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Motivation: observation of vortex lattices

Observation of vortex lattices in Bose—Einstein condensates:

[J. R. Abo-Shaeer, C. Raman, J. M. Vogels, and W. Ketterle,
Science 292 (2001)]
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Numerical simulation
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[K. Kasamatsu, M. Tsubota, and M. Ueda, Phys. Rev. A 67
(2003)]
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Gross—Pitaevskii Equation (GPE)

10 W(X,t) = <1v2 + V(X) + 0 W(X, t)|2> V(X,t), XeR?

W(X,0) = / Wo(X)2dX = 1
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Gross—Pitaevskii Equation (GPE)

10 W(X,t) = <1v2 + V(X) + 0 W(X, t)|2> V(X,t), XeR?
W(X,0) = / Wo(X)2dX = 1

Conservation properties:

» particle number

[ e opax = [ we(oRax =1
R3 R3
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Gross—Pitaevskii Equation (GPE)

10 W(X,t) = <1v2 + V(X) + 0 W(X, t)|2> V(X,t), XeR?
W(X,0) = / Wo(X)2dX = 1

Conservation properties:

» particle number

[ e opax = [ we(oRax =1
R3 R3

> energy

E(V) = /3 (—;Vz + V(X) + g [W(X, t)|2> V(X, t)W(X,t)dX = E(Vo)
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d = 2 Rotating asymmetric (harmonic) potential

V(X,Y,t) = (1 + 2x)(X cos Qt + Y'sin Q)2+

(1+2,)(—XsinQt + Y cos Qt)?

2
L1
"3
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d = 2 Rotating asymmetric (harmonic) potential

1

VX, Y, t) = S(1+2)(X cosQt + Y sin Q)%+
1

+ 5(1 +2,)(=XsinQt + Y cos Qt)?

Change of variables (rotating frame with angular velocity Q):

x| | cosQt sinQt| | X
yl | —sinQt cosQt| |Y
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d = 2 Rotating asymmetric (harmonic) potential

1

VX, Y, t) = S(1+2)(X cosQt + Y sin Q)%+
1

+ 5(1 +2,)(=XsinQt + Y cos Qt)?

Change of variables (rotating frame with angular velocity Q):
x| | cosQt sinQt| | X
yl | —sinQt cosQt| |Y

0c0(x,7.8) = (=524 V) + 00y OF - 0L ) vl
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d = 2 Rotating asymmetric (harmonic) potential

1

VX, Y, t) = S(1+2)(X cosQt + Y sin Q)%+
1

+ 5(1 +2,)(=XsinQt + Y cos Qt)?

Change of variables (rotating frame with angular velocity Q):
x| | cosQt sinQt| | X
yl | —sinQt cosQt| |Y
. 1
0c0(x,7.8) = (=524 V) + 00y OF - 0L ) vl

P(x,y, t) =V(X,Y,t), V(x,y)=V(x,y,0), L,=—i(x0,—y0x)
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» the particle number is still preserved:

d 2
T [ty o axdy =

[ Devtey. Y00y + 0Ty By ey =
= (i) [ 5 IV OF V0 [0y OF 48100y, ) drdy+

+ Q/ (x0y — yOx) [1(x, y, t)|> dxdy = 0
R2
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» the particle number is still preserved:

d 2
T [ty o axdy =

[ Devtey. Y00y + 0Ty By ey =
= (i) [ 5 IV OF V0 [0y OF 48100y, ) drdy+

+ Q/ (x0y — yOx) [1(x, y, t)|> dxdy = 0
R2

» symmetry: if ¥o(x,y) = ¥o(—x, —y), then

¢(Xaya t):@b(—xa—% t)v VtZO
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Time-independent GPE: ground state solution

The solution

Y(x,y, t) = d(x,y)e ™, #(x,y) ER

which minimizes the energy is the ground state solution. Then,

o) = (<3724 Vi) +010(x )P - 0L ) o)

(1, @(x,y)) is an eigen-pair.
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Time-independent GPE: ground state solution

The solution

Y(x,y, t) = d(x,y)e ™, #(x,y) ER

which minimizes the energy is the ground state solution. Then,

o) = (<3724 Vi) +010(x )P - 0L ) o)

(1, @(x,y)) is an eigen-pair.

@(x,y) is usually called time-independent solution of the GPE and

w= /R? (—;V2 + V(x,y)+0 |¢(x,y)‘2 B QLZ> o(x, y)o(x, y)dxdy

is the chemical potential.
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Spatial discretization: Hermite functions

(for semplicity, d = 1)

2
L

N—-1
U(x, t) ~ wj(t)H(x)e =) di(H(x), wi(t)eC
j=0

.
Il
o

H;(x) the Hermite function of “degree” j.
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Spatial discretization: Hermite functions

(for semplicity, d = 1)

2
L

N—-1
U(x, t) ~ wAt)H(x)e =) di(H(x), wi(t)eC
j=0

.
Il
o

Hj(x) the Hermite function of “degree” j.They satisfy
/H_,'(X)H,‘(X)dx = (5,'J'
R

L I

So, they are a basis in L?(R) and eigenfunctions of the (harmonic)
Schrodinger operator. They naturally vanish at x — oco.
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Tensor product

Extension to d = 2 by tensor product:

Hi(x,y) = H;,(x)Hp(y)
Hj(x,y) = Hjy (x)Hp(y)

L e ey )axdy = 5

(=572 502 +52)) Plxy) = s 1+ P x0) =

= NH;(x,y)
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N

/]Rz (Z £)H;(x, Y)> i(x,y)dxdy =

:/RZ<_V2 1 2+ y2 ) (Z%(t )H(X y)dxdy+

ljl=0
1
+/ ( 2(x +y?) + V(x,y ) (%:Owj ) i(x, y)dxdy+
Hi(x, y) (%jow,(t i(x y)) i(x, y)dxdy+
N—-1
-« L ( X o 0 )it y)axdy
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1zw(t / Hi(x, y)Hi(x,y)dxdy =

lil=0

Vi (t)H;(x, y)) Hi(x, y)dxdy+

) i(x, y)dxdy+

()M (x,y) (Z%(t i(x y)) i(x, y)dxdy+
lil=0
N—-1
q Lz( > () Ml ixay
B Nj=0
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() =
_ /]R (— %V2+ 1 ) (l%wj(t ) Hi(x, y)dxdy+
+/ ( ;(X +y3) + V(xy ) (%:Owj ) (%, y)dxdy+
t)H;(x, y) (Z Wbi(t)H(x y)) i(x, y)dxdy+
lil=0
-Q . L, ( I:_Ilz_:wj(t)Hj(& )’)> Hi(x,y)dxdy
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iwi(t) =
- :i;wj(t) L (5572 562452 Potxn) ot yhanay+
+/ ( ;(X +y?) + V(x,y ) (%:Owj ) i(x, y)dxdy+
t)H;(x, y) (%jow,(t i(x y)) (%, y)dxdy+
N—-1
-0 . L, ( % i (t)YH;(x, y)) Hi(x, y)dxdy
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ii(t) =

= Z Yi(t / NHj(x, yYHi(x, y)dxdy+

lil=0
1
+/ ( 2(x +y?) + V(x,y ) (%:Owj ) i(x, y)dxdy+
(t)H;(x,y) (|§|jow,(t i(x y)) i(x, y)dxdy+
N—-1
-« L ( X o 0 )it y)axdy
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ii(t) =

Aii(t)+

+/ ( ;(x +y? +vxy)(2w, ) 106, y)dxdy+

lil=0

( Z Gi(E)H; (x y)) i(x, y)dxdy+

ljl=0

(t)H;(x,y)

N—-1
. Lz( > () Ml ixay

10

=

Marco Caliari Spectral methods for dissipative nonlinear Schrodinger eqgs.



ii(t) =
Aii(t)+
M—-1 1 , )
[ <_2(X5n + Ym,) + V(xml,ym)) el o) 4

||0

Z 1/11 Xmlvymz)

( Z ¢J an)/mz)) Hi (Xmlaymz)Wm Wi, +

ljl=0 ljl=0
N—-1
. Lz( S (e, y))H,-(x,y)dxdy
j|=0
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ii(t) =
Aii(t)+

M—-1
1 X2 2
Z [ <_2(Xf2n1 +yf2nz) + V(Xm1a)/m2)> e( m1+ym2)+

|m|=0

2 N—1
+0 (ij(t)l-lj(xmmymz)) Hi(Xmlvymz)Wmlwmz—'_

li|=0

S 05 () o vn)

lil=0

-Q /R2 ( If Yi(t)LH (x, y)) Hi(x, y)dxdy

lil=0
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ii(t) =
Aii(t)+

M—-1
1 X2 2
[ <_2(Xf2n1 +yf2nz) + V(Xm1a)/m2)> e( m1+ym2)+
[m|= 0

Z 1/11 Xmlvymz)

lj|=0

+IQ/ (Z vi(t ( S-Hi(x,y) = y;XHj(X,y)> )Hf(x,y)dxdy

ljl=0

( Z ¢J an)/mz)) Hi (Xmlaymz)Wm Wi, +

ljl=0
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ii(t) =

Aii(t)+

M—-1
1
_7(Xr2n +yr2n ) + V(Xmla)/m2) e(X,i1+y’2n2)+
1 2

2
|m0

( Z wj Xm17}/mz)>H(Xmla}/mg)Wmlez"‘

+ Z i (6 H; (X Yom,)
li1=0 ljl=0
M-1 N—1 9 9 , .

+iQ 3 ( 3 4(t) (xmlaHj ~ m o, ) e(xm1+ym2>/z> y
m=0 \Mjj=0 Yo Gty imy) (timg Yoy

Xy + Vi
Xe( ! yZ)H,‘(Xml,ymz)WmIsz
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Time discretization

¥(0) = vo

Explicit Runge—Kutta of order 4: not the optimal choice, but easy
and already used in literature (e.g., [C. M. Dion and E. Cances,
Phys. Rev. E 67 (2003)]).

{iw’(t) = F(4(1))
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First simulation

0= % ey = 0.09, &, = 0.03, Q = 0.7, final T = 360:
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First simulation

0= % ey = 0.09, &, = 0.03, Q = 0.7, final T = 360:

[ (x,y, )

N = 16 Hermite functions, time step-size h = 1/100.
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First simulation

0= % ey = 0.09, &, = 0.03, Q = 0.7, final T = 360:

[ (x,y, )
N = 16 Hermite functions, time step-size h = 1/100.

There are artificial “vortices” due to the poor space resolution
[Private communication with M. Tsubota at nlqugas08, Toledo]. A
similar experiment was published: [*** Vortex Lattice Formation
in Bose—Einstein Condensates, Phys. Rev. Lett. 92, (2004)]

Marco Caliari Spectral methods for dissipative nonlinear Schrodinger eqgs.



Increasing the space resolution

Same experiment, with N = 64 Hermite functions:
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Increasing the space resolution

Same experiment, with N = 64 Hermite functions:

No vortex!
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Dissipative GPE

A numerical simulation showing vortices was based (almost) on

(’ - 7)5t¢(X7y7 t) = (_;V2 + V(Xay) + 0 |1/}(X7y7 t)|2 - QLZ) ’(/}(X7y7 t)

’-\/20
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Dissipative GPE

A numerical simulation showing vortices was based (almost) on

(’ - ’Y)atw(x7.y7 t) = (_;V2 + V(Xay) + 0 |1/}(X7y7 t)lz - QLZ) ’(/}(X7y7 t)

r'\/zo

“The term with ~ introduces the dissipation. Although the detailed
mechanism of the dissipation is yet to be understood |[...] the
observation of the vortex lattices implies the presence of
dissipation.”

[K. Kasamatsu, M. Tsubota, and M. Ueda, Phys. Rev. A 67
(2003)]
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Meaning of ~

Let's rewrite the equation in the laboratory frame:

1
(I =MOW(X, Y 1) = | = SVP 4+ V(XY ) + 0 W(X, Y ) +

+Q (Xay — Yax) \U(X, Y, t)

“When the condensate is grown from a rotating vapor cloud the
growth process itself is dissipative, and in the experiments [...]
dissipation can arise by transfer of atoms between the thermal
cloud and the condensate. [...] A dissipative term arises from
collisions between atoms in the thermal cloud trapped by the same
potential as the condensate, in which one of the colliding atoms
enters the condensate after the collision.”

[A. A. Penckwitt and R. J. Ballagh, Phys. Rev. Lett. 89, 260402
(2002)]
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Particle number conservation

The particle number is no more preserved: let's subtract the
chemical potential

(i—7)3t¢(X7y7 t) = <_;v2 + V(X7}/) +0 W}(Xaya t)|2 - QLZ - /1) 1/1(Xa)’a t)

The chemical potential depends on : so, it is computed after
each time step and inserted into the equation.
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Vortices

v =0.03, 0= % ex = 0.09, e, = 0.03, Q = 0.7, final T = 360:
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v =0.03, 0= % ex = 0.09, e, = 0.03, Q = 0.7, final T = 360:

o = wo s 200 =0 son s

N = 64 Hermite functions (vanishing boundary conditions), time
step-size h = 1/100.
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Symmetry ¥(x, y, t) = ¥(—x, —y, t)?




Symmetry ¥(x, y, t) = ¥(—x, —y, t)?

N = 100 Hermite functions, time step-size h = 1/500, (right, using
only polynomials of total degree even).
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Energies

eneroy ey
145 - ‘% 1 145 ‘% 1
H H
L H
* *
* *
uf % uf % B
¥ ¥
135 - * 135 * B
x x
H H
* *
EE M 134 M
¥ ¥
x x
125 B 125
. . . . h 3 . . . . h =
o 50 100 150 200 250 300 350 0 50 100 150 200

250 300 350

E(T) ~ 12.16 E(T) ~12.18
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Madelung fluid

The Schrodinger Equation (SE) can be written as

p(X,t)

atv(X,t)—F(v(X,t)~V)V(X,t)—v<V2 > +VV(X)=0
p(X, t)

X eR?
dep(X, 1) + V- (p(X, t)v(X, 1)) = 0
with -
(X, t) = p(X, t)2eX:0)
v(X,t) = VS(X,t)
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Madelung fluid

The Schrodinger Equation (SE) can be written as

Bev(X,t) + (v(X, 1) - V)v(X, t) = V <V2(p(X,t)
p

X > +VV(X)=0

X eR?
dep(X, t) + V- (p(X, t)v(X, 1)) =0
with
WX, 1) = p(X, £)FeiS0)
v(X,t) = V5(X,1)
There are excited stationary solutions in p, v with p(0,t) = 0 and
V Av(X,t)=0for X #0and VA v(0,t) — oo (vortex) with

definite energy levels Ej, Ep, ... (e.g. v = [ X2§Y2, XQIY2,O])
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Madelung fluid

The Schrodinger Equation (SE) can be written as

V3/o(X, t)
Fev(X, t) + (v(X,t) - V)v(X,t) = V (M X € R®

> FVV(X)=0
9ep(X, 1) + V- (p(X, t)v(X, 1)) =0

with .

WX, 1) = p(X, £)FeiS0)

v(X,t) = VS(X,t)
There are excited stationary solutions in p, v with p(0,t) = 0 and
V Av(X,t)=0for X #0and VA v(0,t) — oo (vortex) with
definite energy levels Ej, Ep, ... (e.g. v = [—ﬁ, ﬁ, O])
Starting from a smooth initial solution with energy Einix # Ej, it is
then not possible to reach an excited solution.
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Madelung fluid

The Schrodinger Equation (SE) can be written as

V3/o(X, t)
Fev(X, t) + (v(X,t) - V)v(X,t) = V (M X € R®

> +VV(X)=0
Oep(X,t) + V- (p(X, t)v(X,t)) =0

with .

(X, t) = p(X, t)2eX:0)

v(X,t) = VS(X,t)
There are excited stationary solutions in p, v with p(0,t) = 0 and
V Av(X,t)=0for X #0and VA v(0,t) — oo (vortex) with
definite energy levels Ej, Ep, ... (e.g. v = [—ﬁ, ﬁ, O])

Starting from a smooth initial solution with energy Einix # Ej, it is
then not possible to reach an excited solution.

But if we consider a dissipative SE. ..
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Schrodinger Equation with

10, W(X, t) = [;(iv AKX 1) + V(X) + C [W(X, t)|2] WX, )

DA(X, £) = [b*(X, £ - ;v} AV A AX, £))

where
A(-,t): R® - R3
b.(X,t) = VS(X, )—A(X,t)—%Vlnp(X,t)
W(X, t) = p(X, t)2el(X0)

(Xv t) = VS(X, t) 7A(th)
(proposed in [M. C., M. Loffredo, L. M. Morato, and S. Zuccher,
New J. Phys. (2008)], derived by path-wise stochastic variational

principle for C = 0 in [L. M. Morato, Phys. Rev. D 31 (1985),
M. Loffredo and L. M. Morato, J. Math. Phys. 30 (1989)])
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Properties

» Coming from first principles in stochastic quantization;
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Properties

» Coming from first principles in stochastic quantization;

» particle number naturally conserved;
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» Coming from first principles in stochastic quantization;

» particle number naturally conserved;
» dissipative: its energy

E(r) = /R E(iv AP+ VIX) 5 [W(X, t)|2] WX, D2 dX

satisfies
dE(t 1
) _ 5 LIV A R X R ax <0
dt 2 R3
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» Coming from first principles in stochastic quantization;
» particle number naturally conserved;
» dissipative: its energy

E(r) = /R E(iv AP+ VIX) 5 [W(X, t)|2] WX, D2 dX

satisfies
dE(t 1
) _ 5 LIV A R X R ax <0
dt 2 R3

In unnormalized unknowns:

dE(®) &
d7 __2/
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» Coming from first principles in stochastic quantization;
» particle number naturally conserved;
» dissipative: its energy

E(r) = /R E(iv AP+ VIX) 5 [W(X, t)|2] WX, D2 dX

satisfies
dE(t 1
) _ 5 LIV A R X R ax <0
dt 2 R3

In unnormalized unknowns:

dE(%) _h /
d% o 2 R3

(cfr. Round table on vortex formation)

o |2 e~ L2 N
V/\V(X,t)‘ ’\U(X,t)‘
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Spatial discretization?

For C=0 .
10,V = [Q(N + A)? + V] v

0 A = (b* - ;v> A(V A A)

E(t) = /Ra B(iv + A2 + v] VWdX
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Spatial discretization?

For C=0

[y

0 A = (b* - ;v> A(V A A)

1V + A)? + V] v

E(t) = /Ra B(iv + A2 + v] VWdX

AV € [2(R3 — C): let’s introduce I = AV and rewrite the
equation in W and I'.
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VoW = %(—szw +T - T+iWV . -T+iT-VV¥)+ VoY

WO = VU A (VW AT) + SV A[B(VY AT — WY AT+

+v K%vw - r> A(V A r)] + é(\IJVW—WV\IJ) AV AT+

[y

N

+ [f(' —1)VV + r] A (VY AT) + TV, v
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RSE in ¢, T

VoW = %(—szw +T - T+iWV . -T+iT-VV¥)+ VoY
WO = VU A (VW AT) + SV A[B(VY AT — WY AT+

+v K%vw - r> A(V A r)] + é(\IJVW—WV\IJ) AV AT+

+ [%(/ - 1)V + F] A (VW AT) +TWov

Multiplying the first equation by W and using the Galerkin

. . 2
approach with spectral basis {H;(x)e™/4};, we have the same
real mass matrix.
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Reference solution (Gaussian-linear)

Given

Wo(X,Y) = /@e*Ao(X2+Y2)/2
T

w(X,Y)=aRR - QRO (R=+VX2+Y?2)
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Reference solution (Gaussian-linear)

Given

Wo(X,Y) = ﬁer(x2+Y2)/2

(X, Y) = aRR — QRO (R= X2+ Y?)
then

A(t) = —2A(t)a(t)
a(t) = A(t)*> — a(t)® + Q(t)> - 1
Q(t) = —2(A(t) + a(t))(t)
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