
Computational LogiCoursework 3Stefano SoÆavr086731�studenti.univr.itExerise 1 (Typed Lambda Calulus). First some notational onventions. Let xbe a variable and u; v be �-terms; then we write �x u the funtional abstrationand (u)v the funtional appliation. Also, we assume that the generi �-termsm; n; f ; x have the following types:�-term Typex A0f A0
� A0m; n (A � A0) � (A � A0)To further simplify the notation of types we introdue the following onvention:

(A0 = A;An+1 = (An) � (An):For example, with this onvention we denote A1 the type of f and A2 the typeof m and n.4 = �f �x (f )(f )(f )(f )x:
f1g f : A1 f1g f : A1 f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 E�(f )(f )(f )x : A0 E�(f )(f )(f )(f )x : A0 I�2�x (f )(f )(f )(f )x : A1 I�1�f �x (f )(f )(f )(f )x : A2su = �n �f �x ((n)f )(f )x:f1g n : A2 f2g f : A1 E�(n)f : A1 f2g f : A1 f3g x : A0 E�(f )x : A0 E�((n)f )(f )x : A0 I�3�x ((n)f )(f )x : A1 I�2�f �x ((n)f )(f )x : A2 I�1�n �f �x ((n)f )(f )x : A31



S. SoÆa 2plus = �m�n �f �x ((m)f )((n)f )x:f1g m : A2 f2g f : A1 E�(m)f : A1 f3g n : A2 f2g f : A1 E�(n)f : A1 f4g x : A0 E�((n)f )x : A0 E�((m)f )((n)f )x : A0 I�4�x ((m)f )((n)f )x : A1 I�2�f �x ((m)f )((n)f )x : A2 I�3�n �f �x ((m)f )((n)f )x : A3 I�1�m�n �f �x ((m)f )((n)f )x : A2
� A3times = �m�n �f (m)(n)f :f1g m : A2 f2g n : A2 f3g f : A1 E�(n)f : A1 E�(m)(n)f : A1 I�3�f (m)(n)f : A2 I�2�n �f (m)(n)f : A3 I�1�m�n �f (m)(n)f : A2

� A3Consider the term:(su)1 = (�n �f �x ((n)f )(f )x) 1� �f �x ((1)f )(f )x=�f �x ( (�f �x (f )x) f )(f )x� �f �x (�x (f )x) (f )x� �f �x (f )(f )x = 2:This sequene of �-redutions orresponds to the following sequene of trees:. . .su : A3�n �f �x ((n)f )(f )x . . .1 : A2�f �x (f )x E�(�n �f �x ((n)f )(f )x)1 : A2. . .1 : A2�f �x (f )x f1g f : A1 E�(1)f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�((1)f )(f )x : A0 I�1; 2�f �x ((1)f )(f )x : A2f1g f : A1 f2g x : A0 E�(f )x : A0 I�2�x (f )x : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(�x (f )x)(f )x : A0 I�1; 2�f �x (�x (f )x)(f )x : A2



S. SoÆa 3f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 I�1; 2�f �x (f )(f )x : A2Consider the term:((plus)2)1 =( (�m�n �f �x ((m)f )((n)f )x) 2)1� (�n �f �x ((2)f )((n)f )x) 1� �f �x ((2)f )((1)f )x=�f �x ( (�f �x (f )(f )x) f )( (�f �x (f )x) f )x� �f �x (�x (f )(f )x) (�x (f )x) x� �f �x (�x (f )(f )x) (f )x� �f �x (f )(f )(f )x = 3:This sequene of �-redutions orresponds to the following sequene of trees:. . .plus : A2
� A3�m�n �f �x ((m)f )((n)f )x . . .2 : A2�f �x (f )(f )x E�(�m�n �f �x ((m)f )((n)f )x)2 : A3 . . .1 : A2�f �x (f )x E�((�m�n �f �x ((m)f )((n)f )x)2)1 : A2. . .2 : A2�f �x (f )(f )x f1g f : A1 E�(2)f : A1 f2g n : A2 f1g f : A1 E�(n)f : A1 f3g x : A0 E�((n)f )x : A0 E�((2)f )((n)f ) : A0 I�1; 2; 3�n �f �x ((2)f )((n)f ) : A3 . . .1 : A2�f �x (f )x E�(�n �f �x ((2)f )((n)f ))1 : A1. . .2 : A2�f �x (f )(f )x f1g f : A1 E�(2)f : A1 . . .1 : A2�f �x (f )x f1g f : A1 E�(1)f : A1 f3g x : A0 E�((1)f )x : A0 E�((2)f )((1)f ) : A0 I�1; 3�f �x ((2)f )((1)f ) : A2f1g f : A1 f2g x : A0 E�(f )x : A0 I�1; 2�f �x (f )x : A2 f1g f : A1 E��x (f )x : A1 ) f1g f : A1 f2g x : A0 E�(f )x : A0 I�1�x (f )x : A1



S. SoÆa 4f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 I�1�x (f )(f )x : A2 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(�x (f )(f )x)(f )x : A0 )
f1g f : A1 f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 E�(f )(f )(f )x : A0 I�1; 2�f �x (f )(f )(f )x : A0Consider the term:((times)2)3 =( (�m�n �f (m)(n)f ) 2)3� (�n �f (2)(n)f ) 3� �f (2)(3)f=�f (�f �x (f )(f )x) (�f �x (f )(f )(f )x) f� �f (�f �x (f )(f )x) �x (f )(f )(f )x� �f �x (�x (f )(f )(f )x) (�x (f )(f )(f )x) x� �f �x (�x (f )(f )(f )x) (f )(f )(f )x� �f �x (f )(f )(f )(f )(f )(f )x = 6:This sequene of �-redutions orresponds to the following sequene of trees:f1g m : A2 f2g n : A2 f3g f : A1 E�(n)f : A1 E�(m)(n)f : A1 I�1; 2; 3�m�n �f (m)(n)f : A3

� A2 . . .2 : A2�f �x (f )(f )x E�(�m�n �f (m)(n)f )2 : A3 . . .3 : A2�f �x (f )(f )(f )x E�((�m�n �f (m)(n)f )2)3 : A2. . .2 : A2�f �x (f )(f )x f1g n : A2 f2g f : A1 E�(n)f : A1 E�(2)(n)f : A1 I�1; 2�n �f (2)(n)f : A3 . . .3 : A2�f �x (f )(f )(f )x E�(�n �f (2)(n)f )3 : A2. . .2 : A2�f �x (f )(f )x . . .3 : A2�f �x (f )(f )(f )x f1g f : A1 E�(3)f : A1 E�(2)(3)f : A1 I�1�f (2)(3)f : A2



S. SoÆa 5f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 I�1; 2�f �x (f )(f )x : A2 . . .: A1�x (f )(f )(f )x E�(�f �x (f )(f )x)�x (f )(f )(f )x : A1 I�1�f (�f �x (f )(f )x)�x (f )(f )(f )x : A2. . .: A1�x (f )(f )(f )x . . .: A1�x (f )(f )(f )x f2g x : A0 E�(�x (f )(f )(f )x)x : A0 E�(�x (f )(f )(f )x)(�x (f )(f )(f )x)x : A0 I��f �x (�x (f )(f )(f )x)(�x (f )(f )(f )x)x : A2f1g f : A1 f1g f : A1 f1g f : A1 f2g x : A0 E�(f )x : A0 E�(f )(f )x : A0 E�(f )(f )(f )x : A0 I�2�x (f )(f )(f )x : A1 . . .: A0(f )(f )(f )x E�(�x (f )(f )(f )x)(f )(f )(f )x : A0 I�1; 2�f �x (�x (f )(f )(f )x)(f )(f )(f )x : A2
f1g f : A1 f1g f : A1 f1g f : A1 . . .: A0(f )(f )(f )x E�(f )(f )(f )(f )x : A0 E�(f )(f )(f )(f )(f )x : A0 E�(f )(f )(f )(f )(f )(f )x : A0 I�1; : : :�f �x (f )(f )(f )(f )(f )(f )x : A2Exerise 2 (Strong Normalization). In what follows we denote NJ! the theoryof natural dedution restrited to the use of the impliation only; we write F torefer to the set of the formulas in NJ!.For onvention of notation, we improperly say that a proof D in NJ! ontainsa maximum , where  2 F , to mean that D ontains at least one ourreneof  and at least one of these ourrenes is a maximum. When not ambiguous,we identify the ourrene that is the maximum with the formula.De�nition 1 (Maximum). Let D be a proof in NJ!. We all maximum of Devery ourrene of a formula in D suh that:(i) it is the onlusion of an impliation introdution step;(ii) it is the major premise of an impliation elimination step.Notie that from this de�nition it follows that every maximum Æ of D:(i) is of the form � � � and the premise of the impliation introdution stepis �;(ii) being the major premise of an impliation elimination step we have that theminor premise is � and the onlusion is �.



S. SoÆa 6For onveniene of notation we write:� D� to represent the subtree of D rooted at the minor premise of theelimination step;� D� to represent the subtree of D rooted at the premise of the introdutionstep;� D0� to represent the subtree of D rooted at the onlusion of the elimina-tion step.With this notation, it is possible to graphially represent a maximum as follows:[�℄D�� I�� � � D�� E��De�nition 2 (Redution Step). Let D be a proof of NJ!. We all redutionstep the transformation that, with the above notation, returns a new proof Gobtained from D as follows.(i) Let D00� be the result of the replaement of the leaves of D� that aredisharged by the removed impliation introdution step (whih ontainsthe formula �) with the tree D�.(i) The subtree D0� of D is replaed with the subtree D00� de�ned in theprevious point.De�nition 3 (Linear Dedution Tree). Let D be a dedution tree in NJ!. Wesay that D is linear if in D every ourrene of the impliation introdution ruledisharges exatly one leaf.To prove that in linear natural dedution strong normalization holds, we needto show the following fats:(1) every dedution tree resulting from a linear dedution tree by a redutionstep is linear ;Moreover we need to �nd a measure s(D) of derivations suh that(2) every redution step redues the measure s.To prove (1) it is enough to notie that no new impliation introdution isreated by a redution, hene if D0 results from a redution step from D and Dis linear, then so is D0.To prove (2), onsider that in dedution tree may be may be regarded as atree whose nodes are labelled with formulae and edges with inferene rules, or,dually, we may label edges with formulae and nodes with inferenes. Taking the�rst viewpoint, notie that in a redution step applied to the proof in the �gureabove one node is anelled and two pairs of nodes are identi�ed:� the node labelled with the maximum formula � � � is erased;� the premise � of the impliation introdution is identi�ed with the onlu-sion of the impliation elimination imediately below it;



S. SoÆa 7� the minor premise � of the impliation elimination is identi�ed with theonly assumption disharged by the impliation introdution above it.Let s(D) be the number of nodes in D. It is lear that if D redues in onestep to D0, then s(D0) = s(D) � 3. It follows that no matter whih redutionstrategy is applied, the redution proess will eventually terminate (there is noin�nite desending sequene of natural numbers).


