possible values of a classical bit. A qubit, however, can assume other values,
different from |0) and |1). In fact, every linear combination |[¢) = «|0) + 3|1) where
a,B € C, and |a]? + |8]? = 1, can be a possible qubit state. These states are said to be
superposed, and the two values « and ( are called amplitudes.

While we can determine the state of a classical bit, for a qubit we can not establish with
the same precision its quantum state, namely the values of o and §: quantum mechanics
says that a measurement of a qubit with state a|0) + §|1) has the effect of changing the
state to |0) with probability |a|? and to |1) with probability |3]2.

In computational models, we need a generalization of the notion of a qubit, called a
quantum register (Nishimura & Ozawa 2002; Selinger 2004; Selinger & Valiron 2006; van
Tonder 2004). A quantum register of arity n is a normalized vector in ®7_,C?.

We fix an orthonormal basis of ®7 ;C?, namely {|i) | i is a binary string of length n}.
For example 1/1/2|01) 4+ 1/1/2]|00) € C? ® C? is a quantum register of two qubits.

An important property of quantum registers of n qubits is the fact that it is not al-
ways possible to decompose them into n isolated qubits (mathematically, this means
that we are not able to describe the global state as the tensor product of the single
states). These particular states are called entangled and enjoy properties that we cannot
find in any object of classical physics. If (the state of) n qubits are entangled, they be-
have as connected, independently of the real physical distance. The strength of quantum
computation is essentially based on the existence of entangled states.

2.2. Hilbert Spaces and Quantum Registers

Even if Hilbert spaces of the shape ®7_,C?(~ (Czn) are commonly used when defining
quantum registers, other Hilbert spaces will be defined here (in order to help the reader
we give in the appendix all the needed general notions on Hilbert spaces). As we will see,
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they allow to handle very naturally the interaction between variable names in A-terms
and superimposed data.

A quantum variable set (qus) is any finite set of quantum variables (ranged over by
variables like p, r and q).

Usually, qubits of quantum registers are referred by means of their ordinal position
(the i-th qubit, ...); in the proposed approach it is more useful to give names to qubits.
Given a qus, V, a quantum register will be a function ¢ : {0, 1}V — C (namely, an assign-
ment of an amplitude to each classical valuation f € {0,1}) s.t. 2 aed[{0,1}V] lal? =1
(normalization condition).

The set of quantum registers (for a given qvs V) are in practice normalized vectors of
a finite dimensional Hilbert space H (V) defined in the following way.

Definition 1 (Hilbert Spaces on V). Let V be a gvs (possibly empty) of cardinality
#V = n, with H(V) = {¢ | ¢ : {0,1}V — C} we will denote the Hilbert Space of
dimension 2" equipped with:
i. An inner sum + : H(V) x H(V) — H(V) defined by (¢ + ¥)(f) = o(f) + ¥ (f);
il. A multiplication by a scalar - : C x H(V) — H(V)
defined by (c-¢)(f) = c- (¢(f));
iii. An inner product { , ): H(V) x H(V) — C
defined by (p.4) = &y o0 £V U,

The space is equipped with the orthonormal basis B(V) = {|f) : f € {0,1}V}.T We
call standard such a basis. For example, the standard basis of the space H({p,q}) is
{lp=0,¢=0)p—=0,¢g=1)[p—1,¢=0)[p—1qg—1}

Let V'NV" = (. With H(V")@H (V") we denote the tensor product (defined in the usual
way) of H(V') and H(V"). If BV') = {|fi) : 0 <i < 2"} and B(V") ={|g;) : 0 < j < 2™}
are the orthonormal bases respectively of H(V') and H(V”) then H(V') @ H(V") is
equipped with the orthonormal basis {|f;) ® |g;) : 0 <7 < 2,0 < j < 2™}. We will
abbreviate |f) ® |g) with |f,g). If V is a qvs, then I is the identity on H(V), which is
clearly unitary.

It is easy to show that if V' NV"” = () then there is a standard isomorphism

HOV') @ HOV") = HV' UV").

In the rest of the paper we will assume to work up-to such an isomorphism?.
As for the case of C?", we need to define the notion of a quantum register.

Definition 2 (Quantum Register). Let V be a qvs, a quantum register is a normalized

vector in H(V).

In particular if @' € H(V') and Q" € H(V") are two quantum registers, with a little
abuse of language (authorized by the previous stated isomorphism) we will say that

1) : {0,1}Y — C is defined by: |f>(9):{ ég}c;i

¥ in particular, if @ € H(V), r € V and |r — c) € H({r}) then
Q ® |r — ¢) will denote the element is(Q & |r — ¢)) € H(V U {r})
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Q' ® Q" is a quantum register in H (V' UV"). In the rest of the paper we will denote with
1 the empty quantum register (that belongs to H(0)).

Quantum computing is essentially based on the application of unitary operators to
quantum registers. A linear operator U : H(V) — H(V) is called unitary if for all ¢, €
H(V), ({U(®),U())) = (p,1). The tensor product of unitary operators is defined as
follows: (U@ V)(¢ @ ¢) =U(¢) @ U(¥).

But which unitary operators are available in Q? We here assume that unitary op-
erators can be chosen from U, an arbitrary but fixed set of unitary operators, called
elementary operators. Clearly, the expressive power of Q depends on this choice. If one
want, for example, to capture Quantum Turing machines in the style of Bernstein and
Vazirani (Bernstein & Vazirani 1997), one could fix U to be the set of so-called com-
putable operators. On the other hand, the expressivity results in this paper relates Q
and quantum circuit families; clearly, those that can be captured by Q terms with ele-
mentary operators in U are precisely those (finitely) generated by U.

Let U : C*" — C?" be an elementary operator and let (qoy---,qn—1) be any se-
quence of distinguished variables. U and (qo, . .., ¢,—1) induce an operator Uy . q. ) :

H{qo,---qn-1}) = H({qo, - - ., qn-1}) defined as follows: if | f) = |q;, — bjo,-- -1 ¢jn_, —
bj,_,) is an element of the orthonormal basis of H({qo,...,qn—1}), then

def
U(Q(Jauw(]n—l) |f> = U|bj07 T bjn—1>'
Let V' = {qi,,---,4i,} C V. We naturally extend (by suitable standard isomorphisms)
the unitary operator Uy, g,y H(V') — H(V') to the unitary operator Uy, .45, )
H(V) — H(V) that acts as the identity on variables not in V' and as U, y on
variables in V'.

Qjg s> q4p,

Example 1. Let us consider the standard operator
cnot : C2 @ C? — C? @ C2

Intuitively, the cnot operator complements the target bit (the second one) if the control
bit is 1, and otherwise does not perform any action:

cnot|00) = ]00) cnot|10) = |11)
cnot|[01) = |01) cnot|1l) = [10)

Let us fix the sequence (p, ¢) of variables, cnot induces the operator

CnOt((p,q)> : H({pa Q}) - H({p7Q})

such that:
cnot gy lg — 0,p—0) = [g+ 0,p— 0);
cnot(, ylg—0,p—1) = |¢g—1,p—1);
cnot(, g 1,p—=0) = [g— 1,p 0);
cnot(, lg— L,p—1) = |g—0,p— 1).
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Please note that |q — ¢1,p — c2) = |p — ca2,q — ¢1), since the two expressions denote
the same function. Consequently cnot(, o1y|q — c1,p — c2) = cnot, o |p — c2,q —
c1). On the other hand, the operators cnot, .y and cnot vy are different: both
act as controlled not, but cnot, 4, uses p as control bit while cnot )y uses ¢. In

general, when writing U, , the order in which the variables appear in the subscript

yersPn )
matters.

3. The Syntax of Q
3.1. A Gentle Introduction

As written in the introduction, this paper is based on the paradigm quantum data and
classical control as developed by Selinger and Valiron (Selinger & Valiron 2006).

The proposed quantum A—calculus is based on the notion of configuration (a reformu-
lation of the concept of program state (Selinger & Valiron 2006)).

A configuration is a triple [Q, QV, M] that gives a full instantaneous description of
the state of a quantum program, where M is a term from a suitable grammar, Q is a
quantum register, QV is a set of quantum variables (a superset of those appearing in
M). Configurations can evolve in two different ways:

e First of all, configurations can evolve classically: the term M is modified, but Q and
QV are not touched. In other words, the reduction will have the following shape:

(Q,QV, M] — [Q,QV, N]

where the only relevant component of the step is the A-term M. In this class of

reductions we have all the standard A-reductions (e.g. f-reduction).

e Configurations, however, can evolve non-classically: the term M and the quantum
register will interact. There are two ways to modify the underlying quantum regis-
ter:

1. The creation of a new quantum bit, by reducing a term new(c) (where c is a classical
bit). Such a reduction creates a new quantum variable name (a classical object)
and a new qubit added to the quantum register. The new quantum variable name
is a kind of pointer to the newly created qubit. A new reduction has the shape:

[Q, QV, M| —new [Q', QV', N]

where N is obtained by replacing in M the redex new(c) with a (fresh) variable
name r, Q' is the new quantum register with a new qubit referenced by r and QV’
is simply QV U {r}.

2. The application of a unitary transformation to the quantum register. This compu-

tation step consists in reducing a term U(rq,...,r,), where U is the name of an
unitary operator and rq,...,r, are quantum variables. A unitary reduction has
the shape:

[Q, QV, M| —yq [, QV, N]
where Q"is Uy, ... r.y) @ and N is obtained by replacing in M the redex U(ry,...,7ry)
with (r1,...,7).
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3.2. On Linearity

One of the main features of our calculus (and in general of quantum languages) is linearity,
where with linearity we mean that a term is not duplicable nor erasable. In the proposed
system, linearity corresponds to the constraint that in every term Ax.M there is exactly
one free occurrence of the variable x in M This way we are able to guarantee that the
“non cloning and non erasing property” is indeed satisfied. Indeed, whenever (A\z.M)N
and x occurs (free) exactly once in M, the quantum variables in (Az.M)N are exactly
the ones in M{N/z} and if any quantum variable occurs once in the redex, it will occur
once in the reduct, too.

But even if we cannot duplicate terms with references to quantum data, we need to
duplicate and erase classical terms. To this purpose, the syntax of terms includes a modal
operator ! (called the “bang” operator). The bang operator has been introduced in term
calculi corresponding to MELL (see for example Wadler’s syntax (Wadler 1994)) and
allows to distinguish between those syntactical objects (A—terms) that can be duplicated
or erased and those that cannot. Roughly speaking, a term is duplicable and erasable if
and only if it is of the form !M and, moreover, M does not contain quantum variables.
This constraint is ensured “statically” by the well-forming rules below.

This is not the only possible solution to the problem of non cloning and non erasing
property; other solutions have been proposed in literature, see e.g (Arrighi & Dowek
2006) where it is possible to duplicate base vectors, and (Altenkirch & Grattage 2005)
where duplication is modelled by means of sharing.

3.3. The Language of Terms

Let us associate to each elementary operator U; € U a symbol U; The set of the term
expressions, or terms for short, is defined by the following grammar:

x To, L1y .- classical variables
r = ro,T1,... quantum variables
v = z | {x1,...,2n) patterns
B = 0|1 boolean constants
U = Uy, Uy,... unitary operators
C == B|U constants
M oi= x| v |MM) [C|new(M) | (MM, |

(My,...,My) | MM | A\r.M terms (where n > 2)

We assume to work modulo variable renaming, i.e. terms are equivalence classes modulo
a-conversion. With M = M’ we denote that the terms (equivalence classes) M and M’
are syntactically equal. Substitution up to a-equivalence is defined in the usual way.
Let us denote with Q(Mq, . . ., M}) the set of quantum variables occurring in My, . .., My.
Notice that:
e Variables are either classical or quantum: the first ones are the usual variables of
lambda calculus (and can be bound), while each quantum variable refers to a qubit
in the underlying quantum register (to be defined shortly).
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e There are two sorts of constants as well, namely boolean constants (0 and 1) and
unitary operators: the first ones are useful for generating qubits and play no role in
classical computations, while unitary operators are applied to (tuples of) quantum
variables when performing quantum computation.

e The term constructor new(-) creates a new qubit when applied to a boolean constant.
The rest of the calculus is a standard linear lambda calculus, similar to the one introduced
in (Wadler 1994). Patterns (and, consequently, lambda abstractions) can only refer to
classical variables.

There is not any measurement operator in the language. We will comment on that in
Section 8.

3.4. Judgements and Well-Formed Terms

Judgements are defined from various notions of environments, that take into account
the way the variables are used. Following common notations in type theory and proof
theory, a set of variables {x1,...,x,} is often written simply as x1,...,z,. Analogously,
the union of two sets of variables X and Y is denoted simply as X, Y.

e A classical environment is a (possibly empty) set of classical variables. Classical en-
vironments are denoted by A (possibly with indexes). Examples of classical envi-
ronments are x1,x2, T,y,z or the empty set (). Given a classic environment A =
T1,...,ZTn, A denotes the set lzq,...,!z,.

e A quantum environment is a (possibly empty) set (denoted by ©, possibly indexed) of
quantum variables. Examples of quantum environments are rq,ry, 73 and the empty
set ().

e A linear environment is (possibly empty) set (denoted by A, possibly indexed) in the
form A, ©® Where A is a classical environment and © is a quantum environment. The
set x1, X2, 71 is an example of a linear environment.

e An environment (denoted by T', possibly indexed) is a (possibly empty) set in the
form A,!A where each classical variable  occurs at most once (either as !z or as x)
in I'. For example, 1,71, !z is an environment, while z1,!z; is not an environment.

o A judgement is an expression I' = M, where I" is an environment and M is a term.

const —— g-var —— classiccvar ——— der
IAFC IA,rEr JANRE VN A lz 2
IANFM Al,!Al_Ml AQ,!A'_MQ Al,'AFMlAk,'Al_Mk
prom app tens
A HIM Al,AQ,!A}—(Ml)MQ Al,,..,Ak,!AF<M1,.,,,Mk>
r=m Lz, ,zn b M Mz M Dzt M
——————— new —o1 —— —09 _
'+ new(M) LE XMz, 20).M T+ A\e.M TNz M

Fig. 1. Well Forming Rules

We say that a judgement I' = M is well formed (notation: >T'F M) if it is derivable by
means of the well forming rules in Figure 1. The rules app and tens are subject to the
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constraint that for each ¢ # j A; N A; = 0 (notice that A; and A; are set of linear and
quantum variables, being linear environments). With d> I' F M we denote that d is a
derivation of the well formed judgement I' = M. If I' = M is well formed we say also that
the term M is well formed with respect to the environment I". We say that a term M is
well formed if the judgement Q(M) - M is well formed.

Proposition 1. If a term M is well formed then all the classical variables in it are
bound.

4. Computations

As previously written, the computations are defined by means of configurations. A pre-
configuration is a triple [Q, QV, M| where:

e M is a term;

e OV is a finite quantum variable set such that Q(M) C QV;

e QcH(QV).
Let 0 : QV — QV' be a bijective function from a (nonempty) finite set of quantum
variables QV to another set of quantum variables QV’. Then we can extend # to any
term whose quantum variables are included in QV: (M) will be identical to M, except
on quantum variables, which are changed according to 6 itself. Observe that Q(6(M)) C
QV'. Similarly, 6 can be extended to a function from H(QV) to H(QV’) in the obvious

way.

Definition 3 (Configurations). Two preconfigurations [Q, QV, M| and [Q’, QV', M|
are equivalent iff there is a bijection 6 : QV — QV’ such that @' = 6(Q) and M’ = (M).
If a preconfiguration C is equivalent to C’, then we will write C' = C’. The relation = is
an equivalence relation.

A configuration is an equivalence class of preconfigurations modulo the relation =. Let
C be the set of configurations.

Remark 1. The way configurations have been defined, namely quotienting preconfigu-
rations over =, is very reminiscent of usual a-conversion in lambda-terms.

Let . = {Uq, new,|.8,q.5,c.8,l.cm,r.cm}. The set ¥ will be ranged over by «, 3, . For
each a € £, we can define a reduction relation —,C C x C by means of the rules in
Figure 2. Please notice the presence of two commutative reduction rules (namely l.cm
and r.cm). Since Q is untyped, the rdle of commutative reductions is not guaranteeing
that normal forms have certain properties, but rather preventing quantum reductions to
block classical ones (see Section 6).

For any subset .¥ of ., we can construct a relation — & by just taking the union over
a € . of —,. In particular, — will denote — . The usual notation for the transitive and
reflexive closures will be used. In particular, — will denote the transitive and reflexive
closure of —.

Notice that — is not a strategy, (the only limitation is that we forbid reductions under
the scope of a “I”), nevertheless, confluence holds.  This is in contrast with Ay,, where
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[—reductions

[Q, 0V, (Ax.M)N]| =15 [Q,QV,M{N/x}] |3
[Q, OV, (M1, ..., ). M)(r1,...,rn)] —q.8 [Q, QV, M{ri/x1,...,mn/xn}] q.0
[Q, QV, (Mz.M)!N| -5 [Q,QV, M{N/z}] c.3

Unitary transform of quantum register

[Q: QV7 U<Ti17 ceey Tin>] —Uq [U(<'r11 ..... rin>)Q7 vi <Ti17 '~'7Tin>} Uq

Creation of a new qubit and quantum variable

[Q: QV,new(c)] —new [Q ® ‘7" — C>7 QV @] {7”},7‘] new
(r is fresh)

Commutative reductions

[Q, QV, L(Ar.M)N)] —1.em [Q, QV, (AT.LM)N] l.cm
[Q, QV, (Am.M)N)L] —r.cm [Q, QV, (Ar.ML)N] r.cm

Context closure
[Q,QV, M;] —a [Q,QV', M]]
[Q,0V,, (Mi,...,Ms,..., My)] —a [Q, OV, (M1,..., M, ..., My)]

[Q,QV,N] —a [Q,QV', N'] [Q.QV, M] —. [Q', QV', M']

[Q, QV, MN] —u [Q, QV, MN'] [Q, QV, MN] —n (@, QV, M'N]
[Q.QV, M] —. [Q, QV', M|
[Q, QV,new(M)] —q [Q', QV',new(M")]
[Q. QV, M] —q [Q, QV', M'] [Q,QV, M] —q [Q', QV', M']

; " ; in.)\l " S ; in.>\2
[Q, QV, (M. M)] —4 [Q,QV, (M. M)] [Q,QV, (M. M)] =4 [Q,QV, (M. M")]

t;

in.new

Fig. 2. Reduction rules.

a strategy is indeed necessary (even if we do not take into account the non-deterministic
effects of the measurement operator).

4.1. Subject Reduction

In this section we give a subject reduction theorem and some related results.
First of all we stress that, even though Q is type-free, a set of admissible terms is
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isolated by way of well-forming rules. It is therefore necessary to prove a suitable subject
reduction property.
Variables can be created dynamically in Q. Consider, for example, the reduction

[1,0,0ew(0)] —new [[p — 0), {p}, D).

The term new(0) does not contain any variable, while p is indeed a (quantum) variable.
In general, notice that the new reduction rule

[Q, QV,new(c)] —new [Q R |r — ¢), QV U {r}, 7]

generates not only a new qubit, but also the new quantum variable 7.

In order to control the creation of quantum variables, the Subject Reduction the-
orem must be given in the following formulation: ifd > I' M and [Q, QV, M| —
[Q,QV', M'] then > T,QV — QV I M’ where QV' — QV is the (possibly empty) set
of quantum variables generated by the reduction. In our example, we have > + new(0)
and, indeed, p I p is well formed. In other words, we must guarantee that terms appear-
ing during reduction are well-formed, taking into account the set of quantum variables
created in the reduction itself.

Theorem 1 (Subject Reduction). If d>T'+ M and [Q, QV, M| — [Q', QV', M’] then
> T,V —QVEF M.

Proof (sketch). In order to prove the theorem we need a number of intermediate results.
First we must prove that weakening is admissible, namely:

if >I' - M and z does not occur in I then >T') !z - M.

Then, as usual, the proof of subject reduction requires suitable substitution lemmas.
In particular we need to prove that:

linear case: if >Ay,!A,x - M and > Ay, A+ N, with A; N Ay = 0, then > Ay, A, !A

non linear case: if > Ay, !A Iz = M and >!A FIN, then > Ay, IA F M{N/x}.
quantum case: for every non empty sequence 1, ..., &, if bAA z1,..., 2, b M and

Ty ooyt @ Ay then b AJIA oo B M{r/z, .. 10 /an )
The proof of subject reduction is standard and proceeds by means of a long and easy
induction on the derivation of —.
For the sake of clarity let us to show a case:
let us suppose that M is (Az.P)N and the reduction rule is [Q, QV, (Az.P)N] — 3
[Q, QV, P{N/x}] . The derivation of M must be:
dy
; ds
A\ AJz P :
—_— —02 .
Al,'AF)\JZP AQ,'A"N
Al,AQ, IAF ()\{EP)N
We note that the reduction does not modify the QV set, so we have just to apply the
substitution property (linear case) to dy and dg obtaining > Ay, Ag, !A + P{N/z}. Ul

app
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An immediate corollary (trivially provable by induction) is:
Corollary 1. If 5T - M and [Q, QV, M] = [Q/,QV',M'] then > T, QV' — QV + M.
The notion of well-formed—judgement can be extended to configurations:

Definition 4. A configuration [Q, QV, M] is said to be well-formed iff there is a context
I" such that I' = M is well-formed.

As a consequence of Subject Reduction, the set of well-formed configurations is closed

under reduction:

*

Corollary 2. If M is well formed and [Q, QV, M] = [Q',QV' M’'] then M’ is well
formed.

In the following, with configuration we will mean well-formed configuration. Now, let us
give the definitions of normal form, configuration and computation.

Definition 5. A configuration C' = [Q, QV, M] is said to be in normal form iff there is
no D such that C' — D. Let us denote with NF the set of configurations in normal form.

We define a computation as a suitable sequence of configurations:

Definition 6. If Cj is any configuration, a computation of length ¢ < w starting with
Cy is a sequence of configurations {C;}i<, such that for all 0 < ¢ < ¢, C;_1 — C; and
either ¢ = w or C,—1 € NF.

If a computation starts with a configuration [Qg, @V, Mp] such that QVy is empty (and,
therefore, Q(My) is empty itself), then at each step ¢ the set QV; coincides with the set

Q(M;):

Proposition 2. Let {[Q;, QV;, M;]|}i<, be a computation, such that Q(My) = (. Then
for every i < ¢ we have QV; = Q(M;).

Proof. Observe that if [Q, Q(M), M] — [Q', QV', M'] then by inspection of reduction
rules we immediately have that QV' = Q(M’) whenever QV = Q(M), and conclude. []

In the rest of the paper, [Q, M] denotes the configuration [Q, Q(M), M].

4.2. On the Linearity of the Calculus: Dynamics

As previously seen, the well-forming-rules ensure that any term in the form !M cannot
contain quantum variables. In order to preserve this property under reduction,

the rules do not allow reductions under the scope of a bang.

Let us consider the following well-formed configuration: [1, 0, (Alz.cnot{z, z))!(new(1))].
It is immediate to observe that !(new(1)) is a duplicable term because it does not contain
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references to quantum data and in fact the following is a correct computation:

1,0, (Mz.cnot(z, z))!(new(1))] —cp [1,0,cnot(new(1l),new(1))]

Znew [P 1)@+ 1), {p. q}, cnot(p,q))]

—uq [lp—1)®@l[g—0),{p,q},(p,d)]-

But, what happens if we permit to reduce under the scope of the bang (namely reducing
new(1) before executing the c.f-reduction)? We would obtain the wrong computation:

(1,0, (Mz.cnot(z, z))!(new(1))] —new [p— 1), {p}, (Alz.cnot(z,z))!(p)]
—q.8 [p— 1), {p}, cnot(p,p))].

Notice we have duplicated the quantum variable ¢, creating a double reference to the
same qubit. As a consequence we can apply a binary unitary transform (cnot) to a
single qubit (the one referenced by p). This is not compatible with the basic principles
of quantum computing.

4.3. Confluence

Commutative reduction steps behave very differently to other reduction steps when con-
sidering confluence. As a consequence, it is useful to define two subsets of .Z as follows:

Definition 7. We distinguish two particular subsets of %, namely & = {r.cm,l.cm} and
N =ZL—-0.

In the following, we write M —, N meaning that there are @, QV, @' and QV’ such
that [Q, QV, M| —, [Q',QV', N]. Similarly for the notation M — o N where .% is a
subset of .Z.

First of all, we need to show that whenever M —, N, the underlying quantum register
evolves in a uniform wa:

Lemma 1 (Uniformity). For every M, M’ such that M —, M’ exactly one of the

following conditions holds:

1. a # new and there is a unitary transformation Uprar @ H(Q(M)) — H(Q(M))
such that [Q,QV, M| —, [Q,QV', M'] iff [Q,QV,M] € C, QV' = QV and Q' =
(Un,mr @ Ioy—_q(ar)) Q-

2. a = new and there are a constant ¢ and a quantum variable r such that [Q, QV, M| —ew

[Q,QV', M| iff [Q,QV,M] €C, QV' = QVU{r} and Q' = Q& |r — c).

Proof. We go by induction on M. M cannot be a variable nor a constant nor a unitary
operator nor a term !N. If M is an abstraction Aw.N, then M’ = Ar.N', N —, N’ and
the thesis follows from the inductive hypothesis. Similarly when M = AMa.N. If M = NL,
then we distinguish a number of cases:

e M'=N'L and N —, N’. The thesis follows from the inductive hypothesis.

e M'=NL' and L —, L'. The thesis follows from the inductive hypothesis.

e N=U", L= {riy,..ry)and M = (r;,,...r; ). Then case 1 holds. In particular,
Q(M) = {Ti17 '~-7Tin} and UM’]\/[/ = U((r,;l,...,ri"))'
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e N =Az.Pand M' = P{L/z}. Then case 1 holds. In particular Uns,p = Ig(ar)-
N = MNay,...,20).P, L= {(r1,...,rn) and M’ = P{ri/x1,...,rn/x,}. Then case 1
holds and Uns,nr = Iq(ar)-

e N=Mz.P, L=!Qand M'= P{Q/x}. Then case 1 holds and Ups,n' = Iq(nr)-

e L =(\r.P)Q and M’ = (Ar.NP)Q. Then case 1 holds and Uns,n = Iq(ur)-

e N=(A1.P)Q and M' = (A\r.PL)Q. Then case 1 holds and Uns,pr = Iq(ur)-
If M = new(c) then M’ is a quantum variable r and case 2 holds. This concludes the
proof. ]

Notice that Ups s is always the identity function when performing classical reduction.
The following technical lemma will be useful when proving confluence:

Lemma 2. Suppose [Q, QV, M| —, [Q', QV', M'].
1. If [Q,QV, M{N/xz}] € C, then

[Q, QV, M{N/x}] —a [Q, QV', M'{N/x}].
2. If [Q, QV, M{r1 /a1, ... ,7n/xn}] € C, then
(Q,QV, M{ri/x1,...,rn/2n}] —a [Q, QV, M {r1/z1,. .. ;70 /T0}].
3. If 2, T+ N and [Q, QV, N{M/x}] € C, then
[Q, QV, N{M/z}] —q [Q, QV', N{M'/z}].

Proof. Claims 1 and 2 can be proved by induction on the proof of [Q, QV, M] —,
[Q', QV', M’]. Claim 3 can be proved by induction on N. O

A property similar to one-step confluence holds in Q. This is a consequence of having
adopted the so-called surface reduction: it is not possible to reduce inside a subterm in
the form !M and, as a consequence, it is not possible to erase a diverging term. This has
been already pointed out (Simpson 2005).
Strictly speaking, one-step confluence does not hold in Q. For example, if [Q, QV, (Ar.M)((Az.N)L)] €
C, then both

[Q, QV, (A\m.M)((Az.N)L)| — .4 [Q, QV, (Am.M)(N{L/z})]
and
9,9V, M. M)((Ax.N)L)] —¢ [Q, OV, (Ax.(Ar.M)N)L] — 4 [Q, OV, (Ar.M)(N{L/z})]

However, this phenomenon is only due to the presence of commutative rules:

Proposition 3 (One-step Confluence). Let C, D, E be configurations with C' —,, D,

C —g F and D # E. Then:

1. f « € 0 and § € O, then there is F with D —4 F and E —¢ F.

2. f o € 4/ and § € A, then there is F with D — 4 F and E —_y F.

3. If «a € 0 and B € A, then either D — 4, FE or there is F with D — 4 F and
FE —4s F.
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Proof. Let C' = [Q, QV, M]. We go by induction on M. M cannot be a variable nor a
constant nor a unitary operator. If M is an abstraction Aw.N, then D = [Q’, QV', Ar.N'],
D'=[Q",QV" Ar.N"] and

[Q,QV,N] —, [Q,QV N'|
[Q, QV, N] B [Q/lv QV”v NU]

The IH easily leads to the thesis. Similarly when M = Aa.N. If M = NL, we can
distinguish a number of cases depending on the last rule used to prove C' —, D, C' —3
E:
e D=[Q,QV' N'L]and E =[Q",QV" NL']
where [Q, QV,N| —, [Q',QV',N'] and [Q, QV, L] —4 [Q",QV", L'].
We need to distinguish four sub-cases:
e If o, 8 = new, then, by Lemma 1, there exist two quantum variables ', r"” ¢ QV
and two constants ¢, ¢” such that QV' = QV U {r'}, QV" = QU {r"}, @' =
R |r'—)and Q" = Q®|r" — ). Applying 1 again, we obtain

D —hew [Q ® |,r_/ — C/> ® |T'N/ — C”>, QV U {TI’T///}’N/Ll{r////r//}] = F
E —hew [Q ® |r// — c//> ® |,r.//// — Cl>7 QV U {’I“N,TN”},N/{TW//T/}L/] = G

As can be easily checked, F' = G.

e If &« = new and (8 # new, then, by Lemma 1 there exists a quantum variable r
and a constant ¢ such that QV' = QV U {r}, @ = Q@ |r — ¢), QV" = QV
and Q" = (Ur,1» ® Igy_q(1))Q. As a consequence, applying Lemma 1 again, we
obtain

D —5 [(Upr ®Igyupry-qu)(Q®|r—c), QVU{r},N'L'|=F
E —new [((Un ®Ioy_qr)Q) @r—c),QVU{r},N'L'=G

As can be easily checked, F = G.

e If a # new and B = new, then we can proceed as in the previous case.

e If o, 3 # new, then by Lemma 1, there exist QV" = QV' = QV, Q' = (Uy n' ®
Ioy_qn))Q and Q" = (Ur,1» ® Igy—_q(r))Q. Applying 1 again, we obtain

D —p [(Upr ®@Iov_qu)((Unn @ Iov_qn))Q), QV, N'L'| = F
E —4 [(Unn @Igyv—qu)((ULr @Igv_qr))Q), QV,N'L'| =G

As can be easily checked, F' = G.
e D=[Q,QV' N'L]and E =[Q",QV",N"L],
where [Q, QV, N] — [Q',QV’, N'] and [Q, QV, N] — [Q", QV" N"].
Here we can apply the inductive hypothesis.
e D=[Q,QV NL]and E=[Q", QV" NL"],
where [Q,QV, L] — [Q',QV’,L'] and [Q, QV, L] — [Q",QV" L"].
Here we can apply the inductive hypothesis as well.
e N=(\z.P), D=1[Q,9QV,P{L/z}], E=[Q,QV NL',
where [Q,QV, L] —5 [Q/,QV', L'].
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Clearly [Q, QV, P{L/z}] € C and, by Lemma 2, [Q, QV, P{L/xz}] — [Q', QV', P{L’' /x}].

Moreover, [Q',QV',NL'| = [Q',QV', (\z.P)L'] — [Q',QV', P{L'/z}]
e N=(\z.P), D=1[Q,QV,P{L/z}], E=[Q,QV, (\z.P')L],

where [Q, QV, P] —5 [Q, QV', P'].

Clearly [Q, QV, P{L/z}] € C and, by Lemma 2, [Q, QV, P{L/x}] —5 [Q', QV', P'{L/z}].

Moreover, [Q', QV', (Az.P')L] —5 [Q', QV', P'{L/z}]
e N=(\z.P), L=IQ, D=[Q,0V,P{Q/z}], E=[Q,QV (Nz.P)L],
where [Q, QV, P] —5 [Q/, QV', P'].

Clearly [Q, QV, P{Q/x}] € C and, by Lemma 2, [Q, QV, P{Q/z}] —4 [Q', QV', P'{Q/z}].

Moreover, [Q, QV', (A\z.P")!Q] —5 [Q', QV', P'{Q/x}]

o N=(MNz1,...,2,).P), L= {(r1,...,m0), D=1[Q, 0V, P{ri/z1,...,rn/zn}],
E=[9,9V (Mz1,...,x,).P)L],
where [Q, QV, P] —5 [Q/, QV', P'].
Clearly [Q, QV, P{ri/x1,...,mn/2n}] € C and, by Lemma 2,
[Q,QV, P{ri/x1,...,rn/xn}] =5 [Q, QV', P {ri/z1,...,1n/Tn}].
Moreover, [Q', QV', (M1, ..., x,).P)L] =5 [Q, QV', P'{ri/z1,...,m/zn}].

e N=(\z.P)Q, D=[Q,QV, \z.PL)Q], F = [Q,QV, (P{Q/z})L], « = r.cm, 3 = |.3.
Clearly, [Q, OV, (\e-PL)Q] -1 (2, OV, (P{Q/})L).

e N=(A1.P)Q, D=[Q,0V,(A\r.PL)Q], E =[Q, V', (M.P)Q)L], a = r.cm,
where [Q, QV, P] —5 [Q, QV', P'].
Clearly, [Q, QV, (A\z.PL)Q] —y.cm [Q', QV', A\z.P'L)Q] and [Q, QV', (Ar.P)Q)L] — 4
[Q, QV', (Ar.P'L)Q).

e N=(Ar.P)Q, D=[Q,0V,(\z.PL)Q], E=[Q,QV, ((Ar.P)Q")L], a = r.cm,
where [Q, QV, Q] —4 [Q, QV', Q']
Clearly, [Q, QV, (Az.PL)Q] —r.cm [Q', QV', (A\z.PL)Q'] and [Q', QV', (M\r.P)Q')L] —3
[Q, QV', (Ar.PL)Q].

e N=(Ar.P)Q, D=[Q,0V,(\z.PL)Q], E=[Q,QV, ((Ar.P)Q)L'], a = r.cm,
where [Q, QV, L] —45 [Q/,QV', L'].
Clearly, [Q, QV, (A\z.PL)Q] —y.cm [Q, OV, (Az.PL")Q] and [Q, QV', (Ar.P)Q)L] — 4
[Q, QV', (Ar.PL")Q).

e N = (M.P), L = (A.Q)R, D = 19,0V, \.NQ)R|, E = [Q,QV, N(Q{R/z})],
a=lcm, g =10.
Clearly, [Q, QV, (Az.NQ)R] — 1.3]Q, QV, N(Q{R/z})].

M cannot be in the form new(c), because in that case D = E. O
Even in absence of types, we cannot build an infinite sequence of commuting reductions:

Lemma 3. The relation —¢ is strongly normalizing. In other words, there cannot be
any infinite sequence C; —¢ Cy —4 C3 —¢ .. ..

Proof. Define the size |M| of a term M as the number of symbols in it. Moreover, define
the abstraction size |M|y of M as the sum over all subterms of M in the form Aw.N, of
IN|. Clearly |[M|y < |M|%. Moreover, if [Q, QV, M| —¢ [Q, QV, M'], then |M'| = |M]|
but |M’'|y > |M]|x. This concludes the proof. Ul

Finally, we can prove the main results of this section:
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Theorem 2 (Unicity of Normal Forms). Any configuration C' has at most one
normal form.

Proof. If C is a configuration and D and E are distinct normal forms for C, we can
iteratively apply Proposition 3 obtaining a configuration F' such that both D = F and
E 5 F. This however, is a contradiction. ]

Since a very strong notion of confluence holds here, strong normalization and weak
normalization are equivalent properties of configurations:

Theorem 3. C( is strongly normalizing iff C' is weakly normalizing.

5. Examples

We give now some simple examples in order to show how to compute with Q when the
length of the input is fixed. In section 7.2 we will show in detail how to code (infinite)
circuit families.

EPR States

We define a lambda term representing a quantum circuit that generates an EPR state.
EPR states are entangled quantum states used by Einstein, Podolsky and Rosen in a
famous thought experiment on Quantum Mechanics (1935).

EPR states can be easily obtained by means of cnot and Hadamard’s unitary operator
H. The general schema of the term is

M = Az, y).(cnot(Hz, y))).

the term M takes two qubits in input and then gives as output an EPR (entangled)

bt?%\(feé give an example of computation, with [1, M (new(0),new(1))] as initial configura-
tion, where (new(0),new(1)) is the input:
(1M (new(0),new(1))]  —tew  [Ip = 0) @ |g = 1), (\(z, y).(enot(Hz, y)))(p, ¢)]
—q.5 [P 0)® g 1), (cnot(Hp, q))]
[p—0)+[p—1)
V2

[p—0,g—=0)+[p—1,g—1)
—Uq [ \/5 7<p7(I>]'

—uq | ® |g — 1), (cnot(p, q))]

After some new reductions, two quantum variables p and ¢ appear in the term, while
the quantum register is modified accordingly. Finally, unitary operators corresponding
to cnot and H are applied to the quantum register.

The final quantum register

p—0,g—=0)+|p—1,q—1)

V2

is the so called Byy EPR state.
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Deutsch’s Algorithm

Deutsch’s algorithm is the first quantum algorithm that has been defined. It has inter-
esting applications: for example it allows to compute a global property of a function by
combining results from two components of a superposition. We refer here to the Deutsch’s
Algorithm as presented in (Nielsen & Chuang 2000), pages 32 and 33 (a detailed expla-
nation of the algorithm is outside the scope of this paper).

Let W be the unitary transform s.t. Wy|cica) = |c1, c2 @ f(c1)) (for a given boolean
function f), and let H be the Hadamard transform.

The general quantum circuit that implements Deutsch’s algorithm is represented by
the following lambda term:

D = Az, y)-((Muw, 2). (Huw, 2))(W  (He, Hy))).

The concern of the Deutsch’s algorithm is to use quantum parallelism and interference
in order to determine whether f is a constant function by means of a single evaluation
of f(x).

In order to perform such a task, we first evaluate the normal form of:

[1,D{new(0),new(1))]

[1, D(new(0), new(1))]

—rew [P 0) @ g = 1), Mz, y) (Mw, 2).(Hw, 2)) (W (Hz, Hy)))(p, 9)]
—as  [lp—0)®lg— 1), (Mw, 2).(Hw, 2)) (W (Hp, Hq))]

[p—=0)+Ip—1)

—ug | ® lg — 1), (Mw, 2).(Hw, 2)) (W s (p, Hq))]

V2
— 0 — 1 — 0) — — 1
I e e e NN IV 2 )
_ [‘pHO’quO>7IpHO;qHD+‘le’2qHO>+‘pH1’2q’_)1>,(A(w,z).(Hw,z))(Wf(p,q>)]
[p—0,g—=0® f(0)) |p—0,g—=1f(0) Ip—1,9g—0f(1))  Ip—1,q— 1@ f(1))
—uq | 5 — 5 + 3 + 5 ,
(Mw, z).(Hw, 2))(p, )]
[p—=0,g—=08f(0) [p—0,g—=1®f(0) Ip—=1g9g—=0&f(1))  I|p—=1q9—16f(1))
—q.8 | — + + ,
2 2 2 2
(Hp, q)]
p—=0)+lp—1) [¢g—08f(0) [p—=0)+[p—1) |g—1& f(0))
—uq | 7 ® 3 - 7 ® 5 +
[p—=0)—|p—=1) IqH0®f(1))+lp'—>0>—lp'—>l> \quéBf(l)>< )
7 3 7 5 , (s q

We have two cases:

— f is a constant function; i.e. f(0) @ f(1) =0.
In this case the normal form may be rewritten as (by means of simple algebraic
manipulations):

lg—=0)—lg—1)

(=) @p = 0) 7

()]
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— f is not a constant function; i.e. f(0) & f(1) = 1.
In this case the normal form may be rewritten as:

\;ilq ~ 1) (D, q)]

If we measure (by means of a final external apparatus) the first qubit p of the term

(—)fOp o 1)y 1120

(p, q) in the normal form configuration, we obtain 0 if f is constant and 1 otherwise.

FExchange
Consider the following lambda term, written in Q’s syntax:
L = Xz, y).(Aa, b).cnot(b, a)) ((A{w, z).cnot(z, w))(cnot(x, y)))
L is a quantum circuit that performs the exchange of a pair of qubits.
[1,L (new(1),new(0))]
2 lp— 1) ® g~ 0), (M@, y)-(Aa, b).cnot (b, a)) (A(w, 2).cnot(z, w))(cnot(z, ) (p, a)] (1)

—a.8  [lp— 1) ®|g— 0),(Ma,b).cnot(b, a))((A(w, z).cnot(z, w))enot(p, q)])

—uq  [lp— 1) ®lg— 1), (Ma, b).cnot(b, a)) (Mw, z).cnot(z, w))(p, q))]

—q.s  [p— 1) ®lg— 1), (X a,b).cnot(b, a))enot(q, p)]

—ug  [lp—=0) ® lg— 1), (Xa, b).cnot(b, a))(q, p)]

—q.6 [P 0)® g 1), (cnot(p,q))]
—ug  [lp—0)®lg— 1),(p, q)] (2)

Please notice that the values attributed to p and ¢ in the underlying quantum register
are exchanged between configurations (1) and (2).

6. Standardizing Computations

One of the most interesting properties of Q is the capability of performing computational
steps in the following order:

e First perform classical reductions.

e Secondly, perform reductions that build the underlying quantum register.

e Finally, perform quantum reductions.

In this section, we provide a standardization theorem, that strengthens the common
idea that a universal quantum computer should consists of a classical device “setting up”
a quantum circuit that is then fed with an input.

We distinguish three particular subsets of £, namely 2 = {Uq, q.8}, n€ = 2U{new},
and ¥ = £ — n%. Let C —, C' and let M be the relevant redex in C; if a € 2 the
redex M is called quantum, if « € € the redex M is called classical.

Definition 8. A configuration C is called non classical if « € n€ whenever C —, C'.
Let NCL be the set of non classical configurations. A configuration C is called essentially
quantum if a € 2 whenever C —, C’. Let EQT be the set of essentially quantum
configurations.

Before claiming the standardization theorem, we need the following definition:
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Definition 9. A CNQ computation starting with a configuration C' is a computation
{C;}i<y such that Cy = C, ¢ < w and:

1. forevery 1 <i+ 1< g, if Ci_1 —p¢ C; then C; — ¢ Citq;

2. forevery 1 <i+ 1< ¢, if C;_1 — o C; then C; — 9 Ci11.

More informally, a CNQ computation is a computation such that any new reduction is
always performed after any classical reduction and any quantum reduction is always
performed after any new reduction.

NCL is closed under new reduction, while EQT is closed under quantum reduction:

Lemma 4. If C € NCL and C — ey D then D € NCL.

Lemma 5. If C € EQT and C — o D then D € EQT.
This way we are able to state and prove the Standardization Theorem.

Theorem 4 (Standardization). For every computation {C; };<, such that ¢ € N there
is a CNQ computation {C}};<¢ such that Cy = Cjj and C,—1 = Cé_l.

Proof. We build a CNQ computation in three steps:

1. Let us start to reduce Cj = Cy by using € reductions as much as possible. By
Theorem 3 we must obtain a finite reduction sequence Cj —¢ ... —¢ C}, s.t. 0 <
k < ¢ and no ¥ reductions are applicable to C},

2. Reduce Cj, by using new reductions as much as possible. By Theorem 3 we must
obtain a finite reduction sequence C}, —new - .. —new C;» s.t. kK < 7 < ¢ and no new
reductions are applicable to Cj’.. Note that by Lemma 4 such reduction steps cannot
generate classical redexes and in particular no classical redex can appear in C}.

3. Reduce C’j’- by using 2 reductions as much as possible. By Theorem 3 we must obtain
a finite reduction sequence CJ’» —g ... 9 C! such that j < m < ¢ and no 2
reductions are applicable to C/ . Note that by Lemma 5 such reduction steps cannot
generate neither ¥ redexes nor new redexes and in particular neither % nor new
reductions are applicable to C/,. Therefore C!. is in normal form.

The reduction sequence {C!}icm41 is such that C) —¢ ... =% C} —new - - —new
C]‘ —9 ... > C] is a CNQ computation. By Theorem 2 we observe that C,_1 = C},,,
which implies the thesis. ]

The intuition behind a CNQ computation is the following: the first phase of the compu-
tation is responsible for the construction of a A—term (abstractly) representing a quantum
circuit and does not touch the underlying quantum register. The second phase builds the
quantum register without introducing any superposition. The third phase corresponds
to proper quantum computation (unitary operators are applied to the quantum register,
possibly introducing superposition). This intuition will become a technical recipe in order
to prove a side of the equivalence between Q and quantum circuit families formalism (see
Section 7.3).

We conclude by examining the case of non terminating computations. From a quantum
point of view, non terminating computations are not particularly interesting, because
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there is no final measurable quantum state, and consequently the transformations of the
quantum register are inaccessible (see also Section 8 for a discussion on the measurement).

The extension of standardization to the infinite case makes this observation explicit.
First of all, observe that we cannot have an infinite sequence of n% reductions.

Lemma 6. The relation —, % is strongly normalizing (i.e. there cannot be any infinite
sequence C1 —pg Co —ng C3 —ng . ..).

Proof. Define the size |M| of a term M as the number of symbols in it, observe that
if [Q, QV, M| —,% [Q, QV, M'] then |M’| < |M| and conclude. O

As a trivial consequence of the Lemma we have that
Proposition 4. Any infinite CNQ computation only includes classical reduction steps.
Finally we can state the theorem:

Theorem 5 (Standardization for infinite computations). For every non terminat-
ing computation {C;};<. there is a CNQ computation {D;};<. such that Cy = Dj.

Proof. We build the CNQ computation in the following way: start to reduce Dy = C
by using € reductions as much as possible. This procedure cannot end, otherwise we
would contradict Lemma 6 and Theorem 3. ]

7. Expressive Power

In this section we study the expressive power of Q, showing that it is equivalent to
finitely generated quantum circuit families, and consequently (via the result of Ozawa
and Nishimura (Nishimura & Ozawa 2002)) we have the equivalence with quantum Turing
machines as defined by Bernstein and Vazirani (Bernstein & Vazirani 1997). The fact the
considered class of circuit families only contains finitely generated ones is not an accident:
if we want to represent an entire family by one single lambda term (which is, by definition,
a finite object) we must restrict to families which are generated by a discrete set of gates.

Before going into the details, an informal description of how our encoding works is
in order. Data will be encoded using some variations on Scott’s numerals (Wadsworth
1980). These can be used both for classical and quantum data. In the latter case, a more
strict linear discipline (quantum bits cannot be erased, in general) is enforced through
a slightly different encoding. Our analysis will concentrate on terms in Q satisfying a
simple constraint: when applied to a list of classical bits, they produce a list of quantum
variables. These are the quantum relevant terms. What is crucial from a computational
point of view is the way a quantum relevant term modifies the underlying quantum
register.

7.1. Q and the Lambda Calculus

The careful reader might be tempted to believe that since the usual pure, untyped lambda
calculus can be embedded in Q, the encoding of circuit families into Q should be very
easy. The situation, however, is slightly more complicated.
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It’s true that Girard’s encodings of intuitionistic logic into linear logic can be somehow
generalized to translations from pure, untyped, lambda calculus to untyped linear lambda
terms, like the ones of Q (see, for example, (Wadler 1994)). Beta reduction in the lambda
calculus, however, does not correspond to surface reduction in Q. Take, for example,
the lambda term M = z((A\y.yy)(Ay.yy)): it is not normalizable, but its (call-by-name)
translation M = z!((Aly.y'y)!(Aly.yly)) is clearly a normal form in Q. There are some
connections between weak head reduction in the lambda calculus and surface reduction
in Q: if M rewrites to N by weak head reduction, then M rewrites to N in Q. The
converse is not true: M = Az.((Ay.yy)(M\y.yy)) is a weak head normal form, but M is not
normalizable in the Q. Similar considerations hold for weak call-by-value reduction when
the translation function (-) is the one induced by the embedding A — B =!(4A — B). On
the other hand, lambda calculus is Turing complete for any decent encoding of natural
numbers into it. This holds for Scott numerals, for example. But does this correspondence
scale down to more restricted notions of reduction, like weak head reduction?

Even if you manage to give a positive answer to the above question, that would not
be the end of the story. If Q is proved to have the classical expressive power of Turing
machines, this simply implies you could compute the code D,, of the n-th circuit C,, of
any quantum circuit family from input n. But D,, is nothing but a natural number, the
“Godel number” of C),. Since you want to evaluate C), inside Q, you need to prove that
the correspondence D, — C,, is itself representable in Q and since the way quantum
circuits are represented and evaluated in Q has nothing to do with Scott numerals, this
is not a consequence of the alleged (classical) Turing completeness of Q.

For these reasons, we have decided to show the encoding of Quantum circuit families
into Q in full detail. This is the subject of Section 7.2.

7.2. Encoding Quantum Circuits Families

In this Section we will show that each (finitely generated) quantum circuit family can be
captured by a quantum relevant term.

7.2.1. On the Classical Strength of the Q. Natural numbers are encoded as Q terms as
follows:
[0] Nz Ay.y
Yn n+1] = Nzyx|n]

This way, we can compute the successor and the predecessor of a natural number as
follows:

succ = Az \lzAly.zz
pred = Az.zl(Azx.z)![0]



Ugo Dal Lago, Andrea Masini, Margherita Zorzi 26

Indeed:
succ [n] —¢ zMyz|n] = |[n+1];
pred (0] —¢ Nz Ayy)(Az.z)!|0] =% [0];
pred [(n+ 1] —¢ Az My.z|n])!(Az.2)!|0] -4 (A\x.z)|n]

—¢ |n]

K

The following terms are very useful when writing definitions by cases:

case)™ = Az NyoNzz!(Mw.2)lyo

casel’f; = Az Alyo..... Myp1 Mzl Mw.casel™ wly .. yni1!2) Yo
They behave as follows:

Vm <n case™ |m|!My...!M,\N =S¢ M,

n

Vm >n case® |m|!My.. !\M,\N ¢ N

We can capture linear lists, too: given any sequence My, ..., M, of terms, we can build
a term [My, ..., M,] encoding the sequence as follows, by induction on n:
[ = MzAy.y;
[M,M...,M,] = MNzNyaM[M,...,M,].

This way we can construct and destruct lists in a principled way: terms cons and sel can
be built as follows:

cons = Az w Nz Ay.zzw;

sel AT Y. 2.2y %,

They behave as follows on lists:
cons M[My,...,M,] —¢ [M,My,..., M,]
sel [INIL =4 L
sel [M,M,...,M,\N'LL =4 NM[M;,...,M,]

By exploiting cons and sel, we can build more advanced constructors and destructors: for
every natural number n there are terms append,, and extract,, behaving as follows:

append,, [N1,...,Nyu My ... M,, =S¢ [My,...,M, Ni,...,N,]
Vm <n extract,M[Ny,...,Ny,] —¢ M[NuNy_1...N;
Vm >n extract,M[Ny,...N,] —% M[Npi1...Np]NoNyo1... Ny

Terms append,, can be built by induction on n:

append, = Az.z
append, ., = ArAyp..... AYn+1.cons y1(append,, zys . . . Ynt1)
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Similarly, terms extract,, can be built inductively:

extracty = Az.\y.xy
extract,y1 = Az Ay.(sel y!(Az. \w. \v.extract,vwz)!(Az.2[]))x

The encodings of natural numbers and lists are similar and are both in the style of the
so-called Scott’s numerals (Wadsworth 1980). However, there is an essential difference
between the two:

e Natural numbers are encoded non-linearly: any natural number is duplicable by con-

struction, since it has the shape !M for some M.
e Lists are encoded linearly: the occurrences of M and [Mj, ..., M,] which are part of
[M, My, ..., M,] do not lie in the scope of any bang operator.
We need recursion and iteration, in order to be able to build-up terms in a functional-
programming style. The term rec is defined as rec,ux!rec,ux, where

reCaux = /\'x/\'yy'((x'z)'y)

For each term M,
rec!M —¢ M!(rec! M)
This will help us in encoding algorithms via recursion. Structural recursion over natural

numbers is available through rec"" = reclreci3t, where

rect® = Mz Ay Mw Az y!(Alv.aw!(zlvlw!z) )z

aux —

Indeed:
rec™ |0[IMIN ¢  recht I(rec™)[0IMIN

—¢  (Mazy.y)! (Mv.M!(rec" 10! MIN)v)IN
— N

rec™ |n+ 1JIMIN =S¢  (MzMy.x|n])!(AMv.M!(rec™ Ww!MIN)Ww)IN

—¢  (Mv.M!(rec™ WIM!IN)w)!|n]

—¢  M!(rec™ |[n|!M!N)!|n|

list

list —
- aux’

Iteration is available on lists, too. Let iter recliter.®t . where

iterst = Az Ay Mw. A z.y! (A u.aw(zulw!2)v)! 2
Indeed:

it JIMIN S iterist I(iter™)[|MIN
S [I'Ow.u.M (iter™t w!MIN)v)IN
¢ N
iter’™ [L,Ly,...,L,))MIN S¢ [L,Ly,..., L)' (Av. u. M (iter'™t u!MIN)v)!N
—¢  (w u.M(iter'™ w!M\N)v)L[Ly,...,Ly)

¢ M(iter"™t[Ly, ..., L,]'M!N)L
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Definition 10. A function f : N* — N is representable iff there is a term M, such
that:
e Whenever M;|m1]...|m,| has a normal form N (with respect to —«), then N =
|m] for some natural number m.
o M¢|my]...|mn] =4 |m]iff f(my,...,m,) is defined and equal to m.

As we have already mentioned at the beginning of this Section, the following result
cannot is part of the folklore, but it deserves an explicit proof since the reduction relation
considered here is not the standard one:

Proposition 5. The class of representable functions coincides with the class of partial
recursive functions (on natural numbers).

Proof. Kleene’s partial recursive functions can be embedded into Q:
e Constant functions, the successor and projections can be easily encoded.
e The composition f : N — N of h : N* — N and ¢1,...,9, : N — N can be
represented as follows:

My =Mz..... Ny, My (Mg \zy .. Jay,) o (Mg, e .. J2,).

e The function f : N**! — N obtained from h : N**2 — N and ¢ : N* — N by primitive
recursion can be represented as follows:

Mp =Xy Az ... Az, rec™yl Az A w. Mpwzlzy .. o) (Mgley .. Jzy,).

e The function f : N — N obtained from g : N**! — N and g : N® — N by minimiza-
tion can be represented as follows:

Mr=Xxy..... Azp.rect(Ng) 0]z ... 2y
where
Ng= Nz My Mz .. My, (Mglyley .. ey (Mzx(succly)lzy .. lap)ly.

On the other hand, any representable function is trivially partially recursive. ]

In this section, we will introduce the class of quantum relevant terms. In the next sec-
tions, we will prove that the class of functions which are captured by quantum relevant
terms coincides with the class of functions which can be computed by finitely generated
quantum circuit families.

Definition 11. Let.# be any subset of .Z. The expression C' |.» D means that C' —& D
and D is in normal form with respect to the relation — . C' || D stands for C' || & D.

Confluence and the equivalence between weakly normalizing and strongly normalizing
configurations authorize the following definition:

Definition 12. A term M is called guantum relevant (shortly, grel) if it is well formed
and for each list ![cy, ..., ¢, ] there are a quantum register Q and a natural number m
such that [1,0, M![ley, ... en]] U [Q, {71, smn}, [F1, - oy Tnl]
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In other words, a quantum relevant term is the analogue of a pure A-term representing
a function on natural numbers. It is immediate to observe that the class of qrel terms is
not recursively enumerable.

We now need to introduce the notion of a (finitely generated) quantum circuit family.
This is the computational model which will prove equivalent to Q.

An n-qubit gate (or, simply, a qubit gate) is a unitary operator U : C2" — C?", while
a V-qubit gate (where V is a qvs) is a unitary operator G : H(V) — H(V). We here work
with elementary operators only. If G is a set of qubit gates, a V-circuit K based on G is
a sequence

1 1 m m
Ui, ryseoos Ty Uy 115 o T

where, for every 1 <1i < m:
e U; is an n;-qubit gate in G;

o ri,... T

, Ty, are distinct quantum variables in V.

The V-gate determined by a V-circuit

1 1 m m
K=U,r,....r0 0oy Upyry, ooy

ny? Nm

is the unitary operator

UK = (Um)<<T{r17_”’T7Tm>> 0...0 (Ul)((r%,...,ril»'

The way we have defined unitary operators allows us to talk about effective encodings
of circuits as natural numbers and, as a consequence, about effective enumerations of
quantum circuits. Let {K, };en be an effective enumeration of quantum circuits. A family
of circuits generated by G is a triple (f, g, h) where:
e f:N — Nis a computable function;
e g : Nx N — N is a computable function such that 0 < g(n,m) < n + 1 whenever
1 <m< f(n);
e h: N — Nis a computable function such that for every n € N, Ky ,yisa{ri,...,rpm }-
circuit based on G.
Any family of circuits (f, g, h) induces a function @ , 5, (the function induced by (f, g, h))
which, given any finite sequence ¢y, ..., ¢, in {0,1}*, returns an element of H({r1,...,7¢mn)}),
namely

UK,y (IT1 7 Coni1)s -5 Tf(n) = Con,f(n))))-
where ¢g, cp41 are assumed to be 0 and 1, respectively. A family of circuits (f, g, h)
generated by a finite set G is said to be finitely generated.

7.2.2. The Result. In this section, we will show that Q is at least as computationally
strong as finitely generated quantum circuit families. Our task will not be too difficult,
since we already know from Proposition 5 that any recursive function can be represented
in Q. As a conseugnece, we can assume that f, g and h are represetable whenever (f, g, h)
is a family of circuits.

The n-th elementary permutation of m elements (where 1 < n < m) is the function
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which maps n to n+ 1, n + 1 to n and any other elements in the interval 1,...,m to
itself.

Lemma 7. Any (finite) permutation can be effectively decomposed into a product of
elementary permutations.

A term M computes the n-th elementary permutation on lists iff for every list [Ny, ..., Ny,
with m > n, M[N17 s 7Nm} *;k% [Nla AR Nn—17 Nn+1; Nn7Nn+2a AR Nm]

Lemma 8. There is a term M,; such that, for every natural number n, M,;|n| computes
the n + 1-th elementary permutation on lists.

Proof. For every n < m, let p', be the n-th elementary permutation of m elements.
Observe that p™t1(1) = 1 (whenever n + 1 < m) and that p (i + 1) = p% (i) + 1
(whenever n < m and i < m). M, is the term

Ax.rec™t zINIL
where

N = My.z  w.extract; (Ag.As.append; (yq)s)w
L = y.extracta(Az.\w.A\g.appendyzwq)y.

Indeed:

Mg|0] —¢ rec™ |0]INIL —¢ L
L[My,...,M,] —¢% extracta(Az. \w.\g.appendyzwq)[My, ..., My,]
—¢  (Az. w.\g.appendyzwq)[Ms, . .., My, | My M,y
—¢ appendy[Ms, ..., My, Mo M,
—¢  [Ma, My, M3, ..., My] =[Mj 1y, ..
My|n+1] —¢ rec™ [n+1]INIL -4 L
—¢ Nl(rec™ [n|!N'L)|n]
— Aw.extract; (A\g.\s.append,; ((rec™* |n|!N!L)q)s)w

M1 (m)]

7

—¢ Aw.extracty (Ag.As.append; (Pg)s)w = Q
Q[M,...,M,] —¢ extract;(Ag.As.append,(Pq)s)[Mu, ..., M,]
—¢% (Ag.As.append,(Pq)s)[Ma, ..., My M;
—¢ append; (P[Mas, ..., M;,])M;
—¢ appendy ([Myr ()15 Mpr - m—1)41]) M1
Se MuMy 1 Myn(menyer] = (Mppe sy Mot ]

This completes the proof. L]

Lemma 9. Thereis a term Mjep g, such that, for every list !Ny, ..., N, |, Miengen[!N1, . ..

[n].

*
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Proof. Miengiy is the term
Az.itertz ! (A\y. A\l z.succy)! [ 0].
Indeed:

Miengin|] —¢  iter™[[1(\y.\z.succy)!| 0]
—¢ [0];
Miengin !N, IN1, .. IN,] = ite™HINING, L ING ) Ay A z.sucey)! [0
¢ (\yMzsuccy)(iter™[INy, ..., IN, ]! (Ay.\lz.succy)! [0]) !N
—z (Ay.Alzsuccy)|[n]IN
—¢ |n+1].
This completes the proof. ]

Lemma 10. There is a term M po0se Such that for every list [!Ny, ..., INy,]:

M choose LOJ [!Nl, ceey !Nm] —;kcg lLOJ

Vi<n<m MchooseLnJ[!Nl,...,!Nm] —¢ N,
M choose Lm + IJ [!Nl, ceey 'Nm] ‘;k% lLlJ

Proof. M poose 1s the term

Az \y. (iter'sty! LI P)x:

where
L = Xz Mwg.g!(AsAr.(s!Ls2!L_q1)r)l(L=o)z
Loy = M.(Aulw)(t[0])
Ly = Au.At.t(succu)
P = Azz!(Aw.![1))!0]
Indeed:

Mehoose[0][] =% (iter™ [ILIP)[0]

—¢ PO

o Mz My.y)! (Mw.![1])!0] —%!|0]

Menoose 1]l =% P[1]

o Mz My.z|0)!(Mw.! [ 1)!0] —¢!|1]

Mehoose |2 |[!N,IN1, ..., IN,,] —¢  (itel™[IN,INy,... !N, JIL!P)|n]

e L(iter™t!Ny, ..., IN,,]'/LIP)!N |n]

—g ]I AlsAr.(s!Leo! (L=1{N/w}))r)!(L=o)
(iter™t[INy, ..., IN,,]IL!P)

[n'QUL=0)S
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where
Q = MsAr(slLso!(L=1{N/w}))r
S = iter"™tINy,... IN,]ILIP
Now:
0!Q(L—y)S —¢ L_oS S¢ S|0] =¢!0]
[1'1QN(L=0)S —¢ (Als.Ar.(s!Lso!L_1{N/w})r)[0]S
S ()\!:c.)\!y.y)!LZQI(Lzl{N/w})S
—¢  L1{N/w}S
— ( 'N)(S‘LOJ)
—¢  (Aw!N)!0] S¢!N
In+2]'1Q!(L=)S —« ()\'s A (8! Lso! L1 {N/w})r)|n+ 1|9
=%  (NaeMyaz|n|) Lol (Lo {N/w})S
Se Lss(n|S
—¢ Sln+1]
This completes the proof. ]

We now have all the necessary ingredients to prove that any finitely generated family of
circuits can be represented into Q:

Theorem 6. For every finitely generated family of circuits (f,g,h) there is a quan-
tum relevant term My 45 such that for each ci,...,c,, the following two conditions are
equivalent

o (1,0, Msgpller, ..., len]] U [Q{r1, - orm b (1, -y Tl

e m=f(n)and Q=54 pn(c1,....cn).

Proof. Suppose that for every i € N, the circuit K; is

Ui, ri’l, .. rl’p(z D , U,i(i), ’I”Z’(li), e ,rli’(pl.()i’k(i))
where p: N X N — N and &k : N — N are computable functions. Since (f, g, h) is finitely
generated, there is a finite family of gates G = {Uy, ..., Uy} such that for every ¢ € N the
gates Uh(l) ,Ug((:)) are all from G. Let ar(0),..., ar(b) the arities of Uy, ..., U,. Since
the enumeration {K;};cn is effective, we can assume the existence of a recursive function
u: N x N — N such that u(i,j) = « iff Uh(i) is U,. Moreover, we know that for every
i € N and for every 1 < j < k(h(7)), the varlables
PRORL @00 k)

are distinct and in {ry,...,7¢n())}- So, there is a permutation 7r§ of {1,..., f(h(4))} such
that 7% (z) = y iff 'rh(l) “ =, for every 1 < a < p(h(i), k(h(i))). Let p§ be the inverse of
;. Clearly, both 7} and pj can be effectively computed from ¢ and j. As a consequence,
the following functions are partial recursive (in the “classical” sense):
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e A function r : N x N — N which, given (,j) returns the number of elementary
permutations of {1,..., f(h(i))} in which % can be decomposed (via Lemma 7).

e A function ¢ : N x N x N — N such that ¢(i,j,2) = y iff the z-th elementary
permutation of {1,..., f(h(i))} in which 7} can be decomposed is the y-th elementary
permutation.

e A function s : N x N — N which, given (i,7) returns the number of elementary
permutations of {1,..., f(h(i))} in which p’ can be decomposed (via Lemma 7).

e A function ¢ : N x N x N — N such that t(¢,j,z) = y iff the z-th elementary per-
mutation of {1,..., f(h(i))} in which p} can be decomposed is the y-th elementary
permutation.

Now, let us build up a term M;,;; that, given a list L of boolean constants and a natural
number [n], computes the input list for Kj,(,) from L.

Minit = Na.Ny.rec™ (M ly)IN!([])
where

N = dw.Xz.cons((AMg.new(q)) (Mehoose (Mgly(2))z)w.

Moreover, we need another term M., that, given a natural number |n| computes a
term computing the unitary transformations involved in Kj,(,,) acting on lists of quantum
variables with length f(n). The term is:

M ire = Mw.rec (M (Mp'w)) ! ( Ay Nz q. My (Mypie(Mr(yg)))!(Ay.y)

where
M, = rec"™ (M, w!lz)!(Ay.NaAt.(Mq(Mw!zlz))(yt))! (Ay.y)
Mynie = Ay.(casep™ (M, !zlw)! Ny .. INpI(Az.2))y
N; = Ay.extracty () (A2 AZgp(). - Ax1. Mooy (U1, .o Zar))))Y
Mariiy = M1, oo, Tariy)-append ;) 221 - - - Tar(s)
M, = rec"(Mw!2)/(Ay Nz (Mo (Mlw!2l2)) (yt)! (Ay.y)

Now, the term My 4 5 is just:
A!J:~(]\401'7'0(]\4lengthx))(]\41'71#!m(Z\4lengthx))
This concludes the proof. L]

7.3. From Q to Circuits

We prove here the converse of Theorem 6. This way we will complete the proof of the
equivalence with quantum circuit families. We will stay more informal here: the arguments
are rather intuitive.

Let M be a qrel term, let ![lcy,...,len], ['dy, ..., 1dy] be two lists of bits (with the
same length) and suppose that [1, M![lc, ..., en]] dne [Q, N]. Clearly, N cannot con-
tain any boolean constant, since M is assumed to be qrel. By applying exactly the
same computation steps that lead from [1, M![ley, ..., !c,]] to [Q, N], we can prove that
(1, M![\dy, ..., 'd,]] Ino [Q, N], where Q and Q' live in the same Hilbert Space H(Q(N))
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and are both elements of the computational basis. Moreover, any computation step lead-
ing from [1, M![les, ..., le,]] to [Q, NJ is effective, i.e. it is intuitively computable (in the
classical sense). Therefore, by means of Church-Turing’s Thesis we obtain the following:

Proposition 6. For each qrel M there exist a term N and two total computable func-
tions f : N — N and g : N x N — N such that for every n € N and for every cy,...,cy,
(1, M![ler, nten] dna [IT1 7 cgma)s -1 TEn) 7 Co(n,f(n)))» V], where we conventionally
set cg =0 and c,41 = 1.

Let us consider [Q, M] € EQT and let us suppose that [Q, M] {2 [Q,[r1,...,7m]]. Then
Q and Q' live in the same Hilbert space

HQ(M)) = H(Q([r1, -, rm])) = H{r1, - rm}).

The sequence of reductions in this computation allows to build in an effective way a

unitary transformation U such that Q' = U, . . y(Q). Summarizing, we have the

.....

following:

Proposition 7. Let M be a term only containing quantum redexes. Then, there is a
circuit K such that Q" = Uk (Q) whenever [Q, M] | [Q', M']. Moreover, K is generated
by gates appearing in M. Furthermore K can be effectively computed from M.

As a direct consequence of propositions 6 and 7 we obtain the following;:

Theorem 7. For each qrel M there is a quantum circuit family (f, g, k) such that for
each list ¢y, ..., ¢, the following two conditions are equivalent:

o [1,M!ler, .. len]] 419 [,y -+ s 7]

e m=f(n)and Q= P®s4n(ci,... cn).

Notice that the standardization theorem helps very much here. Without it, we would not
be able to assume that all non-quantum reduction steps can be done before any quantum
reduction step.

8. On the Measurement Operator

In Q it is not possible to classically observe the content of the quantum register. More
specifically, the language of terms does not include any measurement operator which,
applied to a quantum variable, has the effect of observing the value of the related qubit.
This in contrast with Selinger and Valiron’s Ay, (where such a measurement operator is
indeed part of the language of terms) and with other calculi for quantum computation
like the so-called measurement calculus (Danos et al. 2007) (where the possibility of
observing is even more central).

Extending Q with a measurement operator meas(-) (in the style of A4,) would not be
particularly problematic. However, some of the properties we proved here would not be
true anymore. In particular:

e The reduction relation would be probabilistic, since observing a qubit can have dif-
ferent outcomes. As a consequence, confluence would not be true anymore.
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e The standardization theorem would not hold in the form it has been presented here.
In particular, the application of unitary transformations to the underlying quantum
register could not always be postponed until the end of a computation.

The main reason why we have restricted our attention to a calculus without any explicit
measurement operator is that the (extensional) expressive power of the obtained calculus
(i.e. the extensional class of quantum computable functions) would presumably
be the same. More precisely, in (Bernstein & Vazirani 1997), pag.1420, the au-
thors write that “A prior: it is not clear whether multiple observations might
increase the power of QTMs. ...one may assume without loss of generality
that a QTM is only observed once...”. See also the so called “principle of
deferred measurement” (Nielsen & Chuang 2000), pag. 186, and the discussion
in the introduction.

As a consequence, we have adopted the standard point of view followed by papers
dealing with quantum computability: we assume to have a unique implicit measurement
at the end of computation.

However, please notice that the possibility of measuring qubits internally (e.g. by a
construct like meas-) could allow to solve certain problems more efficiently, by exploiting
the inherent nondeterminism involved in measurements. Indeed, it is not known whether
measurement-based quantum computation can be efficiently simulated by measurement-
free quantum computation. However, this interesting question goes well beyond the scope
of this paper.

It would be absolutely straightforward to add an explicit, final and full measurement on
the quantum register, without any consequence on the previously stated results. Simply
add to the calculus the following rule:

) " ailfi), Qv M] € NF
i=1
[Z ai|fi>a QV,M] la;|? i
i=1
where [Y7" 1 a;|fi), QV, M| =4, fi means that the measurement of the quantum reg-
ister gives the value f; with probability |a;|?.

measurement

9. Conclusion and Further Work

We have studied Q, a quantum lambda calculus based on the paradigm “quantum data
and classical control”. Differently from most of the related literature, which focus on
semantical issues, we faced the problem of expressiveness, proving the computational
equivalence of our calculus with a suitable class of quantum circuit families (or equiva-
lently, with the quantum Turing machines a la Bernstein and Vazirani).

We have also given a standardization theorem, that should help clarifying the inter-
action between the classical and the quantum world (at least in a A—calculus setting).
Operational properties of the calculus, such as subject reduction and confluence, have
been studied.
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A next step of our research will concern the development of type systems. An interesting
question is the following: is it possible to give type systems controlling the (quantum)
computational complexity of representable functions?

Another possible direction of our future research will regard the study of measure-
ment, in order to move from a calculus of computable functions toward a more concrete
functional programming language.
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Appendix A. Appendix: Hilbert spaces

Definition 13 (Hilbert Space). An Hilbert space H is:
a vector space on the field C equipped with:

1 an inner product {, )3 : H xH — C s.t.

(a) (&, V)1 = (¥, 9)3
(b) (¥, ¥)# is a real number non negative;
(c)if (¢,9p)x =0 theny =0
(d) (c101 + c22, )3 = (D1, V)3 + c3(P2, )3
(e) (@, c191 + catha)n = 1P, Y1)m + c2(@, Y2)n-
2 amnorm || || : H — RT defined by ||v||n = <v,v)%2;

Given the metric d(¢, @) = ||¥» — ¢||n, the space H must be complete (all the Cauchy
sequences are convergent).

Proposition 8. Each finite dimensional complex vector space H equipped with an inner
product { , ) is an Hilbert space w.r.t. the metric d(v, @) = || — &||x-

In the following, when it is clear from the context, we will write simply ( , ) and || ||
instead of (, )3 and || ||2.

Let H be a Hilbert space and ¢, generic vectors of H: ¢ € is normalized if ||¢|| = 1.
¢ and 1) are orthogonal if (¢, ) = 0.
A set b={¢o,...,0n—1} C H is a an orthonormal base if:

1 if ¢ € H then ¢ = 37" di¢ (where each d; is in C);
2 each ¢ € b is normalized;

3 if ¢,1 € b and ¢ # ¢ then (¢, ) = 0.
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Definition 14 (Unitary operators). Let H' ad H” two finite Hilbert spaces with the
same dimension, and let U : H' — H”, a linear transform, the adjoint of U, is the unique
linear transform UT : H” — H’ such that for all ¢, (Ue,v) = (¢, UT). If UTU = Id
we say that U is unitary. If H' = H" then the unitary transform U is called unitary
operator.

Definition 15 (Tensor of Hilbert Spaces). Let H',H” be two Hilbert spaces with
inner products { , ), {, dur-

The tensor product of H' and H" is the Hilbert space H' ® H” built in the following way.
Let H' o H” the space freely generated by the set H' x H”. Now let us consider the
subspace S of H' ¢ H" generated by the elements:

(digp1 + dagpa, ) — di(d1,v) — da(P2,7))

(¢, dih1 + dotpa, ) — di (¢, ¥1) — d2(¢, ¥2)
with dq,ds € (C, ¢ € H/, "l/) eH".
Let us consider the quotient space (H' @ H")/S, we define the tensor product of two
Hilbert spaces in the following way?:

HoH' C (H en")/s.
The inner product in H' ® H" is defined by:

L {p1 @1, p2 @ 2)n = (P1, d2) (Y1, Y2)rerr;
2 (c1¢1+ a9, V)1 = 1 (D1, Y)u + c5(d2, V) n;
3 (o, 191 + cotha)m = 1 (@, 1) + c2(P, Y2) -
Proposition 9. The map
® . H/.H// — H/®H//
defined by (¢, 1) — S + (¢, ) is bilinear (S is the subspace defined above).

Proposition 10. Let H',H” be two Hilbert spaces with orthonormal bases b’, b”; the
set {¢' ® ¢"'|¢' € b’,¢" € b} is an orthonormal base of H' @ H".

Definition 16. Let H’ and H” two Hilbert spaces and let U,V be unitary operators
respectively in H’ and H”. The unitary operator U @ V in H' ® H" is defined by:

L UaV)(¢e)=U¢) @ (Vi)
2 U V)(Zf:o bidi) = Zf:o bij (U @ V)e;

8 (H’' @ H'")/S is the quotient space with respect to the cosets S + (4,1)), with (¢,) € H' x H"



