
Computational Logi
Coursework 4Stefano SoÆavr086731�studenti.univr.itExer
ise 1. For the �rst part, \write a derivation in NJ!^? of((A! B)! A)! ::A ", 
onsider the following proof tree:
f1gA � ? f2g(A � B) � A f1gA � ? f3gA E�? I?B I�3A � B E�A E�? I�1(A � ?) � ? I�2((A � (B � ?)) � A) � ((A � ?) � ?)For the se
ond part \every derivation d in NJ!^? 
an be transformed into aderivation d 0 where all 
on
lusions A of a ? -int rule are atomi
", rememberthe following de�nitions. Let 
(A) be the logi
al 
omplexity of a formula A:
(p) = 0 if p is atomi
, 
(?) = 1, 
(A! B) = 
(A^B) = maxf
(a); 
(b)g+1.Given a derivation d in NJ!^?, let m(d) be the maximum logi
al 
omplexity
(A) of the formulas A that are 
on
lusions of some ?-I in d , m(d) = 0 if thereis no appli
ation of ?-I. Let n(d) be the number of ?-I inferen
es in d whose
on
lusion has maximal logi
al 
omplexity m(d).If the 
on
lusion of a ?-I is A = A0 � A1 then the sub-derivation d of d ,rooted at A0 � A1:d+? I?A0 � A1 is repla
ed with the sub-derivation d�: d+? I?A1 I�A0 � A1Let d 0 be the resulting derivation. Noti
e that d 0 is obtained from d by:(i) removing one o

urren
e of the ?-introdu
tion rule of 
omplexity 
(A0 �A1); 1



S. SoÆa 2(ii) adding one o

urren
e of the ?-introdu
tion rule of 
omplexity 
(A1).But no other rules are 
hanged or added and from the de�nition of 
omplexityof terms we have 
(A1) < 
(A0 � A1).Now suppose that 
(A0 � A1) = m(d) is the maximum 
omplexity in d of any
on
lusion of ?-I. Then we 
an 
on
lude that:(i) if in d there are other inferen
es ?-I of maximal 
omplexity m(d), thenm(d 0) = m(d), but n(d 0) < n(d).(ii) otherwise n(d) = 1 and m(d 0) < m(d).In either 
ases we have:
〈m(d 0); n(d 0)〉 < 〈m(d); n(d)〉:Therefore we 
an apply the indu
tive hypothesis on d 0 and 
on
lude the thesison d .


