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Abstract

Commonly used caching policies, such as LRU (Least Recently Used) or LFU
(Least Frequently Used), exhibit optimal performance only under specific traffic
patterns. Even advanced machine learning-based methods, which detect pat-
terns in historical request data, struggle when future requests deviate from past
trends. Recently, a new class of policies has emerged that are robust to varying
traffic patterns. These algorithms address an online optimization problem, en-
abling continuous adaptation to the context. They offer theoretical guarantees
on the regret metric, which measures the performance gap between the online
policy and the optimal static cache allocation in hindsight. However, the high
computational complexity of these solutions hinders their practical adoption.

In this study, we introduce a new variant of the gradient-based online caching
policy that achieves groundbreaking logarithmic computational complexity rel-
ative to catalog size, while also providing regret guarantees. This advancement
allows us to test the policy on large-scale, real-world traces featuring millions
of requests and items—a significant achievement, as such scales have been be-
yond the reach of existing policies with regret guarantees. The regret guar-
antees and the low complexity are also maintained in cases where items have
non-uniform sizes. To the best of our knowledge, the proposed solution is the
only low-complexity no-regret policy for such a case, and our experimental re-
sults demonstrate for the first time that the regret guarantees of gradient-based
caching policies offer substantial benefits in practical scenarios.
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1. Introduction

Caching is a fundamental building block employed in various architectures
to enhance performance, from CPUs and disks to the Web. Numerous caching
policies target specific contexts, exhibiting different computational complexities.
These range from simple policies like Least Recently Used (LRU), First In First
Out (FIFO) [1] or Least Frequently Used (LFU) [2] with constant complexity to
more sophisticated ones like Greedy Dual Size (GDS) [3] with logarithmic com-
plexity, up to learned caches [4] that necessitate a training phase for predicting
the next request.
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All caching policies, implicitly or explicitly, target a different traffic pattern.
For instance, LRU and FIFO favor recency, assuming requests for the same item
are temporally close, while LFU performs well with stationary request patterns
[5]. Learned caches [4], which use Machine Learning for request prediction, iden-
tify patterns in historical request sequences, and assume the same pattern will
persist. In a dynamic context with continuously changing traffic patterns, none
of these policies can consistently provide high performance, and it is indeed easy
to design adversarial patterns that may hamper the performance of a specific
caching policy [6, 7].

Some recent caching policies [6, 7, 8, 9, 10, 11] have been designed to be

robust to any traffic pattern, making no assumptions about the arrival process.
These policies are based on the online optimization [12] framework. The key
performance metric in this context is regret, which is the performance gap (e.g.,
in terms of the hit ratio) between the online policy and the optimal static cache
allocation in hindsight. Online caching policies aim for sub-linear regret with
respect to the length of the time horizon, as this guarantees that their time-
average performance is asymptotically at least as good as the optimal static
allocation with hindsight. Policies with sub-linear regret are typically referred
to as no-regret policies.
Limitation of the prior work. The major drawback of the no-regret poli-
cies is their computational complexity. Indeed, most of these policies have at
least O(N) complexity per request, where N is the catalog size [11]. This high
complexity has limited the adoption and experimental validation of no-regret
policies. Figurel shows the trace length T" and the catalog size N used in the
literature proposing no-regret regret policies versus those in the more broader
literature on caching policies (the corresponding references are listed in Table 1).
No-regret policies have typically been evaluated using traces (labeled no-regr,,)
that are either generated synthetically, or sub-sampled from much larger traces.
Their catalogs and trace lengths are several orders of magnitude smaller than
those considered in the rest of the literature. In Sec. 7, we provide evidence that
the actual running time of these policies scales linearly with the catalog size N,
which severely limits the number of requests they can process per unit of time
(see, e.g., Fig. 9 and the corresponding discussion).

To the best of our knowledge, only the Follow The Perturbed Leader (FTPL)
policy [10] can be, in some cases, implemented with O(log N) complexity (see
Sec.2.2). Nevertheless, this policy—despite being, in practice, a noisy version
of LFU, and thus performing well only when LFU does—has been evaluated,
like other no-regret policies, primarily on short traces with small catalogs (see
Table 1 and Fig. 1). Additionally, the regret guarantees have been proven for the
uniform item size case, with no low complexity extension to handle non-uniform
item sizes.

Contributions. In this work, we introduce a new online caching policy, OGB,
based on the gradient descent approach that has O(log N) amortized compu-
tational complexity per request, and sub-linear regret guarantees in the inte-
gral caching setting, i.e., when the cache stores entire items. This complexity
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Figure 1: Trace length (T') and catalog size (N) used in no-regret caching papers (4), and
used commonly for evaluating caching policies ().

Table 1: Trace references.

Paper Year | Label
¢ Paschoset al. [6] 2019 | no-regr;
¢ Bhattacharjee et al. [7] 2020 | no-regrs
¢ Pariaet al [8] | 2021 | no-regrs
¢ Mhaisenet al. (a) [9] | 2022 | no-regry
¢ Mhaisenet al. (b) [10] | 2022 | no-regrs
Si Salem et al. [11] | 2023 | no-regrs
*  Kavalanekar et al. [13] | 2007 | ms-ex
* Leeet al [14] | 2016 | systor
*  Songet al. [15] | 2019 | cdn
%  Yanget al. [16] | 2020 | twitter

matches that of commonly used caching policies, making it suitable for real-
world contexts. Our solution relies on the clever joint design of two steps:
(i) the selection of item storage probabilities, for which we modify the clas-
sic Online Gradient-Based (OGBg) policy originally proposed for fractional
caching—when the cache can store arbitrarily small fractions of every item—and
(ii) a sampling process in which we select the actual set of items stored in the
cache, minimizing the number of new items retrieved upon each update.

Our solution also works when the cache can be updated only after a batch of
requests are served. This case could be of interest in high-demand settings, or to
amortize the computational cost of the caching policy and/or to reduce the load
on the authoritative content server. The design maintains regret guarantees and
logarithmic complexity independently of the batch size.

We then extend the proposed caching policy to the case where items have
non-uniform sizes, showing that it maintains the regret guarantees and it can be
implemented with O(log N) amortized computational complexity. Finally, by



removing the sampling process, our policy also works in the fractional caching

setting, with amortized complexity O(N/B) per request, where B is the batch

size, matching state-of-the-art no-regret policies in the fractional setting.

The low complexity of OGB allows us to evaluate it on traces with millions of
requests and items—an accomplishment previous works could not achieve. We
explore various scenarios where OGB outperforms traditional caching policies,
demonstrating that gradient-based schemes adapt effectively to changes in traffic
patterns.

In summary, our contributions are as follows:

e We propose OGB, the first integral online gradient-based caching policy that
enjoys both sub-linear regret guarantees and O(log N) amortized computa-
tional complexity per request, and can handle typical catalogs that charac-
terize real-world applications.

e We extend these results to the non-uniform item size case, showing that our
policy continues to enjoy regret guarantees and O(log N) amortized complex-
ity. To the best of our knowledge, this is the only low-complexity no-regret
policy for such a case.

e The regret guarantees are confirmed also for the fractional caching, which has
O(N/B) amortized complexity when operating over batches of B requests,
allowing to mitigate the linear complexity intrinsically associated with this
case.

e Through experiments on different public request traces with millions of items
and tens of millions of requests, we show for the first time that the regret
guarantees of online caching policies bring significant benefits in scenarios of
practical interest.

Roadmap. The remainder of the paper is organized as follows. In Sec.2, we
provide background information on gradient-based caching policies and discuss
the motivation behind the work. In Sec. 3, we offer a high-level description of the
elements composing our solution, and we prove its regret guarantees. Sections 4
and 5 provide detailed descriptions of the building blocks of our scheme for the
uniform size case. Section 6 discusses the extensions to more general settings,
like heterogeneous file sizes, and the fractional case. In Sec.7, we apply our
solution to a set of publicly available traces. Finally, in Sec.8 and Sec.9, we
discuss related work and conclude the paper.

2. Background and motivation

2.1. Online Gradient Based caching policy

No-regret caching policies make no assumptions about the arrival pattern
and adapt dynamically to the received requests. They aim to solve an online
convex optimization problem [7]. We consider a catalog of N items, denoted by
N =1,2,..., N, where each item i has a size s;. The cache has a total capacity
of C'. We let the current time ¢ coincide with the number of requests received
so far. FEach request is represented as a one-hot vector r;, with r; ; = 1 for the
requested item j € A/, while all other components are set to zero.



We consider a batch operation, where the cache is allowed to update its state
every B > 1 requests, as in [17, 11]. The batched operation may be motivated
by the fact that requests indeed arrive in batches, or by the need to amortize
the computational cost of the caching policy and/or to reduce the load on the
authoritative content server. In the first case, the ordering of B consecutive
requests at times nB + 1,nB+2,...,(n+ 1)B for n € N is arbitrary.

We start describing the fractional setting, considered for example in [18, 19,
20, 6], where the cache can store arbitrarily small fractions of each item. The
fractional setting is useful for modeling caching systems that work with item
chunks much smaller than the item size, as is the case in video caches. The cache
fractional state at time t is the vector f; € [0,1]" satisfying va:l sifei = C,
where each f;; denotes the fraction of item ¢ stored in the cache, with the
fractions chosen so as to completely fill the cache.

For the t-th request, the cache receives a reward ¢;(f;) = Zf\il Wi [
where w; ; is a weight that may be correspond to the cost of retrieving the whole
item from the origin server. Upon a request for item ¢ (r;; = 1), wy i fr; can be
interpreted as the cost reduction due to the fact that the fraction f;; of item ¢
is stored locally. To simplify the presentation, we assume that all items have
the same size and weight, i.e., s; = wy; = 1 for all £ and . In this case, the
cache capacity C corresponds to the number of items that can be stored, and
the rewards correspond to the (fractional) cache hits. In Sec. 6, we extend our
results to the general case.

The performance of an online caching policy A is characterized by the static
regret metric, defined as:

T0,T1y.-,TT—1

T—1
Rr(A)2  sup {Z (f*) —E
t=0

T—1
> %(ﬁ)] } (1)

t=0

where f* = argmaxg, » Zthl @¢(f) is the best-in-hindsight static cache alloca-
tion knowing all future requests,! and the expectation is over possible random
choices of the caching policy. Such an allocation f* is usually referred to as OPT.
The regret measures the accumulated reward difference between the baseline f*
and the online decisions {f;}i=o,...7—1 by algorithm A. An algorithm is said
to achieve sub-linear regret (or have no-regret), if the regret can be bounded
by a sub-linear non-negative function of the time-horizon 7. In this case, the
ratio Ry /T is upper-bounded by a vanishing function as T diverges, i.e., the
time-average performance of the online policy is asymptotically at least as good
as the performance of the best static caching allocation with hindsight.? Since
the supremum in (1) is taken over all possible request sequences, the sequence
of requests can be viewed as being generated by an adversary with the goal of
maximizing the cache’s regret.

INote that one can always select f* so that only full items are stored, i.e., fi €{0,1} for
allie {1,...,N}.
2Note that the regret may also be negative as it is the case in Fig. 6, right.



The first no-regret caching policy was proposed in [6] for the fractional set-
ting and later extended to batched operation (B > 1) and the integral setting
n [11]. We denote this “classic” policy by OGB; and introduce it directly in
the batched setting. The cache is updated every B requests at time instants
T £ nB:n e N as follows:

;i {H]—‘ (fon+nSZh 5 Vorlfn)), ifteTs, o)

ft—l; Oo.W.,

where IT£(+) is the Euclidean projection onto the feasible state space F, Zt;:lth O+ (fi—B)
is the total reward accumulated by the cache for the previous B requests, and

n € RT is the learning rate. The learning rate is a parameter of the scheme, and
selecting n = ,/% (1- %) guarantees that Rp(OGB.) < /BTC (1— %)

[11, Corollary 4.5].

In the integral setting, the cache is forced to store each item in its entirety.
The cache state at time ¢ can then be characterized by a binary vector x; €
{0,1}". A hard cache capacity constraint imposes Ef\;l x¢; = C, but a soft
cache capacity constraint has also been considered in the literature, e.g., in
[21, 22, 23, 24][25, 26], and in practical system implementation [27], requiring
that the constraint is satisfied only in expectation over some random choices
of the caching policy, i.e. E [vazl xt,i] = (C. Besides satisfying the cache size
constraint, one would also like to minimize the changes between the current and
the previous cache states. In LRU, for instance, at most one item is added and
another item is removed, which has a limited impact on the amount of data
exchanged between the cache and the origin server.

The concept of regret can be immediately extended to the integer setting by
replacing f; in (1) by ;. Interestingly, a no-regret fractional caching policy can
be transformed in a no-regret integral caching policy by augmenting it with an
item sampling procedure that guarantees E [x:] = f; [11, Sec. 6]. This sampling
procedure is also often referred to as a rounding scheme. We discuss different
rounding schemes in Sec. 5.

Projection Time Complexity. The most expensive operation in OGB is
the projection on the capped simplex F in Eq.2, required both in the frac-
tional and the integral setting. After B requests are processed, the vector
Yyt = fi-p + T}Z:;LB Véi—p(fi—p) does not belong to the feasible set F
(some components of f;_p have been increased) and needs to be projected back

to F. The projection corresponds to solving the following problem:

1 )
Jain, 51 = vl

s.t. ngzgl Vi€{17...,N}, (3)

N
Zfi =C.
i=1



For the general case in which more than one component of y; differs from the cur-
rent f;_p, the best known Euclidean projection algorithm has O(N?) complex-
ity [28]. If a single component changes with respect to the current f;, Paschos et
al. [6] show that the complexity can be reduced to O(N log N), later refined to
O(N) [29]. The best known per-request amortized cost is then O(N?/B) for
B > 1 and O(N) for B = 1. We observe that no-regret algorithms based on
online mirror descent (OMD) with a negative entropy mirror map, rather than
on classic gradient descent, rely on a different projection (Bregman projection)
and may achieve O(N/B) per-request amortized cost [11]. However, OGB,; has
been shown to outperform OMD in most settings of practical interest [11].

Sampling Time Complexity. In the integral setting, item sampling incurs
additional costs. A naive solution to update the cache is to consider each item
independently and select it with probability f;. This approach satisfies the soft
cache constraint but not the hard one. Moreover, it can potentially lead to
changing a large number of items in the cache. To select exactly C items, it
is possible to adopt the systematic sampling approach devised by Madow et
al. [30]. While this represents an elegant solution to a complex issue, it still
requires O(N) operations and does not guarantee minimizing the changes in
the cache, although experimental evidence shows that the number of replaced
items is indeed small [11]. By formulating the problem as an optimal trans-
port problem, we can guarantee the selection of exactly C' items and minimize
the number of replacements. However, this approach comes with a high com-
putational cost, namely O(N?3) complexity [31]. Overall, it is not possible to
simultaneously achieve these three desired properties—selection of exactly C
items, minimization of replacements, and low computational complexity.

Both building blocks described above have an amortized cost of Q(N/B),
which is linear in the catalog size. In what follows, we demonstrate that, in
the integral setting with soft cache capacity constraints, a slight modification of
the OGB policy in (2), combined with a smart joint design of the projection
and sampling steps, results in a per-request cost of O(log N) for any batch size
B > 1, while still providing the same regret bound. In the fractional setting,
our policy incurs a cost of O(N/B), improving upon OGB,; by a factor N when
B> 1.

2.2. Motivation

Works proposing no-regret caching policies usually evaluate them in adver-
sarial settings, where the request sequence is specifically designed to limit the
effectiveness of common caching policies such as LRU and LFU. Such an ad-
versarial setting may be considered unrealistic. Figure2 (top left), shows the
results with a real-world trace. This trace contains 10° requests for 10* items
(cache size C' = 500 items) and it has been subsampled from the publicly avail-
able trace from [15, 32] (trace with label cdn in Table1), to generate a trace
comparable, in terms of catalog size and number of requests, with the traces
considered in previous works on no-regret policies (traces with labels no-regr
in Table1). While LRU works reasonably well on this trace, it is matched by
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Figure 2: Real-world traces: sensitivity of OGB,] with a short trace (top, left) and a long trace
(top, right), and sensitivity of FTPL (bottom). In OGB,j, the parameter 7 is the learning
rate, while in FTPL the parameter ¢ is the noise added to the LFU counters.

online gradient-based policies and, in any case, does not provide theoretical
guarantees.

The main issue with the OGB, policy is its O(N) computational complexity,
which may limit it to a theoretical exercise with no practical application. To
the best of our knowledge, no work shows that OGB,| performs well with large
catalogs and long traces that have heterogeneous patterns, like the ones used
commonly in the caching literature (last 4 lines of Table1). Thanks to OGB’s
reduced complexity of O(log N), we can easily evaluate its performance on real-
world traces with tens of millions of items and hundreds of millions of requests.
For example, in Fig.2 (top right), we tested the trace cdn (6.8 - 10° items and
3.5- 107 requests) without the need to subsample it.

The only existing no-regret policy with sublinear complexity is a variant of
the Follow The Perturbed Leader (FTPL) policy [7]. FTPL operates as LFU,
but adds to each counter an independent Gaussian random variable with zero

%, FTPL guaran-
tees sublinear regret [7]. The variant generates the Gaussian noise only once at
the beginning [10], rather than for each request as in the original proposal [7],
thereby reducing FTPL’s complexity from O(N log N)—since the counter vec-
tor must be sorted at every request—to O(log N). Nevertheless, the FTPL

mean and standard deviation {. By tuning ¢ = W



policy presents some limitations. First, FTPL is equivalent to LFU with some
initial noise, causing it to suffer from the same limitations as LFU, such as poor
adaptability to dynamic traffic patterns. Second, FTPL has a high sensibility
to variations in its parameter ¢, as shown in Fig. 2 (bottom). This variability
can result in a lower hit ratio, which has a significant impact on serving average
latency.. By contrast, OGB is robust to the setting of its parameter n (Fig. 2,
top). A possible solution to the sensitivity of FTPL to ¢ would be to make the
parameter change using online learning algorithms, but this approach would be
orthogonal to the main objective of this paper and represents an interesting
future research direction.

In addition, our experiments in Sec. 7 show that OGB is better suited than
FTPL to track changes in request patterns. Finally, FTPL usually assumes
that all items have uniform size. The approximate optimistic FTPL algorithm
proposed in [10] achieves a sublinear 1-regret bound with an unequal-size solu-
tion. However, its complexity is O(N), even when the optimistic predictions are
disregarded in the algorithmic design. In contrast, OGB can be easily extended
to handle non-uniform item sizes, as we do in Sec.6, while still maintaining
O(log N) complexity and sublinear regret guarantees.

3. Solution overview

Our scheme is presented in Figure 3 and Algorithm 1 for the integral setting.
We denote our scheme as OGB because it is almost identical to the OGB, policy
in (2). Indeed, as OGB, OGB maintains a vector f; indicating the probability
with which each item is stored, and updates the integral cache status every B
requests according to fi, guaranteeing that E[x;] = f;. The only difference is
that, while OGB, updates the vector f; once every B requests, OGB updates
it after every request as follows:>

fe=Tzr(fi-1 +nVoi1(fi-1))- (4)

As we are going to show, OGB achieves O(log N) per-request amortized
cost for any B > 1 against OGB.’s O(N) and O(N?/B) for B =1 and B >
1, respectively. This may appear surprisingly because OGB performs more
projections and, as observed in Sec. 2, the projection is the most expensive
step in OGB,;. A first explanation is that projections of vectors perturbed in a
single component are less expensive to compute (O(N log N) vs O(N?), see [6]).
However, this difference alone does not account for OGB’s O(log N) complexity.
The key lies in the joint design of the projection and the sampling steps which
allows the new cache state x; to be sampled at t € T without needing to update
the vectors of probabilities f;_p11,..., fi—a procedure which would require at
least O(N) operations.

Before presenting OGB’s implementation in detail, we observe that OGB
and OGB lead to different sequences (f:)ie7,. The first question is whether

3Note that OGB.; and OGB coincide for B = 1.
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Figure 3: High level view of the building blocks that compose the solution: the item selection
passes through the computation of the caching probabilities.

Algorithm 1: OGB scheme

1 fo+ £1;

2 o < BERNOULLI( fo);

3 for t=1,...,7 do

4 St < UPDATEPROBABILITIES(fi—1,T¢—1);
// update according to (4)

5 if t % B == 0 then

// batch processed

¢ < UPDATESAMPLE(ft, +—B);

// update the cache, E[z:] = f:

=]

OGB enjoys the same regret guarantees of OGB.. The following proposition
confirms that this is the case.

c(1-

fel
Theorem 3.1. The policy OGB in Algorithm 1 with n = W’V) has regret

upperbounded by /C (1 — %) TB.

The proof can be found in Appendix. A.

In the following, we summarize the challenges of each individual step, Up-
DATEPROBABILITIES and UPDATESAMPLE. For ease of presentation, in Secs. 4
and 5 we consider the uniform weight and uniform size case, i.e., wy; = s; =1
for all ¢ and 7. The extension to the general case is presented in Sec.6 and
involves some cumbersome adaptations that do not alter the overall structure
of our solution.

4. Updating the Probabilities

When an item is requested, the caching strategy should increase the proba-
bility of that item being cached, while decreasing the other items’ probabilities.
These two operations are indeed accomplished in two different steps by the OGB
policy. First, we increment the component related to the requested item by a

10



value equal to the step size 1. Then, the projection Iz (-) decreases all the com-
ponents, such that their sum is equal to C. In order to design a low complexity
algorithm, we need to understand how the projection actually operates.

From the previous vector f;_1, when item j is requested, we obtain the
following vector y;:

Yoi = Jt—1i if i # j,
t,i — ep - .
' Jt—1i+n ifi=j.

Clearly we have vazl y¢,; = C'+ n and the aim of the projection is to remove
the excess 7. Let M, = {i : y;; > 0} be the set of indexes of the positive
components of y;. In order to minimize the squared norm in (3), the excess
should be uniformly taken from each positive component. Let p = n/|M,|, then
the projection f; would be:

Yti — P if7 € Mp,
fri=

0 otherwise.

Note that the set M, also includes the index of requested item j. As an ex-
ample, Fig.4 shows a small vector with six components. The initial state is
represented by the blue bars. When a new request for item 1 arrives, we first
add the orange contribution to component 1. We then uniformly decrease all the
components (resulting in the green bars) to ensure the sum of all components
remains constant. To ensure that all components of the projection fall within
the range [0,1], there are some corner cases that need to be considered.

value

N A

Figure 4: Example of a projection on a small vector. Starting from a feasible solution (blue
bars), a new request for item 1 generates an excess (orange bar), which is taken evenly from
all the components (green bars) to obtain a new feasible solution.

The first case occurs when a component becomes negative, i.e., y:; > 0,
but y:; — p < 0. This leads to changes in the set M, and the excess to be
redistributed. Specifically, n =n—3_, ", yii, My, = Mp\{i:y; < p}, and
p' =1n'/IM’',|. This adjustment may be needed multiple times, but, as we show
in Sec.4.2, on average, a single item goes to 0 after each request and then the
amortized per-request cost is bounded.
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The second case occurs when the component related to the requested item j
exceeds one, i.e., fi_1; <1, but f;_q ;+n—p > 1. This case is easy to manage:
the component f; ; is set to one, the excess becomes ' = 1 — f;_1; and we
remove j from M,, i.e., we consider the new set M;, = M, \ {j}. Note that in
the trivial case where f;_; ; = 1, the j-th component of y, becomes y; ; = 1+,
and the final projection is simply f; = f;—1. We observe that changing the
excess and the set over which this should be distributed may lead to reconsider
also which components become negative, but the amortized per-request cost is
still bounded (Sec. 4.2).

Although these corner cases require some considerations, the key observation
remains: the projection fundamentally involves a uniform redistribution of ex-
cess. This characteristic can be leveraged to design a low-complexity algorithm
for updating the projection.

4.1. Improving Projection: Main Idea

Consider two items, a and b, with f, > 0 and f, > 0.* Assume that they are
not requested during two consecutive time slots and that their updated values
do not become zero. After the first request, their values are decreased by the
same quantity p;. After the second request, their value are decreased by the
same quantity ps. In this case, we do not need to actually change f, and f3, but
we can maintain an external variable p = p; + p2, knowing that the projections
of the components f, and f, are indeed f, — p and f, — p. We denote the
“unadjusted” version of f by f, and keep track of the adjustment coefficient p
separately, so that

fi = fi—p it f; >0,
o otherwise.

To manage the corner cases in the projection step, we need to detect when
a component goes below zero or is set to one. To this aim, we keep, in new
data structure z, a copy of the (positive components of the) vector f sorted by
value. When we update p to a new value p’, we check which components are
smaller than p’ (these are the components set to zero), remove them from z
and adjust p’. The only component which may be set to one, is the component
corresponding to the requested item, we deal with it separately, updating the
corresponding value in f and in the data structure z.

Managing the sorted copy of the coefficients has O(log N) complexity. If we
need the actual projection f, we must compute each component from f and
p. This implies that any algorithm updating the projection at each step cannot
have a complexity less than O(N). However, in our case, since the projection is
used to determine the probability of selecting items to cache, we do not need to
update all components. We only need to identify which components fall below
a given threshold, as explained in detail in Sec. 5.

4In the notation, we sometimes omit the time slot ¢ when it is clear from the context.
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4.2. Improving Projection: The Algorithm

Algorithm 2: UPDATEPROBABILITIES

input: f , current state

input: p, current adjustment

input: z, ordered tree with positive coeffs. of f
input: j, index of the requested item

input: 7, OGB step size

// The requested item is already 1
1 if f; — p==1 then

2 L return;
// The requested item was 0
3 if f; == 0 then
4 | fieptm
5 2j &= p+n;
6 z+zU{z}
7 else
// Update with the 0GB step
fi=fi+m
9 |zt
// Remove items with negative values
10 7 =mn;
11 repeat
12 | o =1/lz];
13 B+ 0;

14 B+ {i:z; —p—p <0};

15 n+n —(z—p), Viebh

16 z+ z\{z:1€B};

17 fi+0, VieB;

18 until B is empty;

// Check the value of the requested item
19 if (z; € z) and (2 —p—p’ > 1) then

20 | n'=n—((z—p) -1

21 z, f < RESTOREREMOVED();

22 | z< 2\ {z};

23 fi—1;

24 GoTo line 11 ; // This can happen only once
// Update p

25 pp+p';

26 if z; ¢ z then

27 zj < 1+ p;

28 z<+ zU{z};

29 fie1+p;

30 return p, f, z

The proposed Algorithm 2 is based on the fact that the projection is a con-
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strained quadratic program and the objective function is strictly convex with
a unique solution characterized by the KKT conditions [33]. As done in [28§]
and [6], we look at the set of coefficients that are respectively greater than one,
between zero and one, and zero, and we adjust them with the uniform redis-
tribution of the excess. Differently from the above mentioned papers, following
the ideas presented in Sec.4.1, we maintain an ordered data structure z, which
contains the positive coefficients of the vector f, and an external adjustment
coefficient p. When a new request for item j arrives, we first check if f; — p is
already equal to one, in which case there is no update. Otherwise, we assign
the step size n to the component j. If fj was equal to zero, we adjust its value
considering the current adjustment coefficient p.

The next block—lines 11-18—handles the corner case in which the redistri-
bution of the excess produces negative coeflicients. Although this block may
potentially be executed multiple times, we prove that, on average, a single ele-
ment will be set to 0 after each request, resulting in the block being executed
only once. Consider the cache after the first ¢ requests. At any time, there can
be at most N — C' components of the vector f; equal to 0. Moreover, at each
request, at most one component can turn positive (because the corresponding
item has been requested). It follows that the total number of components set
to 0 over the ¢ requests is upper-bounded by N — C' + t. Therefore, on average,
14+ X ;C new components are set to 0 at each request, and the average time
complexity of the cycle at lines 11-18 is O(1). In practice, our experiments
show that the loop is executed at most twice per request, as also observed in [6,
IV.B] for the corresponding operations in their projection algorithm.

Lines 19-24 consider the corner case in which a coefficient is greater than
one. There can be at most one such coefficient, corresponding to the requested
item, therefore this block is executed at most once. If executed, we first derive
the new excess to be distributed, and we restore the components removed in
lines 11-18. We take out the component of the requested item (it will be restored
at the end, at lines 26-29), and we repeat lines 11-18 with the updated excess

/

n

Overall, the time-complexity of projection update is then determined by the
need to keep the data structure z ordered, which is O(log N).

5. Updating the Sample

After the update of the caching probabilities, the cache may change the set
of stored items. In the literature, this is often referred to as a rounding scheme
[8, 11], since the fractional state f; with continuous components between 0 and
1 is mapped to a caching vector x; whose components are either zero (the item
is not cached) or one (the item is cached).

The selection can be seen as a sampling process, in which the probability that
an item ¢ belongs to the sample is proportional to its component f;. Considering
the sampling literature, this is known as probability proportional to size (PPS)
sampling [34].
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Problem definition. Since f varies as new requests arrive, we are interested
in finding a scheme that, starting from the previous sample, and considering the
updated f, draws a new sample that has a large overlap with the previous one.
Sample coordination refers to the process of adjusting the overlap between suc-
cessive samples [35]. With positive coordination the number of common items
between two consecutive samples is maximized, while with negative coordina-
tion this number is minimized. We aim at finding a positive coordination design
that is computationally efficient.

Current solutions. PPS sampling schemes that provide an exact number of
samples—such as systematic sampling used in [8, 11]—have O(N) complexity.
To the best of our knowledge, there is no extension of systematic sampling to
successive sampling that would allow for a reduction in the computational cost
of consecutive sampling. The only option is to re-apply the scheme from scratch,
without guarantees on the level of coordination across consecutive samplings.
Any scheme that aims at maximizing the overlap of successive samples with
an exact sample size, requires the computation of joint inclusion probabilities
over subsequent samples, which in turn involves an update on every pair of
items [35], so it has at least O(NN?) complexity.
Our approach. The conclusion is that under hard cache capacity constraints
the sampling scheme complexity is O(N) and O(N?) if we want to maximize
the overlap between consecutive cache allocations. We show that under a soft
cache constraint, which allows the number of item to satisfy the contraint in
expectation, we can design a low-complexity scheme with a tunable level of
sample coordination.

5.1. Coordination of Samples

First sample. The components of f satisfy the following constraints: 0 <
fi <1,¥i € N, and Zf\il fi = C. Therefore, we can apply Poisson sampling
[36], i.e., we decide to include an item in the sample independently from the
other items. To this aim, we associate a random number p;, drawn from a
uniform distribution between zero and one, to each item ¢, and we include the
item ¢ in the sample if and only if p; < f;. The resulting sample has a random
sample size with expectation C, the cache size. With sufficiently large C' the
variability around the expectation is limited. In particular, the variability is
the largest when each item has the same probability to be stored in the cache,
ie.,, fi = C/N for each i € N. Considering this setting, the coefficient of
variation (the ratio between the standard deviation and the expected value)
for the number of items sampled can be easily upper-bounded by 1/ VC. Tt
is then smaller than 1% as far as C' > 10000. Moreover, under a Gaussian
approximation, the probability that the number of items sampled exceeds the
average cache size C' by €C is upper-bounded by ¥(ev/C), where ¥(:) is the
complementary cumulative distribution function of a standard normal variable.
For example, we can conclude that, in the same setting, the probability that
the instantaneous cache occupancy exceeds C' by more than 3% is smaller than
0.13%. Theorem 1 in [37] presents a similar result based on the Chernoff bound.
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It is possible to decrease cache occupancy variability further by adopting the
collocated sampling scheme [38]. However, as our experiments will show, the
variability with Poisson sampling is limited and never exceeds 0.5% of the cache
size. Therefore, the impact of a collocated sampling scheme would be minimal.

Subsequent samples. Brewer et al. [39] showed that Poisson sampling guar-
antees positive coordination if the random value p; is permanently associated
to item 4. In particular, the expected number of overlapping items between two
consecutive samples is maximized [40, Prop. 1]. The sample selection rule then
becomes: the item is included as long as p; < f;;. The values {p;} may peri-
odically be randomly redrawn to reduce potential over/under-representation of
some items.

Putting the pieces together. In Sec. 4, we proposed a scheme where, instead
of computing f; at every request, we update the global adjustment p, along with
f; if item i has been requested, knowing that f; = f; — p. After B updates, we
need to determine which items should be included in or evicted from the cache.
We distinguish three groups of items.

The first group includes items that have been requested in the last B re-
quests. The value of f; for these items changed. If the item is not currently
cached, we check whether f; > p;, ie., f; — p > p;. If that is the case, we add
it to the cache.

The second group contains the items that have not been requested and were
not in the cache: since f; decreased, the items continue to stay out of the sample,
i.e., we do not need to manage all the items not cached and not requested.

The third group includes all the cached items (excluding the requested ones).
We need to check if, for some items, f; became smaller than p;, i.e., f; — p < ;.
For these items, both ﬁ and p; remained unchanged, only p has been updated.
The key observation is that, after B updates, for all the cached items (except
the ones that have been requested), the difference d; = f; — p; remains constant.
We can then maintain the values d; in an ordered data structure and evict the
items for which d; < p as p changes. The eviction, like any other operation on
the ordered data structure, has logarithmic complexity.

5.2. Item selection: The algorithm

Algorithm 3 summarizes the sampling operation to be executed every B re-
quests. For each requested item i, if the item is already in the cache, we update
the difference d;. If it is not, we potentially insert it into the cache (lines 2-8).
Overall, we can update or insert at most B values in the data structure.

Then, we evict all items whose difference d; is smaller than the current value
of p. We can prove that, on average, B elements need to be evicted (similarly to
the proof that on average one component of f is set to 0 in Sec. 4.2). The ordered
data structure d guarantees O(log N) complexity for each eviction, along with
O(log N) complexity for any other operation involving the data structure (in-
sertion, lookup). Overall, we achieve the target O(log N) per-request amortized
complexity for the sampling procedure.
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Algorithm 3: UPDATESAMPLE

input: f , current fractional state

input: @, current cache state

input: p, current adjustment

input: p, permanent random numbers

input: d, ordered tree with differences ( fi— Di)
input: J, set of indexes of the requested items

// Manage the requested items
1 for j€J do
if j index in d then
| di <+ (fi —p));
else
iffj—prj then
dj « (fi — i) s
d<«+—du{d;};
// Add the item to the cache
8 T; = 1;

N o oA W N

// Eviction
9 z;, =0, Vi:d;, <p;
10 d+d\{d;:d; <p};

6. Extensions

In this section we discuss three different extensions: 1) heterogeneous weights
across time and across items, 2) non-uniform item sizes, 3) fractional caching.
For the non-uniform case, we provide a high-level view of the steps required
to adapt the solution: the detailed discussion and proofs can be found in the
Appendix (supplementary material).

6.1. Heterogeneous wetights

The general reward function ¢.(f;) = Zi\il We,;Tt, f+,i introduced in Sec.2
considers a reward w;; for a hit for item ¢ at time ¢. For example, w;; might
reflect the cost of retrieving an item from the origin server to the cache. We
assume that the values of w; ; are known.

From the perspective of algorithmic execution complexity, the introduction
of wy; has no impact. For each request, the gradient of ¢;(f;) becomes w, ;
instead of 1, where j is the index of the requested item, and p will be adjusted
accordingly.

Regret guarantees still hold, as shown in Theorem 6.1 below.

6.2. Heterogeneous item sizes

A common assumption in all previously proposed no-regret caching policies
is that items have the same size, but this is far from being the case for example
in Content Delivery Networks, where item sizes may differ by many order of
magnitudes. To the best of our knowledge, the case of heterogeneous sizes has

17



not been formally analyzed. In particular, we are not aware of any caching
policies with sublinear regret guarantees in this setting.

From a problem formulation perspective, in the fractional setting, the fea-
sible cache state space is defined by F = f € [0, 1]V : Zi\il fisi = C, where s;
represents the size of item i. Consequently, the projection step in the OGB
policy, as defined in (3), must account for the constraint vazl fisi = C. In the
integral case, once the updated f; values are computed, they can be treated as
probabilities, and a sampling scheme can be applied.

Addressing heterogeneous sizes involves solving the following issues: (i) prov-
ing that OGB retains its regret guarantees; (ii) devising a computationally effi-
cient algorithm for the projection step and the sampling scheme.

Regret guarantees. The generalization of OGB to non-uniform sizes and
general weights w, ; maintains the sublinear regret guarantees, as confirmed by
the following proposition (proof in Appendix B). Let 5 £ ZZI\LI 5i /N, Wnax =
max{w;;,t=1,...,T,i=1,...,N}, k¢ such that Zfchl 55, <C < Zf:cl 55;s
where (j1,j2,...,j~) is a permutation such that s;, < s;, <--- <sj.

Theorem 6.1. The policy OGB, with non-uniform sizes s, weights {w;,t =

rho(1-24)

1,...,T}, and step size n = o JTE has regret upperbounded by
wmax\/(NC—; +he(1-25))TB.

We note that if w;; = s; = 1 for all ¢ and 4, then k¢ = C, and we recover
the regret bound from Theorem 3.1. If C' > 1/2 Zil s;, the regret constant
can be further improved, as indicated in Appendix B.

The OGB caching policy can then be used in the general case where a cache
needs to manage items with different sizes and, to the best of our knowledge, is
the only policy that retains its sublinear regret guarantees in this setting.

Projection. The projection step at the core of the OGB policy needs to be
adapted to reflect the constraints on the item sizes. The main observation
we used in Algorithm 2 was that, except for the corner cases, all the compo-
nents are decreased by the same amount p. To understand if we can still find
some common simple transformation in the non-uniform size case, we adopt the
Lagrangian multiplier methods to solve the optimization problem—details in
Appendix C.

As for the uniform size case, the key point is to find the set of items for
which the fraction will be set to 0, the set for which it will be set to 1, while
the remaining will be modified with a common constant. The solution of the
problem shows that the common constant is actually applied to the quantity
yi/8i, i.e., the vector components normalized by their size, so in Appendix C
we provide an algorithm with O(N?) complexity for the projection of general
real vector y. Such a complexity is achieved with the use of two ordered data
structures, one with y;/s; to check which coefficients need to be set to 0, and
the other with (y; —1)/s; to check which ones will be set to 1. We note that this
algorithm may be of general interest beyond our specific application to caching.
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OGB updates the projection after each request. The vector y; to be pro-
jected has been obtained by summing a positive constant to a component of the
feasible vector f; € F, in particular to the component j corresponding to the re-
quested item. In this case, there can be at most one component to map to 1. In
this case, the complexity of our general algorithm reduces to O(N). Moreover,
since the quantity to remove is the same for all the normalized components
yi/si, we can still keep track of the total amount to subtract with O(log N)
amortized complexity.

We modify Algorithm 2 as follows. First, the ordered data structure z main-
tains the positive normalized components fl /s;. Second, the excess to be re-
moved becomes 1’ = ns;, i.e., the OGB step size multiplied by the size of the
requested item and a new variable keeps track of the partial sum of the squared
sizes of the items in z. This allows us to easily compute the portion of the excess
to be removed equally from all the positive components 7’/ ZilziEz s2. Finally,
in the corner cases (the components go below zero or remain above one) the
excess is adjusted to reflect the removal of the items from z considering the size
of the removed items. The modified algorithm can be found in AppendixD.

Sampling. The sampling scheme considers the values of f; as probabilities,
and we can still use the approach based on the permanent random numbers,
i.e., an item is selected if f; > p;, where p; is the permanent random number
associated to item i. Since we maintain a data structure with the values of f; /S
and we update the value of p at each iteration, we have that f;/s; = fz/sl —p
and we put the item in the sample if fi/si —p > pi/si, or fi/si —pi/si > p.
The difference f;/s; —p;/s; remains constant for all items (except the one being
requested), so we can store such a difference in a tree data structure, and the
eviction in process in Algorithm 3 remains unchanged. Therefore, the sampling
update process maintain O(log N') complexity per request.

6.3. Fractional caching

In the fractional setting, item selection is straightforward. Since vazl frisi =
C, we cache a fraction f;; of each item 7 for which f;; > 0. The main challenge
in this case is the computational complexity. While Algorithm 2 updates f and
p with O(log N) complexity per request, the computation of all the components
of f has necessarily (V) complexity. The batched operation lead to O(N/B)
amortized complexity.

7. Experiments

The low complexity of our caching policy OGB makes it a practical candi-
date for real-world applications. Furthermore, it allows us to test it on traces
with millions of requests and millions of items, a scale that other no-regret poli-
cies have not been tested on, likely due to the impracticality of doing so in a
reasonable time. We consider a set of representative real-world cases. OGB’s
theoretical no-regret guarantees (Theorem 3.1) should translate into increased
robustness to variations in request patterns.
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Our main reference for comparison is the optimal static allocation in hind-
sight (OPT), considered in the regret definition (1). The only no-regret policy
we can evaluate on the traces we consider (assuming items with uniform size)
is the FTPL policy with noise added only at the beginning, which also enjoys
O(log N) complexity. As anticipated, FTPL suffers from high sensitivity to its
configuration parameter and has difficulty tracking changes in request patterns.
Finally, we also show results for LRU to demonstrate that the OGB achieves
hit ratios comparable to commonly used caching policies. We do not compare
to any state-of-the-art policies, such as those based on machine learning ap-
proaches, for various reasons. While these policies work well for specific traffic
patterns, no-regret policies are designed to be robust under arbitrary request
sequences. Furthermore, none of these policies provide any theoretical guaran-
tees, so a comparison would not be fair. Finally, the hit ratio used as a reference
is that obtained by OPT. Any other policy may also reach such a hit ratio for
a given traffic pattern, but no-regret policies achieve this consistently in any
scenario.

Unless otherwise stated, OGB and FTPL are configured as required for their
theoretical guarantees to hold. In particular, OGB’s learning rate n is set ac-
cording to Theorem 3.1. We implemented the eviction policies in Python, using
the ordered data structure SortedDict from the sortedcontainers library,
along with the Numpy library.

7.1. Traces

We consider a set of publicly-available block I/O traces from SNIA IOTTA
repository [41], a Content Delivery Network (CDN) trace from [15, 32], and a
Twitter production cache traces from [16, 42]—see Table 1, the last 4 lines. From
the SNTA TOTTA repository, we have considered the most recent traces—labeled
as systor [14]—along with older traces collected at Microsoft [13], labeled as
ms-ex. The cdn traces refer to a CDN cache serving photos and other media
content for Wikipedia pages (21 days, collected in 2019). The twitter traces
consider their in-memory cache clusters and have been collected in 2020.

Note that the full traces sometimes contain different subtraces, and each
subtrace may include hundreds of millions of requests over several days. In
our experiments, we consider mostly the subtraces related to Web content or
e-mail servers—the only exception is the systor trace, which considers storage
traffic from a Virtual Desktop Infrastructure. For experimental reproducibility,
we report here the details of the subtrace we use. The ms-ex is a trace taken
from [13] named “Microsoft Enterprise Traces, Exchange Server Traces,” which
has been collected for Exchange server for a duration of 24-hours—we consider
the first 3.5 hours. The systor traces [14] collect requests for different block
storage devices over 28 days: we consider 12 hours (March, 9th) for the device
called “LUN2.” The cdn trace contains multiple days of traffic, of which we
consider portions of 6 hours—we tested different intervals finding similar quali-
tative results. Finally, for twitter we considered the first 20 millions requests
from cluster 45. Also in this case, we obtained similar qualitative results for
other clusters.
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7.2. Results

First, we consider the case where the cache is updated after each request
(B = 1), leaving the discussion of batched operations (B > 1) for the next
section. The main metric of interest is the hit ratio, i.e., the ratio between the
number of hits and the number of requests. Typically, given a trace, the compu-
tation considers the cumulative number of hits and requests, which is also what
we presented in the results in Sec. 2. While the traffic pattern may change over
time, the cumulative representation may smooth out such variability. For this
reason, in this section, we present the hit ratio computed over non-overlapping
windows of 10° requests, i.e., each point in the graph represents the number of
hits for the last 10° requests, divided by 10°. Unless otherwise stated, the cache
size is set to 5% of the catalog size.

Figure5 shows the results for the less recent traces, ms-ex and systor. In
both cases, we can observe a highly variable hit ratio over time for the OPT
policy. LRU, FTPL and OGB are able to follow such variability. In the ms-ex
trace, the FTPL and OGB policies take some time to reach the hit ratio of OPT.
This behaviour is qualitatively consistent with the fact that their time-average
regret progressively vanishes (or even become negative). In particular, OGB
achieves at most a/T fewer hits than OPT, where « is a constant defined in
Theorem 3.1. In terms of hit ratio, OGB can be at most a/v/T below OPT.
Thus, as T grows, OGB’s hit ratio converges to that of OPT, while for small T’
a gap may appear. For the systor traces, the convergence is faster.

ms-ex i
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Figure 5: Real-world long (less recent) traces: Performance of OGB policy.

A similar behavior appears in the cdn trace (Fig.,6, left). Here, the traffic
pattern is much more stable, and OPT significantly outperforms the recency-
based LRU, with the two no-regret policies approaching OPT. In contrast, the
twitter trace exhibits a pattern with a higher level of temporal locality, as re-
vealed by LRU achieving the highest hit ratio. OGB also outperforms OPT, and
its consistent performance across diverse traces like cdn and twitter demon-
strates its robustness.

Interestingly, FTPL approaches but does not exceed OPT’s performance.

21



FTPL is essentially a noisy LFU and is thus more suited for stationary traces.’

cdn twitter
0.6 o 0.6 1
o 0.4 o 04
I 3
[ &~
= 0.2 = OPT = 0.2{ —— OPT
— 0GB —— 0GB
— FTPL — FTPL
— LRU — LRU
0.0 y y y 0.0— T T - :
0 10 20 30 0 5 10 15 20
Num. req. (M) Num. req. (M)

Figure 6: Real-world long (more recent) traces: Performance of OGB policy.

Notice that, in the above figures, the number of requests is shown on the x-
axis. From an operational viewpoint, the temporal distribution of such requests
has no impact on the complexity of the scheme. Nevertheless, it is interesting to
note that the traces include periods during which the arrival rate of requests may
change abruptly. Being computationally efficient means that the system can
process requests quickly as they arrive. Figure 7 shows the number of requests
received per second over time, where time (in hours) is measured from the start
of the trace.

reqs/s
new items/s

Time(h)

Figure 7: systor trace: requests per seconds over time, and how many of them are for items
requested for the first time.

Other statistics. The sampling scheme we adopt does not guarantee to have
exactly C items in the cache. To understand the variability in the number of
stored items, we record at regular intervals the cache occupancy. Figure 8, left,
shows the percentage of items stored in the cache with respect to the nominal
cache size. Since we have traces with different lengths, we normalized the x-axis

5We tested FTPL with different values of its parameter ¢ and report its best performance
in Fig.,6.
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with respect to the trace length. In all cases, the variability is limited to 0.5%
of the cache size. Therefore, it is still possible to use OGB under hard cache
constraints as far as we set the expected cache size to be slightly inferior to the
actual storage available.
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Figure 8: Cache occupancy over time (left) and average removed items per request (right).

Figure 8, right, shows the average number of items that are removed from f
in Algorithm 2 (lines 11-18) over windows of 10° requests. In all cases we are
below 0.5 removed items per requests, confirming the theoretical analysis at the
end of Sec. 4.

Running times. By design, OGB operates with O(log N) complexity. While
the improvement over the linear complexity of OGBy) is evident, it is interesting
to evaluate its actual runtime in comparison to widely used constant complexity
policies, such as LRU. As noted in Sec. 1, regret guarantees come at a compu-
tational cost, but this cost may not be prohibitive.

To evaluate the runtime as a function of the catalogue size N, we generate
a set of traces with specific characteristics. In particular, we aim to maintain a
similar empirical popularity distribution and a consistent number of requests.
Starting with a complete trace—here, we focus on the cdn trace due to its
regular pattern, which facilitates a straightforward item selection and sampling
process—we sample N; items (e.g., 1000, 5000, ...) and create a subtrace with
T*® requests.

Figure9 (left) compares the runtime of OGB and OGB on a commodity
server, using a trace with 7° = 1 million requests and a catalogue size of up to
100,000 items. The values presented are averages from five trials. Both schemes
were implemented in Python, with OGB, utilizing Numpy arrays and Numpy
functions. Regardless of the absolute runtime values, the linear growth observed
in OGB, makes it impractical for large-scale use.

Figure9 (right) compares OGB with FTPL and LRU. As the catalogue size
increases by two orders of magnitude (from 1,000 to 100,000 items), the rise in
processing time for OGB remains limited. The gap between OGB, LRU, and
FTPL is due to the more complex operations required by OGB. A more efficient
implementation (e.g., in C) could reduce such a gap.

Overall, the experiments show that, from a practical standpoint, the loga-

23



50001 201
— 4000 2z
E cLE) 151 — ocB
‘230001 — OGBa h¥ — FTPL
2 — 0GB & //
'E 2000 g 10— Ry
E El —
~ ~

1000 { 57

0+ - - - t 0= + ' ' v
0 25 50 75 100 0 25 50 75 100
Catalogue size (x1000) Catalogue size (x1000)

Figure 9: Running time: comparison between OGB and OGB,; (left), and between OGB and
FTPL (right).

rithmic complexity of OGB does not impose a significant burden on the system
as the catalogue size grows. The benefits provided by the regret guarantees are
achieved with only a modest increase in running time.

7.8. Batched arrivals and fractional case

We consider now a batched operation and evaluate the impact of B, the
number of requests in the batch, on the hit ratio for the two most recent traces,
cdn and twitter. We perform our experiments both in the integral and in the
fractional setting. The hit ratios in the two cases are practically indistinguish-
able. This confirms the intuition that, for large catalogs and cache sizes, storing
fractions of the items or using the fractions as probabilities to sample the items.
We report then only the results for the fractional setting in Fig. 10.
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Figure 10: Real-world long traces: Performance of OGB policy in the fractional case for
variuos values of the batch size B.

For the cdn trace, large values of B do not affect the performance, while
for the twitter trace even small batches of 100 requests have a significant
impact on the hit ratio. The main reason lies in the temporal locality of the
requests, i.e., how concentrated are the requests for each item. If the requests are
highly concentrated, e.g., a burst of few requests for the same item in less than
B consecutive requests, then batching the requests together affects negatively
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the hit ratio. The cache, in fact, is updated after the batch, but that item
is not requested in the following batches. Clearly for popular items that are
continuously requested this effect does not appear. But the presence of many
less popular items requested in burst has a significant impact.

We have analyzed in detail the twitter trace in Appendix E and observed
that there are a set of items that are requested in short bursts but still account
for up to 20% of the hit ratio. In the cdn trace, items with similar request pat-
terns have much less influence, which explains why the results are less affected
by B.

Overall, in the fractional case, since the computational complexity scales
as O(N/B), the parameter B helps reduce computational cost, though poten-
tially at the expense of hit ratio, since the cache contents may not be refreshed
frequently enough. The policy administrator can thus select the appropriate
configuration depending on system priorities.

7.4. Non-uniform size items

The most recent traces, twitter and cdn, include information about item
sizes. In the twitter trace, the size distribution exhibits limited variability,
with 75% of items ranging between 140 and 160 bytes. In contrast, the cdn
trace shows a much broader range of item sizes, varying by more than two
orders of magnitude—see Fig. 11 left. Therefore, we present the representative
results from the cdn trace.

The optimal static allocation (OPT) for this case can be framed as a Knap-
sack Problem. Each item is characterized by a value (the number of requests
it received) and a volume (its size), with the total volume constrained by the
cache size C. As a reference, we consider the fractional setting, where fractions
of items can be selected. For this case, a polynomial-time greedy algorithm
exists to determine the optimal set of items. The algorithm works by sorting
items based on their density, i.e., the ratio between the value and the size, and
selecting full items, starting from the highest density. The only exception is the
last item, for which only a fraction is selected to fill the remaining capacity in
the knapsack.

Regarding other policies for comparison, LRU may perform poorly in the
case of non-uniform item sizes. Therefore, in addition to LRU, we include the
Greedy Dual Size (GDS) policy [3], which is specifically designed to account for
item size and has logarithmic complexity, like OGB. We are not aware of any
extension of FTPL to handle non-uniform sizes, so we cannot provide results for
that policy. When proving regret guarantees, the appropriate amount of noise
to add is determined, and such a value is not available for the non-uniform size
case.

Figure 11 (center) confirms the observations made for the uniform case: OGB
closely approaches OPT, outperforming basic LRU, and achieving performance
similar to GDS, which has comparable computational complexity but lacks re-
gret guarantees. As for the cache occupancy, the variability remains below 1%
of the cache size, indicating that the soft cache constraint does not impose a
significant burden on the system.
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Figure 11: Non-uniform size case, cdn trace: Empirical distribution of the sizes (top), per-
formance of the OGB policy compared to other caching policies (bottom, left), and cache
occupancy over time (bottom, right).

8. Related work

The caching problem has been extensively studied in the literature. Since
our work concern the efficient implementation of a policy with specific charac-
teristics, we discuss here the literature considering these aspects.

Well known caching policies, such as LRU, LFU [2], FIFO [43, 44] and ARC
[45] are widely adopted due to their constant complexity: at each new requests
they update the cache in O(1) steps. In some contexts where the arrival rate
is extremely high and the speed of the cache is a key issue, these policies are
the only viable solution. The price paid is represented by their performance in
terms of hit ratios. These policies work well with specific traffic patterns, but
do not provide regret guarantees.

Another class of policies, which includes GDS [3], trade computational effi-
ciency for often higher hit ratios (GDS has log C' time complexity). Although
they are able to adapt to different contexts, they do not provide regret guaran-
tees. This is true also for policies that are based on Machine Learning tools to
predict future request, and therefore improve the performance [4]. Such predic-
tions are based on past observations, and no guarantees are provided.

Inspired by the online optimization framework, policies that are able to
provide theoretical guarantees on their performance without any assumption
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on the arrival traffic pattern have been proposed recently. Most of the works
consider the fractional case: in this scenario, as discussed in Sec. 6.3, there is an
intrinsic linear complexity, so all the solutions have at least O(N) complexity.
This is the case for example of the policies in [29]—which showed that OGB¢
in [6] may be implemented with O(N) complexity—as well as those in [11]. In
the integral setting, it is common to sample the cache content starting from a
fractional solution computed by a gradient method. A naive implementation
leads then to O(N) complexity, as discussed in Sec.4.1. Another possibility
is to use a variant of the FTL approach [46]. While the original proposal has
O(N log N) complexity [7], these variant that associates a single initial noise [46,
10, 47] have O(log N) complexity. These works, despite using a low complexity
scheme, provide experimental results for traces with at most 10* items and 10°
requests, which may not capture the complexity of real-word request patterns.
Our experiments with longer traces and larger catalogs highlight some limits of
FTPL.

Differently from all the above works, our solution is computationally effi-
cient, with O(log N) complexity, and, since it is based on a robust online gra-
dient approach, can be used in real-world scenarios. Our solution combines low
complexity and robustness to different request patterns, making it a practical
caching policy.

Bura et al. [48] demonstrate that LEU achieves O(1) regret in the stochastic
arrival setting. They also introduce a change detection mechanism to address
changes in the popularity distribution, although no regret guarantees are pro-
vided for this scenario. In contrast, our work focuses on the adversarial setting,
where LFU incurs linear regret [49]. Unlike their approach, we do not make
any assumptions about the request arrival distribution, allowing our proposed
scheme to naturally handle changing popularity distributions without requiring
additional modifications.

Another important performance metric for studying caching under adversar-
ial requests is the competitive ratio, first introduced by Sleator and Tarjan [50].
The competitive ratio is defined as the worst-case ratio between the cost incurred
by an online algorithm and that incurred by the optimal offline algorithm, which
has full knowledge of the request sequence in advance. An algorithm is said to
be a-competitive if its competitive ratio is bounded by « across all possible in-
put sequences. For instance, both LRU and GDS achieve a competitive ratio of
C' [50, 3]. The problem introduced in [50] was later generalized as the k-server
problem [51], and further extended to the framework of metrical task systems
(MTS) [52]. Andrew et al. [53] provide a formal comparison between the com-
petitive ratio and the regret, highlighting an inherent trade-off: no algorithm
can achieve both sublinear regret and a constant competitive ratio.

9. Conclusions and perspectives

No-regret caching policies are able to offer performance guarantees with
no assumption on the arrival traffic pattern. Their computational complexity
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has limited their application to small scale, unrealistic experiments, where the
requested items belongs to a limited catalog.

In this paper we provide a new variant of the gradient-based online caching
policy. We coupled the maintenance of the caching probabilities for each item
with a sampling scheme that provides coordinated samples, thus minimizing the
replacement in the cache. Thanks to its low complexity, we were able to test
the online gradient based caching policy in real-world cases, showing that it can
scale to long traces and large catalogs.

As future work, we will explore the possibility of introducing correlation in
the item sampling scheme to further reduce the variability of the instantaneous
cache occupancy. In addition, we will investigate the FTPL policy in the case
of non-uniform sizes to understand whether such a policy with a soft cache

constraint has sublinear regret and and how its performance compares to that
of OGB.
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Appendix A. Proof of Theorem 3.1

Proof. We prove the result for a general online convex optimization problem
with L-Lipschitz convex cost functions ¢; : 7 — R over the bounded convex set
F C RY with radius(F) = minger sup e 7 [1f — FII-

Let A denote the standard online gradient descent algorithm: it updates the
state as follows:

frer =1L (ft = nVe(fr))

and experiences a cost cpy1(fit1)-
The algorithm A enjoys the following (fractional) regret guarantees for fo =

argminge zsup s || f — f| and n = 23D [54];

T-1 T—1 .
Rr(A) & sup {Z ce(ft) — ??él_l}l_ Z ct(f)} < radius(F)” + nL*T = radius(F)LVT.
t=0

€0,C1,---CT—1 +=0 27’ 2

(A1)

Now, we consider an algorithm A" which selects the same state as A at time
slots multiple of B and freezes the state at other time slots, i.e., f{ = fyu),
where ((t) £ |t/B|B

We compute the difference in the total cost experienced by the algorithms

A and A'.

t—e(t)—1

ci(f)) —ci(fe) = ci(fowy) — co(fe)o < LI fe — fuy| < L Z | fecty+r+1 — Fecty+-l
7=0

(A.2)
t—0(t)—1

<L Z [ITL= (.fz(t)+f - chz(t)JrT) - f@(t)+¢|| (A.3)
7=0
t—L0(t)—1

<L Y N fewyer = 1Veutyer — Fepyrll < L2 (¢ — £(1)).

7=0
(A.4)
Summing over T" we obtain
T—1 T—1
atty -t <ot (T2 2500 Y aouwy) @
t=0 t=0(T—1)
s (| T—-2|BB-1) (B=1)(T-4T-1))
o[£ B
(A.6)

B-1/|T-1 B-1
<pl?——— (| —= — — <nl?T——
<nL 5 ({ 5 JB—i—T orT 1)) <nL*T 3

(A7)
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Then algorithm A’ enjoys the following regret bound for fy = arg min ¢  sup fer I f—
f” and n= radius(F) .

LVTB °
: 2 2 _ : 2 2
R (A) < radius(F) n nL*T n 17L2TB 1 radius(F) n nL"TB _ radins(F)LVTE.
2n 2 2 2n 2
(A.8)

In order to prove the initial statement, we observe that the regret

.....

fractional regret in (1), because of linearity of expectation and the fact OGB
samples x; so that E[x;] = f; (see Algorithm1). Finally, one can apply (A.8)

by considering ¢;(f;) = vazl wyir,i(1 — fi;) and observing that radius(F) =
C(1—%)and L=1. O

Appendix B. OGB with unequal sizes: Proof of Theorem 6.1

Proof. In the proof of Theorem 3.1, (A.8) only requires convexity of the set
F beside convexity and Lipschitzianity of the cost functions c;(-). As the set
F=A{f:fi€0,1)Vi e [N],°~, fisi = C} is convex, then (A.8) holds. We
conclude the result by observing that ||Ve,(f:)|] < max;; w;; and bounding the
radius of F as follows.

Let us assume that 517 < 89 < --- < sn. Let 5§ = vazl si/N and fo = fol,
where fo = S-. When C < LSV s; (ie., fo < 1), let ke € [N] be such

that Zfzcl_l s5i<C < Zfzcl si, and define f' by f/ =1 for i < kg and f/ =0
otherwise. Then every feasible vector f € F satisfies || f — foll < ||f' — foll, i.e.,

f is closer to fo than f’ is. The radius(F) can be bounded as follows:

radius(F) < ||fo — £ = ke — fo)2 + (N —ke)f (B
= /NS + ke (1= 2f0) (B.2)

2
VS (125) o

When C > 157 | s; (ie., fo > 3),let ke € [N] besuch that 31 v ;18 <

C < YN y_i 8i» and define f” by f/ = 1for i > N —kc + 1 and f/' =0
otherwise. Then every feasible vector f € F satisfies || f — foll < | — foll,
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i.e., f is closer to fy than f” is. The radius(F) can be bounded as follows:

vadius(F) < [ fo— £/ = k(1= fo)? + (N —ko)f2  (B4)
= \/Nf§+/~fc(1—2f0) (B.5)

¢ -+m;1—2£;) (B.6)

As ke > ke, the bound in (B.3) always holds. The bound in (B.6) is tighter
when C > %le\il Si-

O

Appendix C. OGB with unequal sizes: Projection Algorithm

When we consider OGB with unequal sizes s for items, we get the following
optimization problem:

N
m1n7||f— I st 0<f;i<1 Vie{l,...,N}, > fisi=C. (C.1)
i=1

€RN 2
The Lagrangian function of this problem is:
1
L(f By =5f —yl’—a’f=BTU-H+s"f-0)  (C2)

where a, 8 and « are the the Lagrange multipliers for constraints. Then, we
can get the following KKT conditions:

fi—vi—a+Bi+~vs,=0, i=1,...,N
fi>0, i=1,...,N
fi<1, i=1,...,N
a; >0, i=1,....N
Bi>0, i=1,...,N (C.3)
Oéifizo, iZl,...,N
Bi(l—f)=0, i=1,...,N
N
Zsifizc
i=1

As in [28], without loss of generality, we assume that the elements in our optimal
solution are in ascending order:

O=fi==fo<for1 < <fo<foq1=...fn=1, (C.4)
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Considering the elements at different positions in f, we have the following equa-
tions:

O=fi=yita;—vsi>yi—vsi, «; >0, i=1....a
l=fi=y;—Bj—vs; <yj—vs;, B; >0, j=b+1,...,N (C.5)
O<fe=yr—7vsx <1, k=a+1,...,b,

For b > a, by replacing the equalities for f; in (C.5) in the constraint Zfil sifi =
C, we get:

N b
- Si + —at1 SkYKE — C
= ijb+1 IR +1 SkY ’ (C.6)

b
Zk=a+1 Si

For the value of v computed in (C.6), the other KKT conditions are satisfied if:

%§77 i:1,...,a
Lyt j=b+1,...,N.
j J

It follows that the components to be set to zero are the a components with
the smallest values of y;/s; and the components to be set to one are the N — b
components with the largest values of (y; —1)/s;. When all items have the same
size, the two orderings coincide, but here we need to consider them separately.

From now on, we assume then that the components of y are ordered so that

&Syﬁ...gyﬂ7 (C.8)
S1 S92 SN
and we denote by {i1,42,...,iny} a permutation of the indices which satisfies
yil_lgyiz_lulgyiN_l. (Cg)
Siq Sig Sin
Given a positive natural number n, we denote by [n] the set {1,2,...,n}. Let

D 2 [N\([a]U{ip11,ib12, - - by }). Forb > aand [a]0{ipr1,ip12, .- siny ) =0,
the KKT conditions become

N
Zj:bJrl 571]- +ZkED spyr—C

7= >kep 5% ’

= <7, 1 1=1,...,a (C.10)
7<z—:<’y+;, keD

>yt L, j=b+1,...,N.

J J

A pair of indices (a, b) satisfying the conditions (C.10) correspond to the optimal
projection. In particular, it is sufficient to verify the following conditions:

N
Zj:b+1 Sij +Zk€D spyr—C

7= >kep 5t ’

a y(l
i’j <7, ﬁ >, (C-ll)
Yiyp1 —1 > Yjp—1

Sib41 T i Sip <7
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If b = a, (C.6) is ill-defined. In this case the constraint vazl s; fi = C' becomes
Zf\; ar1 Si = C, and it is sufficient to verify the following conditions:

J»\i S; = C,
{%;Z}Ml. (C.12)
Sa T Sigqq
Algorithm 4: PROJECTIONUNEQUALSIZES
input : The components of y are ordered so that:
y1/s1 < yafs2 <o <yn/sn.
The permutation (i1, 42, ...,y ) such that:
(yil - 1)/311 < (yiQ - 1)/Si2 <o < (yiN - 1)/SiN
1 for a =0,1,...,N do
2 if (C==3%,.,5) 6 (Yi,,, —1)/5i,41 = Ya/5a) then
3 Set b= a;
4 Set D = (J;
5 break;
for b=N,N—-1,...;,a+1do
if [a] N {ipt1, lpt2, -5 IiN} = ? then
D = [N]\ ([e] U {ib+1,ib+2, coyINT S
o Compute y = Z;Jliwrl Szj;er;D Skykfc;
keD "k
10 if (L <) B8 (B2 > 5)BE(RE— > 9)EE( <)
then
11 | break ;
12 Set f; =0 for ¢ in [a], f; =1 for j in {ip41,%42,...,in}, and
fx =yx — ysg for k € D;
output: f

Algorithm 4 summarizes the procedure. Lines 2-5 deal with the case b =
a, lines 6-11 with the case b > a. The algorithm needs to check at most
(N + 1)(N + 2)/2 combinations for the indices a and b and, as soon as either
the conditions in (C.12) or in (C.11) are satisfied, the two indices have been
identified and then the projection f is set accordingly. The complexity is O(N?),
ignoring the initial cost of sorting the vectors y @ s and (y — 1) @ s. The
complexity is not influenced by the size of the items, but by the fact that each
component must be modified during the projection process.

In our case the vector y is obtained by adding a positive quantity to a vector
nF={f:0<f; <1,Vi= 1,2,...,N,Z£V:18ifi = C}. Let us denote a vector
e, =[000...1...0]", where i means the i-th element in e; is 1. With this
definition, we can make the following assumption for our y:

Assumption 1. The vector y to be projected on F can be expressed as follows:
y=z+ Ae,, for some z € F, some A >0, and some T in [N].
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Let us define 7/ = {f : 0 < f; < 1Vi € [N],Zil sifi < C}. With this

definition and Assumption 1, we have the following lemmas:

Lemma 1. Under Assumption 1, algorithm 4 yields identical results on F and

F' for a given y. Specifically,

[z (y) =z (y).

Proof. With the definitions and assumption, we can prove that:
f=0r(y) e F.

Suppose that this is not the case, i.e.:

N

Z sifi < C = v =0 by complementary slackness.

i=1

Consider the following sets:

yO:{ie[N}:yi:O},

Vi={ie[N:y =1}

Y =[NJ\ Qo Ud).
From (C.5), it follows that:

Vi € y07fi > Yis
Vi € ylyfi = 13
VieV, fi =y

Then,
N

Sosifi=> sifi+ Y sifi+ Y sifi

i=1 1€Vo 1€Y1 i€y

> Z 5ifi+zsifi-

1€YoUY 1€Y1

The only component which may be larger than 1 is the 7-th one.

If 7 € Y1, we have:
S sifi = Y sivi— seye + 5
i€[N] i€[N]

= Z $izi + NSy — 872 — As, + s,
i€[N]

=C+(1-2)s; >C.
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If € Yy UY, we have:

Y sifi 2 C+ sy (C.20)

i€[N]

We can see that both (C.19) and (C.20) contradict (C.15). Finally, Lemma
1 holds. O

Lemma 2. Under Assumption 1, if the Lagrange multiplier v corresponding to
the constraint vazl sifi = C equals 0, then z = 1.

Proof. If v =0, we have (C.19):

i€[N]
For f € F, we need to choose z, = 1 so that the constraint is satisfied. [
Lemma 3. Under Assumption 1, if z; =1, then U z(y) = z.

Proof. If z; = 1, we have y, =14 A. Then, for any vector f € F, there is:
If— y||2 > (yr — f'r)2 > A% (C.21)
Now f = z achieves the lower bound which means z = I z(y). O

For our y, let us consider two cases for v. First, if v = 0, it follows from
Lemma 2 that z. = 1. In this case, we can obtain the projection directly using
Lemma 3, with a computational complexity of O(1). Conversely, if v > 0,
then, due to (C.5), only the components of f that are strictly greater than 1
can potentially be mapped to 1. It follows that only the values b = N — 1
and b = N need to be tested by algorithm 4, leading to a O(N) complexity,
and O(N log N) taking into account the initial sorting steps. However, keeping
the vector ordered over multiple consecutive projections only requires O(log N)
amortized cost. Under fractional caching, the projection and the caching update
have O(N) amortized cost. Under integral caching, projection and ratio updates
may be performed jointly with a O(log N) amortized cost using the procedure
described in Sections4 and 5.

Appendix D. UpdateProbabilities with non-uniform sizes

Algorithm 5 below adapts the UPDATEPROBABILITIES procedure to the non-
uniform size case.

39



Algorithm 5: UPDATEPROBABILI-

TIES
input: f, current state 11 repeat
input: p, current adjustment 12 o= Zkleez s2;
input: z, ordered tree with positive ;3 o =n'/o;
coeffs. of f/s 14 B+ 0
input: j, index of the requested item 15 B {i:zi—p—p <0};
input: 7, OGB step size 16 0 —n' — (2 —p)s?, YiebB;
// The requested item is already 1 17 Zz \{zi:ieB};
1 if f; — ps; == 1 then 18 fi+ 0, VieB;
2 L return; 19 until B is empty;

// The requested item was 0

L item
3 if fj~:: 0 then 20 if (Zj c z) and (zj —p— pl > 1/5]') then
4 fi < psi +m; 21 n =mns; — ((z5 — p) — 1/s;) s3;
5 zj = p+n/ss; 22 z, f + RESTOREREMOVED();
6 z <+ zU{z}; .
23 z+ 2\ {z};
7 else 24 f “ _1:
// Update with the 0GB st (.
7/ Update Wi © S*P 55 | GoToline 11;// This can happen
fi=fi+m only once
9 |z <z +n/sj; /7 Updat
i . . pdate p
// Rel;love items with negative 26 p<—p+,0/§
) :/a ufzs 27 if z; ¢ z then
1077 =155 28 z; < 1/s; + p;
29 z <+ zU{z};

30 ﬂ-(—l—i—psj;

31 return p, f, z

Appendix E. Analysis of the request temporal locality

In order to understand the impact of the batch size on the performance,
we need to analyze the characteristics of the arrival pattern. In particular, we
consider the lifetime of the items, i.e., the difference between the timestamps
of the last and first requests for each item. If we have an infinitely large cache,
then each item contributes with a number of hits that is equal to the number of
requests minus 1: this is because, in policies like LRU, the first request is always
a cold miss, and it is used to bring the item in the cache, and all the following
requests generate hits—the actual number of hits depends on the cache size,
but with an infinite cache, the item is never evicted, so this represents an upper
bound. We then sort the items by their lifetimes, and cumulatively compute
the hit ratio they generate.

Figure E.12 (left) shows that the set of items with lifetime smaller than 100
requests (recall that the timestamp is actually determined by the progressive
number of received requests, independently from which item is requested) for
the twitter trace accounts for almost 20% of the hit ratio. Therefore, if a batch
size is bigger than the item lifetime, that item will not generate any hit, because
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its set of requests is absorbed by the batch. By comparison, in the cdn trace,
item have a much larger lifetime, i.e., they are continuously requested.

0.8+ —— twitter 100 — gwitter
% cdn — cdn
i.f 0.6 E 0.75
:
g 0.4 2 0.50
£ 0.21 & 0.25
Q
0.04 T/ 0.00 { —m———
10° 10" 10° 10° 10* 10° 10° 107 10° 10° 10" 10° 10° 10* 10° 10° 10 10°
Item lifetime Average Reuse Distance

Figure E.12: Cumulative (maximum) hit ratio provided by items sorted by their lifetime (left),
and empirical CDF of the reuse distance (right).

For both traces, we have also computed the average reuse distance, i.e.,
the average timestamp difference between two consecutive requests for an item.
In Fig. E.12, right, we show the empirical Cumulative Distribution Function
(CDF) of the reuse distance. In the cdn trace, the reuse distance for most of
the items is large: this, combined with the large lifetime, indicates that the
items are regularly requested throughout the whole trace, which represents the
ideal scenario for a scheme that collects batches of requests. On the contrary,
in the twitter trace a large percentage of items requested with a small reuse
distance, which favors recency-based caching schemes, but limits the benefit of
grouping the requests in batches.
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