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Overview

@ t-structures and co-t-structures;
@ Recollements and glueing;

© The piecewise hereditary case;
@ Silting objects;

@ Glueing of silting objects;

O Glueing of tilting objects.
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t-structures and co-t-structures

D triangulated.
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)

A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)
A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
@ Homp(D=°, D=0[-1]) = 0;
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)

A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
@ Homp (D=0, D=°[-1]) = 0;
Q@ D=0 C D=0[-1];
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)

A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
@ Homp(D=°, D=0[-1]) = 0;
Q@ D=0 C D=0[-1];
© VX € D, there is a triangle

A— X — B — A[l]

with A € D=0 and B € D=0[-1].
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)

A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
@ Homp(D=°, D=0[-1]) = 0;
Q@ D=0 C D=0[-1];
© VX € D, there is a triangle

A— X — B — A[l]

with A € D=0 and B € D=0[-1].

o Heart: D=9 N D20 It is an abelian category! (BBD)
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t-structures and co-t-structures
D triangulated.

Definition (Beilinson-Bernstein-Deligne'82)

A t-structure in D is a pair (D=, DZ°) of full subcategories s.t.
@ Homp (D=0, D=0[-1]) =0;
@ D=0 C D=0[-1];
© VX € D, there is a triangle

A— X — B — A[l]

with A € D=0 and B € D=0[-1].

o Heart: D=9 N D20 It is an abelian category! (BBD)

e Bounded if: | D="=0= () D="and Y D="=D = | D="
neZ neZ neZ neZ
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t-structures and co-t-structures

D triangulated.
Definition (Bondarko, Pauksztello'10)

A co-t-structure in D is a pair of full subcategories (D=, D<q) s.t.
© Homp(D>o, D<o[l]) =0;
© D>o C Dxo[l];
© VX € D, there is a triangle

A— X — B — A[l]

with A € 'Dzo and B € 'Dgo[l].

@ Co-heart: D>gND<o. It is additive but, in general, not abelian!

e Bounded if: (| D<,=0= (| D>pand |J D<,=D = |J D>n
neZ neZ nezZ neZ
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t-structures and co-t-structures
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t-structures and co-t-structures

e R - f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;
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t-structures and co-t-structures

e R - f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example
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t-structures and co-t-structures

e R - f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example
© (Standard) t-structure in D?(R):
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t-structures and co-t-structures

e R - f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example
© (Standard) t-structure in D?(R):
D=0 = {X € D?(R) : H'(X) =0,Vi > 0},
D=0 = {X € D?(R) : H'(X) =0,Vi < 0}.
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t-structures and co-t-structures

o R-f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example
© (Standard) t-structure in D2(R):
D=0 = {X € D?(R) : H'(X) =0,Vi > 0},
D=0 = {X € D?(R) : H'(X) =0,Vi < 0}.
The canonical triangle gives rise to smart truncations.
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t-structures and co-t-structures

o R-f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example

© (Standard) t-structure in D2(R):
D=0 = {X € D?(R) : H'(X) =0,Vi > 0},
D=0 = {X € D?(R) : H'(X) =0,Vi < 0}.
The canonical triangle gives rise to smart truncations.
@ (Standard) co-t-structure in KC?(proj(R)):
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t-structures and co-t-structures

o R-f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example

© (Standard) t-structure in D2(R):
D0 = {X € DE(R) : H'(X) = 0,Vi > 0},
D=0 = {X € D?(R) : H'(X) =0,Vi < 0}.
The canonical triangle gives rise to smart truncations.
@ (Standard) co-t-structure in KC?(proj(R)):
Dso={..— 0 - 0 P 5Pl P2 .}
Do={..2P 2P 1P 50 —0—>..}
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t-structures and co-t-structures

o R-f.d. algebra over a field K = K;
o K5(proj(R)) - homotopy category of f.d. projective right R-modules;
o DP(R) - derived category of f.d. right R-modules;

Example

© (Standard) t-structure in D2(R):
D0 = {X € DE(R) : H'(X) = 0,Vi > 0},
D=0 = {X € D?(R) : H'(X) =0,Vi < 0}.
The canonical triangle gives rise to smart truncations.
@ (Standard) co-t-structure in KC?(proj(R)):
Dso={..— 0 - 0 P 5Pl P2 .}
Do={..2P 2P 1P 50 —0—>..}

A canonical triangle gives rise to stupid truncations.
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Recollements and glueing
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Recollements and glueing
Definition

D, Y, X triangulated categories. D is a recollement of X’ and ) if there
are triangle functors

v
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Recollements and glueing

Definition

D, Y, X triangulated categories. D is a recollement of X’ and ) if there
are triangle functors

i* g
R): Y D X

satisfying:

Jorge Vitéria (University of Stuttgart) | t-structures, recollements and silting Thurnau, March 21, 2012 6 /27

<



Recollements and glueing

Definition
D, Y, X triangulated categories. D is a recollement of X’ and ) if there
are triangle functors

i* g
R): Y D X

satisfying:
Q (i*,ix,i'), (ji,j*,J«) are adjoint triples;
Q i, j«, ji are fully faithful;
© ji,=0;
Q@ VX € D, there are triangles given by the (co)units of the adjunctions:

WX = X = X = LX), X = X = X — X
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Recollements and glueing
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Recollements and glueing

Example (Angeleri Hiigel-Liu-Konig'11)

R is f.d. piecewise hereditary, X indecomposable, exceptional in
DP(R).
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Recollements and glueing

Example (Angeleri Hiigel-Liu-Kdnig'11)

R is f.d. piecewise hereditary, X indecomposable, exceptional in
DP(R).Then, there is a recollement

VRS T
Db(B) —— Db(A) —— DP(Endpp 4y (X)) -
~_ S~
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Recollements and glueing

Example (Angeleri Hiigel-Liu-Kdnig'11)

R is f.d. piecewise hereditary, X indecomposable, exceptional in
DP(R).Then, there is a recollement

VRS T
Db(B) —— DP(A) — D*(Endps(4)(X)) -
~___~ ~__

where B is also a f.d. piecewise hereditary and Endps(4)(X) is a f.d.
skew-field over K.
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Recollements and glueing
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Recollements and glueing

Theorem (Beilinson-Bernstein-Deligne'82)

Given R and (X<0, x=9), (Y<0 Y29 t-structures in X and Y, then

D=0:={ZeD:j*Z e x=0, i*Ze Y=Y}

D= {ZeD:jzex>, 'zey>°}
Is a t-structure in D.
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Recollements and glueing
Theorem (Beilinson-Bernstein-Deligne'82)
Given R and (X<0, x=9), (Y<0 Y29 t-structures in X and Y, then

D0 .= {ZeD:j*Z e x<0, *Z € Y=0}

D> :={ZeD:jZzex i'Zey>}

is a t-structure in D.

Theorem (Bondarko'10)
Given R and (X>o, X<o), (V>0, V<o) co-t-structures in X and ), then

DZO = {Z eD _/*Z S XZO, i*Z e yzo}

Do = {Z €D:j* 7€ Xp, i'Z € ygo}

is a co-t-structure in D.
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The piecewise hereditary case
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The piecewise hereditary case

R f.d. piecewise hereditary algebra over K.
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The piecewise hereditary case

R f.d. piecewise hereditary algebra over K.

Lemma

Let (D=0, D=%) be a bounded t-structure with length heart in D®(R).
Then D=0 N D2 = mod(S), where S is a f.d. directed algebra over K.
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The piecewise hereditary case

R f.d. piecewise hereditary algebra over K.

Lemma

Let (D=0, D=%) be a bounded t-structure with length heart in D®(R).
Then D=0 N D2 = mod(S), where S is a f.d. directed algebra over K.

Theorem (Liu-V.'11)

Let (D=°,D=%) be a bounded t-structure with length heart in D*(R).
Then there is a recollement of D®(R) by derived module categories such
that (D=, D=°) is glued with respect to this recollement.
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The piecewise hereditary case

|dea of proof
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The piecewise hereditary case

|dea of proof

@ Lemma = There is a simple projective P in the heart;
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The piecewise hereditary case

|dea of proof
@ Lemma = There is a simple projective P in the heart;

o P indecomposable exceptional in D°(R);
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The piecewise hereditary case

|dea of proof
@ Lemma = There is a simple projective P in the heart;
o P indecomposable exceptional in D°(R);
o [AKL] = recollement

/\ /_\
DP(B) —— Db(R) —— Db(EndDb(R)(P)) i
\_/ \_/

for some piecewise hereditary algebra B;
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The piecewise hereditary case

Idea of proof
@ Lemma = There is a simple projective P in the heart;
o P indecomposable exceptional in D°(R);
o [AKL] = recollement

/\ /_\
DP(B) —— Db(R) —— Db(EndDb(R)(P)) i
\_/ \_/

for some piecewise hereditary algebra B;

o (D=9,D=%) is glued with respect to this recollement from t-structures
(*D=0, *D9) and (i*D<0, ' D>0)
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Silting objects
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Silting objects

Definition (Keller-Vossieck'88)
An object X in a triangulated category D is silting if:
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Silting objects

Definition (Keller-Vossieck'88)

An object X in a triangulated category D is silting if:
@ D is the smallest triangulated subcategory containing X;
@ Homp(X, X[i]) =0,Vi > 0.
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Silting objects

Definition (Keller-Vossieck'88)

An object X in a triangulated category D is silting if:
@ D is the smallest triangulated subcategory containing X;
@ Homp(X, X[i]) =0,Vi > 0.

Example
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Silting objects

Definition (Keller-Vossieck'88)

An object X in a triangulated category D is silting if:
@ D is the smallest triangulated subcategory containing X;
@ Homp(X, X[i]) =0,Vi > 0.

Example
o Rgr € D(R) is silting;
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Silting objects

Definition (Keller-Vossieck'88)

An object X in a triangulated category D is silting if:
@ D is the smallest triangulated subcategory containing X;
@ Homp(X, X[i]) =0,Vi > 0.

Example
o Rgr € D(R) is silting;
@ Any tilting object is silting.
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Silting objects

Definition (Keller-Vossieck'88)
An object X in a triangulated category D is silting if:

@ D is the smallest triangulated subcategory containing X;
@ Homp(X, X[i]) =0,Vi > 0.

Example
o Rgr € D(R) is silting;
@ Any tilting object is silting.

Theorem (Keller-Vossieck'88)

Q Dynkin quiver. The bounded t-structures in D*(KQ) are in bijection
with basic silting objects in D*(KQ).
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Silting objects
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Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)

R f.d. over K. There are bijections between:
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Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)
R f.d. over K. There are bijections between:
@ Bounded t-structures in D(R) with length heart;

Jorge Vitéria (University of Stuttgart) | t-structures, recollements and silting  RIUITHENINY ETZS S 1) ] 12 /27



Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)

R f.d. over K. There are bijections between:
@ Bounded t-structures in D(R) with length heart;
© Bounded co-t-structures in KC°(proj(R));
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Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)

R f.d. over K. There are bijections between:
@ Bounded t-structures in D(R) with length heart;
© Bounded co-t-structures in KC°(proj(R));
© Basic silting objects in KCP(proj(R)).
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Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)
R f.d. over K. There are bijections between:

@ Bounded t-structures in D(R) with length heart;
© Bounded co-t-structures in KC°(proj(R));

© Basic silting objects in KCP(proj(R)).

Assume gldim(R) < oo (= Kb(proj(R)) = D(R)).
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Silting objects

Theorem (Nicolas-Keller, Kénig-Yang'12)
R f.d. over K. There are bijections between:

© Bounded t-structures in DP(R) with length heart;
@ Bounded co-t-structures in KC°(proj(R));

© Basic silting objects in KC°(proj(R)).

Assume gldim(R) < oo (= K2(proj(R)) = D(R)).
@ co-t-structure: (D>p, D<g) ~~ silting: M s.t. add(M) = D>¢ N D<o.
o t-structure: (D=0, D20) ~ co-t-structure: (( +D=0)[1], D=0).
° si|t<i(r)1g: M ~~ t-structure:
v = {X e D*(R): Hom(M,X[/.]) = o,v:. >0}
Dy, = {X € DP(R) : Hom(M, X[i]) = 0,Vi < 0}.

Jorge Vitéria (University of Stuttgart)

el e e e e e Thurnau, March 21, 2012 12 /27




Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2——=3)
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Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2——=3)

So[-1] S3[-1] Pi[1] 52[1] S3[1]
\ / ~N 7 N S

) Po[1] b[1]
/ \ v AN

P3[-1] Pi[2]

‘Silting object: M = Py & P, & Ps[1] ‘
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Silting objects

Example (t-structure in D?(KAz), A3 =

S[-1] S3[-1] Py Pi[1] Sl S3[1]
hl-1] P, h Py[1] k(1]
P3[-1] 52/ \53/ \Pl[z]

‘Silting object: M = Py & P, & Ps[1] ‘

il 4D
Aisle: Dy,
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Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2——=3)

So[-1] S3[-1] Ps P1[1] S2[1] S3[1]

. h[-1] / b \ Pa[1] h[1]
P3[-1] S S3 P1[2]
‘Silting object: M = Py & P, & Ps[1] ‘
Aisle: D,‘S/,O

Dy = (Di)*
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Silting objects

S[-1]

S3[-1]

Example (t-structure in D?(KA3), A3 = 1 ——=2—=3)
h[-1]

P3
Ps[-1]

P1[1] S3[1]
NN TN
b Pa[1]
SN
S S3
‘Silting object: M = Py & P, & Ps[1] ‘
Aisle: D,‘i;,o

S[1]

il -
Dy = (Di)*

P1[2]

Heart: D,\S/,O n D,\zj) = Endpe(r) (M) = KA, XK, Ap= 1——=2
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Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2—=3)

So[-1] S3[-1] Ps P1[1] S2[1] S3[1]
h[-1] b P[] k(1]
P3[-1] 52/ \53 / \P1[2]

‘Silting object: M = Py & P, & Ps[1] ‘

Aisle: /Z'),f/,o
Dy = (Di)*

Heart: Dy’ N Dy = Endps(r)(M) = KAy x K, Ay = 1—2

In general:
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Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2—=3)

So[-1] S3[-1] Ps P1[1] S2[1] S3[1]
h[-1] b P[] k(1]
P3[-1] 52/ \53 / \P1[2]

‘Silting object: M = Py & P, & Ps[1] ‘

Aisle: /Z'),f/,o
Dy = (Di)*

Heart: Dy’ N Dy = Endps(r)(M) = KAy x K, Ay = 1—2

In general:

o The heart of (D5, DY) is Endps(gy(M);
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Silting objects

Example (t-structure in D?(KA3), A3 = 1 ——=2—=3)

So[—1] S3[—1] P3

\/2
52/ \53

h[-1]

Ps[-1]

‘Silting object: M = Py & P, & Ps[1] ‘

Aisle: /D,T;,O
Dy = (Di)*

Heart: Dy’ N Dy = Endps(r)(M) = KAy x K, Ay = 1—2

P1[1]

N

P>[1

7

So[1]

SN

k(1]

S3[1]

D

P1[2]

In general:
o The heart of (D5, DY) is Endps(gy(M);

e M is tilting if and only if M € Dﬁo al Df,,o.

rsity of Stuttgart)
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Silting objects

Example (co-t-structure in D°(KA3), A; = 1 —=2—=3)

So[-1] S3[-1] Pi[1] 52[1] S3[1]
\ / ~N 7 N S

) Po[1] b[1]
/ \ v AN

P3[-1] Pi[2]

‘Silting object: M = Py & P, & Ps[1] ‘
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Silting objects

Example (co-t-structure in D°(KA3), A; = 1 —=2—=3)
S2[-1] S3[-1] P1[1] S2[1] S3[1]

7 \/ 7N

h[-1] Po[1] k(1]

/ N .

Pa[-1] Pi[2]

‘Silting object: M = Py & P, & Ps[1] ‘

M _ »<0
Dy =Dy
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Silting objects

Example (co-t-structure in D?(KAz), A
S2[-1]

1—2——=3)
S3[-1] P1[1]
h[-1]
Ps[-1]

\/

/ \ Pa[1]
‘Slltlng object: M = Py & P, & Ps[1] ‘
By =5
P

S[1]

S3[1]
DY

S
/2[1]
N

P1[2]
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Silting objects

Example (co-t-structure in D?(KAz), A

5[] S3[-1]

h[-1]

Ps[-1]

‘Silting object: M = Py & P, & Ps[1] ‘

D% - D/\i\/lo
M _ LpM
D31 = D

Coheart: Dg’o n D"S/’O = add(M)

= 1H2H3)

P1[1]

N N

Po[1]

/\/

S[1]

N

h(1]

DN

S3[1]

P1[2]
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Glueing silting

Theorem (Liu-V.-Yang'12)
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Glueing silting

Theorem (Liu-V.-Yang'12)

@ R recollement of triangulated category D;

i* g
(R): Y D X

@ X € X and Y € ) silting objects;
o (X>0,X<0) and (V>o0, V<o) corresponding co-t-structures in X and ).

Then

V.
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Glueing silting

Theorem (Liu-V.-Yang'12)

@ R recollement of triangulated category D;

i* g
(R): Y D X

@ X € X and Y € ) silting objects;
o (X>0,X<0) and (V>o0, V<o) corresponding co-t-structures in X and ).

Then the glued co-t-structure (D>g, D<) corresponds to the silting
Z =1i.Y ® Kx, where Kx is defined by

I'*ﬂz]_i!jgx —)ng — KX — (I.*ﬂ21l'!j!X)[1]

(B>1 is a (non-functorial) choice of truncation for (}>o, Y<o) in J).

V.
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Glueing silting

|dea of proof
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Glueing silting

Idea of proof

e [BBD'82] ~~ functor ji, (7th/intermediate functor) ~~ glueing simples
in the hearts of t-structures;

{Summands of glued silting} <+ {"simples" of glued coheart};
"Triangulated" description of 7th functor (using truncations);

Apply it to "simples" of the coheart of X;

It works as described!
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Glueing silting

Idea of proof

e [BBD'82] ~~ functor ji, (7th/intermediate functor) ~~ glueing simples
in the hearts of t-structures;

{Summands of glued silting} <+ {"simples" of glued coheart};
"Triangulated" description of 7th functor (using truncations);

Apply it to "simples" of the coheart of X;

It works as described!

Remark

Glueing silting objects means glueing compatibly with the glueing of
co-t-structures.
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Glueing silting

Remark
R recollement of D°(R), R of finite global dimension;
o There is Serre functor in D°(R);

@ Recollements can be reflected (Jgrgensen);

~+ Glueing of silting can be done, in this setting, compatibly with the
glueing of t-structures.

This corresponds to glueing with respect to certain co-t-structures via a
reflected recollement.
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Glueing tilting
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Glueing tilting

Recall that, in DP(R) a silting is tilting if and only if it lies in the heart of
the corresponding t-structure.
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Glueing tilting

Recall that, in D?(R) a silting is tilting if and only if it lies in the heart of
the corresponding t-structure.

Theorem (Liu-V.-Yang'12)
o R recollement of D*(R) by D*(C) and D?(B)

Y

(R): DPB) - DP(R) . DP(C);

o X and Y be tilting objects of D(C) and DP(B).
Then Z = i,.Y @ Kx is tilting if and only if
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Glueing tilting

Recall that, in D?(R) a silting is tilting if and only if it lies in the heart of
the corresponding t-structure.

Theorem (Liu-V.-Yang'12)
o R recollement of D*(R) by D*(C) and D?(B)

i* J
e . T

"ok
%

(R): DP(B) DP(R) A/TM\ Db(C);

i
ol
~—_ ! -

e X and Y be tilting objects of D?(C) and DP(B).
Then Z = i,.Y @ Kx is tilting if and only if
(a) Hompsg)(Y,i"jxX[k]) =0 for all k < —1;
(b) Homppgy(i*jsX, Y[k]) =0 for all k <0;
(c) Hompsg)(i*ji X, i*j«X[k]) = 0 for all k < —1.
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Glueing tilting

Proposition (Liu-V.-Yang'12)
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Glueing tilting

Proposition (Liu-V.-Yang'12)
o R recollement of D°(R) by D*(C) and D*(B)

i* J
P LT T T
(R):  Db(B) ——=DR) ——=DC);
~—_ ! N~

e X tilting object of X;
e Y = B tilting in Y;
e B hereditary.
Then Z = i,Y @ Kx is tilting if and only if
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Glueing tilting

Proposition (Liu-V.-Yang'12)
o R recollement of D°(R) by D*(C) and D*(B)

i* J
P LT T T
(R):  Db(B) ——=DR) ——=DC);
~—_ ! N~

e X tilting object of X;
e Y = B tilting in Y;
@ B hereditary.
Then Z = i,Y @& Kx is tilting if and only if 3 X' {, X3, X{, X3 € mod(B):
e X} projective;
o %X 2 X1[1] & X5 @ X{[1] & X5[~2;
e Homg(Xm, X,) = 0 whenever n — m > 2.

V.
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A couple of questions
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A couple of questions

@ How does glueing silting objects interact with silting mutation?
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A couple of questions

@ How does glueing silting objects interact with silting mutation?

@ What can we say about silted algebras, i.e., Endps(g)(M) for M
silting?
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A couple of questions

@ How does glueing silting objects interact with silting mutation?

@ What can we say about silted algebras, i.e., Endps(g)(M) for M
silting?

Thank you for your attention.

Jorge Vitéria (University of Stuttgart) | t-structures, recollements and silting  RIUITHENINY ETZS S2A 10 ] 27 /27



