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Course schedule

 June 10th, 10:30-12:30, H: Bloch Torrey equation and homogenization techniques

* June 11t 8:30-10:30, gamma: solution of Bloch Torrey equations in simple 2D
geometry in FreeFem

 June 12, 14:30-15:30, F: Numerical Convex Optimization applied to diffusion MRI
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What is diffusion MRI (dMRI)?

is @ non-invasive imaging technique which gives a measure of
incoherent spins displacement.

In biological tissues gives a measure of water diffusion characteristics.

* Water displacement can tell us about
tissues microstructure

* Potential medical applications

e Structure change in diseases: e.g. cells swell
immediately after stroke, multiple sclerosis, ...

e connectivity studies
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Conventional vs diffusion MRI

CONVENTIONAL MRI
.*. l'r.\ .
'. |

!'j
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What is diffusion?

random walk of water molecules

Einstein equation: < Ax >2 =2 D t
N o’ N~
quadratic displacement diffusion tensor
Free Diffusion Isotropic Diffusion
@

2@ I . Probaily

Distribution
Restricted Diffusion Anisotropic Diffusion

//47 m— ’ oy
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Spin echo for MRI

Pulse Sequence

90 180 Spin Echo
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Spin Echo for diffusion MRI

Diffusion: Pulse Sequence

30 180 Spin Echo
RF“ IJ_I ....-nll|||||||||“||lln...

EPI| Readout
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Experimental setting and parameters of dMRI

Diffusion-encoding magnetic gradient:

G(x,t) = g f(t)x - ug

Experimental parameters:

@ ( = 77gug: gyromagnetic ratio * intensity * orientation of the
magnetic field gradient, with |jug|, =1,

o f: effective time profile of G (SE accounting for 180° RF pulse).

Te

Example of used signals s.t. / f(t)=0and f(t) = —f(Tg — t)
0

2 X % ' T
§ 1 g 1- -— 4
& o Qo B o
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= D g =
4 = = 2 =, U\/\/ \/\]\/\/ J
= X X, T .,
to+ A th+A+ to totx totb-xtotd P J to+T to+T P
t (ms) t (ms) t (ms)
Pulsed Gradient Spin Echo Trapezoidal PGSE Oscillating Gradient Spin Echo
(PGSE) (tPGSE) (OGSE)
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Experimental setting and parameters of dMRI

Diffusion-encoding magnetic gradient:
G(x,t) = g f(t)x - ug

Experimental parameters:

@ ( = 77gug: gyromagnetic ratio * intensity * orientation of the
magnetic field gradient, with ||ugl|/, = 1,

o f: effective time profile of G (SE accounting for 180° RF pulse).

Let M(x, t) be the intravoxel complex transverse magnetization at position
x and time t.
For each MRI voxel, we compute the signal at echo-time TEg:

5( TE) = M(X, TE) dx

voxel

We define the signal attenuation: S(Tg)/So.
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Multi-compartment Bloch-Torrey model

@ (2. extra-cellular domain,

Q. intra-cellular domain G>® 02,
DS in €2, a @F C

Diffusion coefficient: Dp(x) = { ,
D5 in G,

o =00, Q:=Q\IT=Q.UQ,

)
2 M(x, £) + 178 - xF(£)M(x, 1) — div(Do(x) VM(x, 1)) = 0 in Qx]0, Tel
! DoVM - v|r = K[M]r on I'x]0, Tg[
[DoVM -] =0 on I'x]0, Tg[
| M(-,0) = My, in 2

k: membrane permeability coefficient.

Remark: 7 = membrane's thickness, Dy = diffusion coefficient
k= lim Ds
B0 f
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Apparent Diffusion Coefficient (ADC)

For any gradient direction ug, in homogeneous medium
where b is the b-value

Te 2 Te
b= 72g2/0 ( ) dt = q2/0 2dt.

In heterogeneous medium,

log (S(TE)) = —ADC b+ O(b?)

So
ADC is the apparent (or effective) diffusion coefficient
ADC := lim — 1 0 log S(Te)
2 S

—0 Te 0
2 / F(t)%dt ¢
0

For free diffusion ADC = Dy, and (Einstein equation)
< x3(t) > =2 t ADC
N o ——

WV
mean square displacement

apparent diffusion coefficient
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ADC approximations

In in-vivo experiment ADC is in general time-dependent (depends on f(t)) J

@ Short-time approximation (2Dytp < L?)

o PGSE, (6 < A) [Mitra et al. 1992, Axelrod et al. 2001,...]
o OGSE [Novikov et al. 2011a, ...]

@ Long-time approximation (L% < 2Dy Tg)

e Cheng and Torquato model periodic domain, permeability, time
independent [Cheng and Torquato 1997]

e Isolate cells , eigenfunctions [Robertson 1966, Neumann
1974, ...]

o Tortuosity ADC, = Dy/T [Callaghan 1991, Crick 1970, ...]

o Effective medium theory smooth variation of Dy, medium disorder
[Novikov et al. 2010, Novikov et al. 2011, ...]

@ Anomalous diffusion fractional derivatives or theory of diffusion in disordered
media and fractals [Bennett et al. 2003, Ozarslan et al. 2006, ...]

@ Geometric based models entire signal [Behrens et al. 2003, Assaf and Basser
2005, Alexander 2008, Zhang et al. 2012, ...]
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Homogenization technique

We assume that the volume to be modelled, Q, can be described as a
periodic domain. More precisely, we will assume that there exists a
period €, which represents the average size of a “representative” volume
of O, and which is small compared to the size of Q.

\)oJok/ok/o\/c?/cT@ @ Ye

e
DODDDDDDDD) e
YODDDDDDDDD )R
\oﬂiﬁf,\@o %Of\%airy Scaled periodic cell Y,

QszﬂgUQg Zoom ~ 1/

Q= Je€¢+Y)nQ, Q= Je¢+v)nQ, 0, =0UQ:

EEE. EEE,

00NN =00\ 00 = | J T5f,  where T5f=¢e(+Tm)NQ

Of course, the diffusion coefficient will be assumed to be periodic as well
Do(x) = Do(%) = Do (x)

Scientific Computing in MRI

Simona Schiavi



Periodic homogenized model

\)o“ A 0 07 07 OF N @ ve M, does not satisfy the Bloch-Torrey
DD )¢ equation in all Qf,;, but separately
YD) in Q5 and QZ, with jump conditions
\O_\ 2/\ (:ﬁ @0 %mﬂor\ :/_ y Scaled periodic cell Y, on the Fﬁi

)F = Qg U Qi Zoom ~ 1/e
) .
aMs(xa t) +uq - Xf(t)Ms(xa t) o diV(DOE(x)VMs(xa t)) =0 in Qex]oa TE[
] Doc VM, - vire, = K[Mc]r on ¢ x]0, Tg|
[Do. VM, -v]. =0 on ¢ x]0, Te|
 M:(+,0) = My Q°

Idea: asymptotic analysis (¢ — 0) to obtain an effective macroscopic
description starting from the microstructure.

©. @)
: - X X
Two-scale expansion: M(x,t) =) &'M, (x, —, t), y = —
=0 c &
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Scaling and Ansatz

AlM: separate the

e “macroscopic” variations (x)
° 250 _ DO In YC from the “microscopic” ones (y)
DS in ye and obtain a new problem

involving only the macroscopic

@ introduce an appropriate scaling on K — k. = Kpe™
o m=0 [Cheng and Torquato 1997]
o m=1 [Coatléven et al. 2014] —> K = EKg
o general m [Coatléven 2015]
Periodic two-scale expansion

r

ME(x, t) = ZeiM;e (x, )8—(, t) in €25

Mc(x,t) = { =
MS(x, t) = ZeiM;C (x, 5, t) in Q¢
\ & = £ C

Mie(x,y,t), Mic(x,y,t) defined on Q x Yex]0, Tg[ and Q2 x Yx]0, Tg|
and Y-periodic in y.
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H O m Oge n ized m Od el The proof requires periodic

) 2, d unfolding method extended
Me — veMoe + veMo. weakly in L (0’ Te, L (R ))’ to the time-dependent cases.

See Coatléven 2015

where v, = ||\;,e’| and v, = |’\;f|| are the volume fractions and
( %MOG — div(D°V Moe) + 1qug - xf(t)Moe + 1e(Moe — Mo.) =0 Qx]0, T¢| Y, does not touch
| oMo — divTDERIZ) + aqug - xF(E)Mo. + (Mo — Mo) =0 Qx]o, Te[ e Poneenvory
| Moe(+,0) = Minie, Mo.(+,0) = Mipiz in
with D¢ and D¢ some homogenized diffusion tensors
and 7); 1= IT(;|/F|| , j = e, ¢ model the exchange between compartments.
J

The approximate signal is then

S(Tg) = /]Rd VeMpe(x, TE) + veMoc(x, Te)dx.

and ADC = v.D + v.D".
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Finite Pulse Karger model (FPK)

Theorem [Coatléven et al. 2014]

Assuming that Mi,; € LY(R?) and F(Tg) = [, © f(t)dt = 0 the signal attenuation
can be computed as
5(Te) _
-
5, = m(Te),

where m(Tg) = me(Tg) + me(Te), mj(Te) = [ga Moj(x, Te)e' ™™ N F$)ds gx
and (me, m¢) € C1(0, Tg)? is the unique solution of

’

Eme(t) + q2F2(1:)Deug : ugme(t) + Neme(t) — neme(t) =0

7\

d C
EmC(t) + q2F2(t)D Ug - Ugmc(t) + neme(t) — neme(t) = 0
| me(0) =ve and mc(0) = vc

v

Remark: This model has a similar structure as the (phenomenological)

Karger model [Karger 1985] designed for PGSE under the narrow pulses
assumption (6 < A).
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Transformed equation

R 07 7 7 O 07 0 @ Ye
y. D
DODDDDDDD D
talatatatatatatalalsla

AP O /\ - /)QN_ / Scaled periodic cell Y,

QezﬂzUQg Zoom ~ 1/e

Change of variables: M.(x, t) = M.(x, t)e"q"“'xfo fls)ds

( % M.(x, t) — div (Do (x)VM.(x, t) — tqugF(t) Do (x) M. (x, t))
+ 1qugF(t)Do.(X)VM.(x, t) + q*F(t)?>Do.(x)M.(x,t) =0 in Qx]0, Tg|
{ Do VM, - v — 1qugF(t)Do M. - v = k°[M.]r« on e x]0, Tg[
[Do: VM, - v — 1qugF (t)DocM; - V] =0 on I'¢ x]0, Tg|
| M.(-,0) = Minie in Q°

Simona Schiavi
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Multiscale Bloch-Torrey problem
r OO ' a . . e
Ze’“aM;j + 2 q%ug - ug FDLMj;
i=0
+5i+22qugFD£(Vxl\7U + 5_1Vyl\77;j)
+e'2div,(1qug FDL M) + e divy (1qug FD M)
—e" 2 dive (DI Vi My) — &' dive (DL Vy M;)

¢ =M divy (DIVM;) — e'divy (D)Vy M) = 0 in Y; x [0, T¢]
isiDéVyM;j + gt (DSVXIT/I,-J- — zqugFDéi\V/I,-J-) = 8i+2l’£0[l\7’,'j] on I x [0, Tg]
i=0
i[siD(’;Vle/lij + 't (D{;VXIT/I,-J- — zqugFD{,I\N/I,-j)] =0 on [ x [0, Tg|
i=0

\I\’;’oj(x, 0) — Minia I\A}’U(X, 0) =0Vi > 1 in YJ

Matching the power of £ we can write the problem for MU and solve them
recursively.
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Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
< D‘évyMoj-l/IO on [

\A70j is Y periodic
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Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
DIVyMo;-v =0 on T _> Moj does not depend on y. J

\A70j is Y periodic

N\

Scientific Computing in MRI Simona Schiavi



Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
DIVyMo;-v =0 on T _> Moj does not depend on y. J

\MOJ' is Y periodic

/N

( —diVy (%Vﬂ\?y + D{)VXI\%J- — zqFD{,I\?ojug) =0 in YJ
< D{;V,A~/I1j-u+D6VxlT/loj-u—zqFDélT/lojug-u:O on [
\Mlj is Y periodic
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Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
DIVyMo;-v =0 onT _> Mo; does not depend on y. J

\AA”OJ' is Y periodic

N\

( —diVy (ZD{JVYMU + D{)VXI\NJOJ- — zqFDéMojug> =0 in YJ
< D{;V,IT/IU-1/+D{,Vxl\~/loj-v—zqFD{,IT/lojug-uzo on [
\Mlj is Y periodic

~ . ~ ~ ( . ; . _ B . .
le(x7 by, t) =u - (vaOj — zqFMojug) _d_lvy (D(J)vy’-f; + ’Dé)GI) =0 in YJ
DyVyu -v+Dje-v=0 onl

u{ is Y periodic

N\

where u; I=1,...,d solves

\
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Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
DIVyMyj - v =0 onT _> Mo; does not depend on y. J

\AA/’,OJ' is Y periodic

N\

( —diVy (D{)VYMU + Dévmej — zqFD{,I\Aﬁojug) =0 in YJ
< Dévy/\’\/”lj-V+Dévx/\70j-V—ZqFDSMojug'VZO on [
\Mlj is Y periodic

ey - - - :
My(x, by, t) = (VXMOJ - zqFMojug) —d}V, (Pévi'”; T D{,e/) =0 inYj
{ D\Vyuj-v+Dje;-v=0 onTl
where u{ I=1,...,d solves ku{ is Y periodic
—divy (Dj V,I\~421- + Djvxl\’hlj — zqFDi Mljug) = — %i\v/loj
— G°F*Di My, — 1qFDoug - (VyMy; + Vx Mo,)
< + dlvx(va Mij + DLV, Mo, LqFDJugMo_,) inY;

DIV My - v + DIV, Mij - v — 1gFDiMyjug - v = ko[Mo]  on T

\ I\N/lgj is Y periodic
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Equations satisfied by the first orders

(—divy(DIVyMyj) =0 in Y]
DIVyMyj - v =0 onT _> Mo; does not depend on y. J

\AA/’,OJ' is Y periodic

N\

( —diVy (ZD{)VYIT/”U + D{)Vxl\Nﬂoj — zqFD{,I\?ojug) =0 in YJ
< D(’;Vy/\’\/”lj-V+D‘6Vx/\70j-V—ZqFDéMojug°V=0 on [
\I\A;IU is Y periodic

. : : . _
Myj(x, by, t) = (VxMoJ - zqFMoJug) _d_lvy (P{,V,uf + D{,e/) =0 inY
{ DyVyu;-v+Dye-v =0 onl
where Uf I=1,...,d solves \”{ is Y periodic

—diVy (DJ V,IVIQJ- -+ Djvxl\ﬂ;llj — zqFDj Mljug) = —QMOJ

— ¢*F?DIMy; — 1qFDoug - (VyMy; + Vi MOJ)
\ + dive(DLV Mlj + DV, MOJ LqF D! ugMo,) inY;
DINVyMyj - v + DIV Myj - v — 1gFDiMyjug - v = ko[Moj]  on T

\I\72j is Y periodic
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Homogenized model

Applying the Green's Theorem we get

J

J

o ~ ~ -
(a Mo; + G2F2Di Moy + 1gF Diug - (Vy My, + vao,-)) dy

- / divs(D§Vy My; + DjVMo; — 1qF DhugMo;) dy = /ROWOJ]dSy
Yj

-
But remembering that

M(Jj does not depend ony  and Mlj(x by, t) = (VXMQJ — zqFMoJug) J
and defining the effective diffusion tensor D/, = ﬁ I, D, (uf e, +e/-e) we get
J
(0 ~
57 Moe — div (D° VMoe) + 2:gD°V Moe - ug

+ q°F2Dug - ugMoe + 1e(Moe — Moc) =0 Qx]0, Tg[

0 ~ kol
\ 5 Moc — div( D Vids—+-2e2-T Vo - with 7, :=
0 Moc — div - — ug~ K |Yil  1f Y, does not touch
+ PEEBSag=ugMy. + (Mo — Moe) =0 Qx]0, Tg| the boundary of Y,
MOe(', 0) — Minit, MOC('; 0) — Minit in Q then D = 0
\
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Numerical results

OPDE, g = (1,0,0)
2=FPK, g = (1,0, 0)
PDE, g = (1,0, 1)
FPK.g = (1,0, 1)
XPDE, g =(1,1,1)
£3FPK, g = (1, 1, 1)

© O 00000~
W h OO ~cog
—T—rrTq

Signal

o
N
T

'l 'l A 'l

0 500 1000 1500 2000 2500 3000 3500 4000

b-value (s/mm?)

(a) Finite elements mesh of C. (b) DMRI signals

0.1} M‘&&M

Fig. 5. (a) Finite elements mesh of C = [-3.75,3.75] x [-7.03,7.03] x [-3.75,3.75] um? containing 5 layers of cylinders and 4 layers of spheres. In each layer, the cylinders
have the same orientation. (b) The signals Sppe(b) and Sgx(b). Simulation parameters: D° =3 x 10~ mm? /s, K= 107 m/s; the gradient directions are
g, =(1,0,0), g, =(1,0,1), and g; = (1,1, 1); the pulse sequence is PGSE, with § = A = 40 ms.
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Convergence

Convergence of ODE model

0 . ;
O  low x,56=3ms,A=40ms, D NO EX
low x,6=40ms,A=40ms,
05 @ low x,::;ms,Al:;;ms, ==COMP EX
§ mid x,6=3ms,A=80ms, O PDE
5 -1 * high x,6=3ms,A=80ms, * FPK
— —y=2x-08 —
g : * 2 O KAR
D .15 &b
[ 9]
=
g 2 1
25 J
4 08 06 -04 02 0 02 1000 2000 0
log,, b-value (s/mm?)
(a) Second order convergence in £, b = (b) S(b)
4000s /mm?.
1r 1
PDE
08 0.8} * FPK
¢ KAR
— 06} PDE _ o0&l
o (]
c = E
2 o
n » 04 W
0.2}
0 ) . A )
0 20 40 60 80
t(ms) t(ms)
(c) M*(2000,¢) (d) M (2000, t)

Fig. 1. (a) The FPK model signal converges to the reference signal with second order convergence in & = I/L, where I is the side length of the representative volume C and L is a
measure of the diffusion displacement. (b) DMRI signals:  Sppe(b), Seex(b), Skar(b), Snoex(b), Scompex(b).  Simulation parameters: sphere radius
R =2.45pum, D’ =3 x 103 mm?/s, k =10"> m/s, PGSE sequence with 6 =40 ms, A =40 ms. (c¢) Compartment magnetization in the extra-cellular compartment at

b =2000s/mm?: M, (2000,t), Mg, (2000,t), Mg,;(2000,t), same simulation parameters as (b). (d) Compartment magnetization in the sphere compartment at
b = 2000 s/mm?: M3,;(2000, t), M, (2000,t), M;,.(2000,t), same simulation parameters as (b).
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FPK limitations

@ The effective diffusion tensors are constants, i.e. they don't depend
on the chosen f(t). Indeed

. 1 o
hm b [ o v

| i Jy
with o), I=1,...,d, j = e, c, solutions of the cell problems

(—div, (DhV,ul + Dhe)) =0 Y,
D(i)va{-Z/-I-'DéE/-I/:O B
\u{ is Y periodic

_/N\

v

Remark: [’ have the same form of the ones in [Cheng and Torquato
1997] assuming x = 0.

@ It's a more suited approximation for the long-time regime, i.e. when
L* < 2ug min(D, D)ug Tk
Idea: introduce an appropriate scaling on time t. = €%ty which links the
spatial and time scales.
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Other scalings including time
A D5 in Ye
° Po= {Dg in Y.

Periodic two-scale expansion

o oo x t
M:(X, t) — ZEIMie (X, g, 8_0‘) in QZ

M&(x) t) — < . io=OO . X t
LMg‘:(x, t) = gs’M,-c (x, o €—a) in Q¢

m;e(x, Y, T), M;c(x, y, 7) defined on Q x Yex]0, Tg/e*[ and
Q x Y:x]0, Te/e*[ and Y-periodic in y.

0bsma|l—>q:@

eV’

Te Te
Because b = q2/ F?(t)dt = 530‘_2'7q§/ F&(7)dT.
0 0
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Choice of scaling
Resulting PDE in Y x [0, TE]

o0

» 0 20—2y+2 Ty
> et Mj + 1207272 ug - ug FEDYM;;
= or

+ e 2 q0ug DL (VM + e VM) — ' 2divy (DL Vi M;)
— e divy (DLVy M) — e divy (DL VM;) — 'divy (DLVy M)
+ e 2div, (1goug FoDyMy) + 27 L divy (1qoug FoDL M) = 0

Mathematical parameters limitations:
© To avoid incompatibilities with the B.C. & 0 < a0 < 2,
@ Small b-value & 3o — 2v > 0.

Possible choices:
@ o = v =0 gives the FPK model already discussed
@ o = 1 For all the choice of v which respect the condition @ we
obtain a model whose ADC does not depend on time (like FPK).
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Model fora =y = 2

The signal attenuation results

-
S(Te) ADCeb + O(%)
So
—eff —eff
ADCren = veD, (TE)ug - ug + veD. (TE)ug - ug,

and for k,/=1,...,d,, j€{ec}

and w{ solves the cell problem

"

aaﬂ,'(y, t) — divy (D) Vywi(y, t) — DhF(t)e)) =0 in Y; x [0, Tg]
DIVwi(y,t)-v— F(t)Dhe; - v =0 on [ x [0, Tg|
w|(-,0)=0 in Y

\w{ is Y-periodic

/N

y
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Numerical Results

Side = 5um, Radius = 2.45um, k = le ®*mm?/s, b = 50s/mm?

x10

O Numerical Bloch-Torrey ADC

18 . ] - % ADC new model
16/ RRTS - -ADC short time
14k —ADC long time
= ---Short time limit
g 12
8 0.8} \\\ ® %107
< 06 . @ ! — ;
» L@ 18 * i il;)ngencal Blo((i:hl-Torrey ADC
4r \ new moae
02 w44 16} ﬁ*\ —ADC short time
ol . i AN - -ADC long time
102 10! 10° 10! G- S . .
Normalized Diffusion Displacement —_ M ---Short time limit
. . g12r AN ]
(a) Configuration (b) R =10.49L £ - A
QO 08hF \\ ﬁ §
Q ' ¥
= 0.6 \ * B
‘ *
.l : Yom e o
Side = 5um, Radius = 2um, k = le*mm?/s, b = 50s/mm? 02 3 |
i 0 1 ! I
) O”u\ 10 102 10" 10°
O Numerical Bloch-Torrey ADC| Normalized Diffusion Displacement
% ADC new model s ® .
15k |- -ADC sh i i H
187 [~-ADG short time ® (a) Configuration (b) adc
§ ---Short time limit \\ QO ®
QT —®@ee  Figure: ADC approximation for a group of circular biological cells in a periodicity
< ‘\ a2 — — —
. y cell with Kk =1 x 107°m/s, 0. =3 x 1073mm?/s, 0. = 1.6 x 103mm?/s.
0L . P . . PR PR ]
10 107! 100 10!

Normalized Diffusion Displacement

(c) Configuration (d) R=0.4L

ADC approximation with 0. = 3 x 1073mm?/s, 0. = 1.6 x 10=3mm?/s.

Scientific Computing in MRI 33

Simona Schiavi




Numerical Results

x1073
v T

ol

_ ®.9

215 ., ®

O 1 ® ®

= ®e

e
0.5 R R QO
oLl . L3 A R L i
10° 10!
Diffusion Displacement (um)

(a) Configuration (b) ADC

Figure: Periodicity cell of L = 50um, external volume fraction v = 0.4,
D¢ =3 x 1073mm?/s, D§ =2 x 1073>mm?/s, k = 1 x 10°m/s, ug = [1,1].

@ ADC,r fitted using a polynomial fit of the signal obtained solving Bloch-Torrey
problem for ten b until b = 100s/mm?.

@ Dgporr computed using Mitra’s model [Mitra et al. 1992].
® Diong computed using [Cheng and Torquato 1997] with k = Om/s.
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Numerical convergence

05 | ¥ R=04L "/i
Tl |- -y=362z-025 e
S 0 R=0.49L P
jg—’ b |eemy = 3.6z — 0.56 _e”T
& L M
| -1L5F e T
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(a) Geometry (b) Signal absolute error

Figure: Signal numerical convergence for a circular biological cells placed at the
center of a periodicity cell with K =1 x 107> m/s, D§ = 3 x 107>mm?/s,
§=1.6 x 1073mm?/s.
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