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Course schedule

* June 11t 8:30-10:30, gamma: solution of Bloch Torrey equations in simple 2D
geometry in FreeFem

 June 12, 14:30-15:30, F: Numerical Convex Optimization applied to diffusion MRI
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Bloch-Torrey Equation
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Transformed equation
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Assignments

Fix as time profile the one associated to the PGSE and

1. Solve the transformed BT-equation inside 2-compartment geometry
composed by a periodic square with a circle inside using

FreeFeem++

2. Solve the transformed BT-equation only inside a Circle using
FreeFeem++

Hint:

Use the “matrix version” of the Theta method

Scientific Computing in MRI Simona Schiavi



Create the Geometry

load "lapack"

verbosity = 0;

real dim = 2;

epsilon = 1.0;
kappa = 5.0e-5;

sigmaE = 3e-3, sigmaC = 1.6e-3;

R = 0.3xepsilon;
xstart = -epsilon/2,
squarel = 1, square2

border Omegal(xi=0,1){x
border Omega2(xi=0,1){x
border Omega3(xi=0,1){x =
border Omega4(xi=0,1){x =

xend = epsilon/2, ystart = -epsilon/2, yend = epsilon/2;

= 2, square3 = 3, squared4 = 4, circle = 5;

xend-(xend-xstart)*xi; y = ystart;

xstart; y = ystart+(yend-ystart)*xi;
xstart+(xend-xstart)*xi; y = yend;

xend; y = yend-(yend-ystart)*xi;

border Gamma(xi=0,2%pi){x=R%cos(xi); y=Rxsin(xi); label=circle;}

label=squarel;}
label=square2;}
label=square3;}
label=square4;}

27 plot(Omegal(-120) + Omega2(-120) + Omega3(-120) +Omega4d(-120) + Gamma(-300), wait= A
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Create the mesh and set the finite elements

Na = 120;
Nb = 300;
mesh Ye = buildmesh(Omegal(-Na) + Omega2(-Na)+ Omega3(-Na) + Omega4(-Na) + Gamma(-Nb));

mesh Yc = buildmesh(Gamma(Nb));

plot(Yc, wait= );
plot(Ye, wait= )E

fespace Yehp(Ye,P1,periodic=[[square2,y], [square4,y], [squarel,x], [square3,x]]);
fespace Ych(Yc,P1);

Yehp<complex> Me, Ve, Meinit;

Yehp Mereal;

Ych<complex> Mc, Vc, Mcinit;

Ych Mcreal;

real measYe = int2d(Ye)(1.0);
real measYc = int2d(Yc)(1.0);
real measY = measYe + measYc;
real measGamma = intld(Ye, circle)(1.0);
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Defining the PGSE

real delta = 3.5e+3;

real tdiff = 7.0e+3;

real t1 = 0.0;

real tend = t1 + delta + tdiff;

func real F(real t)
{return 0.0 + (t-t1)x(tl<t)*(t<=tl+delta)
+ deltax(tl+delta<t)x(t<=t1+tdiff)
+ (delta-(t-(t1+tdiff)))*(t1+tdiff<t)*(t<=tl+tdiff+delta);}

real bval = q*2xdelta”2x(tdiff-delta/3.0);
real q = sqrt(bval/(delta”2x(tdiff-delta/3)));
real[int] normal = [1.0,0.0];

real nul = normal(@), nu2 = normal(1);
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Parameters for the theta-method

deltatest = 2.5e+3;

tdifftest = 2.5e+3;

btest = 50;

qtest = sqrt(btest/(deltatest*2x(tdifftest-deltatest/3)));
dttest = 88;

tinit = 0.0;

t;

dt = min(dttestxqtest/q, delta/10.0);

Ntstep = (tend-tinit)/dt;
<< "dt = " << dt << endl;
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Variational

form
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varKee(Me, Ve) =
int2d(Ye) (sigmaEx(dx(Me)*dx(Ve)+dy(Me)*dy(Ve)))
+intld(Ye, circle) (kappakMexVe) ;

varKec(Me, Vc)=
—-intld(Ye, circle) (kappaxMexVc);

varKce(Mc, Ve)=
—-intld(Yc, circle) (kappaxMckVe);

varKcc(Mc, Vc) =
int2d(Yc) (sigmaCx(dx(Mc)*dx(Vc)+dy(Mc)xdy(Vc)))
+intld(Yc, circle) (kappaxMc*Vc);

varKeet(Me,Ve) =
—-int2d(Ye) (1ikxqgksigmaEx(nulxdx(Ve)+nu2xkdy(Ve))*xMe)
+int2d(Ye) (1ixg*sigmaEx(nulxdx (Me)+nu2xdy(Me) )xVe);

varKcct(Mc,Vc) =
—-int2d(Yc) (1ikxqgksigmaCk(nulxdx(Vc)+nu2xdy(Vc))xMc)
+int2d(Yc) (1ixg*sigmaCk(nulxdx (Mc)+nu2xdy(Mc) )*Vc);

varKeett(Me,Ve) =
int2d(Ye) (q~2xsigmaExMexVe) ;

varKcctt(Mc,Vc) =
int2d(Yc) (g*2xsigmaCxMcxVc) ;

varMassE(Me, Ve) =
int2d(Ye) (MexVe/dt);

varMassC(Mc, Vc) =
int2d(Yc) (McxVc/dt);
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matrix <complex> Kee = varKee(Yehp, Yehp);
matrix <complex> Kcc = varKcc(Ych, Ych);

matrix <complex> Kec = varKec(Yehp, Ych);
matrix <complex> Kce = varKce(Ych, Yehp);

matrix <complex> Keet = varKeet(Yehp, Yehp);
matrix <complex> Kcct = varKcct(Ych, Ych);
matrix <complex> Kcet=0.0%Kce, Kect=0.0%Kec;

matrix <complex> Keett
matrix <complex> Kcctt

Compute the matrices

[Kec, Kccll;

varKeett(Yehp, Yehp);
varKcctt(Ych, Ych);

matrix <complex> Kt = [[Keet, Kcet],

and set the parameters

[Kect, Kccttl];

matrix <complex> MassE = varMassE(Yehp, Yehp);
matrix <complex> MassC = varMassC(Ych, Ych);
matrix <complex> Massce=Kcet, Massec=Kect;

matrix <complex> Mass = [[MassE, Masscel,
[Massec, MassCl];

matrix <complex> A, B;

real theta = -0.5;

cout << theta << endl;

complex[int] M(K.n), Mold(K.n);

Meinit = 1.0; Mcinit = 1.0;
M=[Meinit[] ,Mcinit[]];
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Implementing the Theta-method

t = tinit;

for(
{

step=1; step<=Ntstep; step++)

F(t); F(t+dt);

B = Mass + thetaxF(t)xKt + thetax(F(t)~2)xKtt + thetaxK;
A = Mass + (1.0+theta)*K + (1.0+theta)*F(t+dt)*Kt + (1.0+theta)*(F(t+dt)”~2)xKtt;
set(A, solver=UMFPACK) ;

Mold = BxM;
M = A*~1kMold;

t+=dt;

[Mel[],Mc[]] = M;
// plot the final magnetization
Mereal = real(Me);
Mcreal = real(Mc);

plot(Mereal, value=1, fill=1, wait= );//, ps="exterior.eps");
188 plot(Mcreal, value=1, fill=1, wait= );//, ps="interior.eps");
//
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